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Lubrication at High Temperatures With 
Vapor-Deposited Surface Coatings 


D. J. BALDWIN 
G. W. ROWE 


Tube Investments Research Laboratories, 
Hinxton Hall, Cambridge, England 


An experimental study of the friction of metals which have been coated with inorganic 
films by reaction with their surrounding atmosphere. 
at high temperature in vacuo and then heated in the selected reactive vapor. Many 
coatings will prevent seizure and give a fairly constant but high coefficient of friction up 
to high temperatures. 


The specimens are first cleaned 


Layer-lattice compounds such as MoS:, CrCl, and Til: give 


much lower friction at all temperatures below those at which the film decomposes or 


evaporates (about 850 C for molybdenum disulphide). 


A film of boron nitride formed 


on boron shows a high intrinsic friction, but this can be reduced by certain vapors or by 


raising the temperature above about 800 C. 


Most of the experiments were performed 


with very light loads but the films are shown to be effective under kilogram loads. A 
simple indentation test capable of selecting lubricants under loads up to 12 tons is 
described. This shows that a film formed by heating stainless steel in CCl.F; will 
lubricate at 400 C when the steel is deformed by over 50 per cent. 


Introduction 


= many centuries natural oils have been used suc- 
cessfully to lubricate sliding surfaces, but even with the amaz- 
ingly wide range of natural and synthetic organic fluids available 
today, temperatures must usually be restricted to 200 C or less. 
However, it is possible to compound certain fluids with chlorine, 
sulfur, and phosphorus, the extreme-pressure additives, whose 
action is to form protective inorganic coatings either locally 
or on the whole of the metal surface. These permit sliding at 
temperatures up to 400 C or sometimes a little higher. 

The last decade or two has seen an increasing demand for 
higher temperatures, well into the ‘‘red-hot” region. Graphite, 
and for specialized applications glass, have generally been used, 
but in some laboratories attention has been turning to inorganic 
lubricants, not as decomposition products from extreme-pressure 
additives, but for the sake of their inherent properties. Among 
these compounds, the crystals having a layer-lattice show par- 
ticularly good frictional properties. Unfortunately, they all ap- 
pear to oxidize fairly readily in air. This has undoubtedly re- 
stricted their applications, but where there is freedom to depart 
from conventional atmospheres they have considerable promise 
as high-temperature lubricants. 

The experiments described in this paper show that it is quite 
simple to form and regenerate such surface coatings directly by 
reaction between the sliding metal and the atmosphere. They 
have good frictional properties right up to the temperatures at 
which the compounds decompose. Molybdenum disulfide, al- 
ready well known, will lubricate up to 850 C but at higher tem- 
peratures boron nitride may be useful, since its friction, like that 
of graphite but unlike that of other layer-lattice compounds, falls 
as the temperature is increased. 

Most of these results, some of which have been reported earlier 
{1],! have been obtained with a high-vacuum silica apparatus 
operating with very light loads (about 10 g) but experiments in 
air under 2 kg load support the evidence of other workers [2] that 


1 Numbers in brackets designate References at end of paper. 
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lamellar coatings can provide low friction under more severe 
conditions. An indirect friction test is described in which bars 
of stainless steel have been indented under heavy loads in air at 
temperatures up to 500 C showing that the coatings are effective 
even when the substrate metal is severely deformed. 

High-Vacuum Apparatus. 
ratus. 


Fig. 1 shows the high-vacuum appa- 
It is constructed throughout of silica and can be baked 
out under vacuum to reduce contamination. The specimens 
themselves are outgassed by radio-frequency induction heating 
in high vacuum (5 X 10-7 mm Hg, about 10~? y-in. of mercury) 
to as high a temperature as possible, preferably until some of the 
surface evaporates away. The surfaces themselves are separated 
during outgassing and are placed in contact only during the actual 
friction measurements. The specimens were of spectroscopic 
standard except where otherwise stated. Purified gases were pre- 
pared in evacuated vessels and could be admitted in controlled 
quantities to the main vacuum tank containing the friction 
specimens. Both sliders were made from the same polycrystalline 
material, usually in the form of cylinders. The use of silica for 
the whole apparatus restricted the operating load to 10-20 grams, 
and the springs used to measure the friction were undamped. 
The stick-slip movement was recorded photographically and.a 
visual average of the maxima was taken to represent the static 
friction. The figures quoted are considerably higher than the 
static friction measured with a heavily damped apparatus. 
Intermediate-Load Friction Apparatus. This is a common type; 
straight tracks are produced by traversing a flat block beneath 
a curved slider under a load of 1-2 kg. Slow speeds are used and 
the frictional force is determined by the deflection of a pair of 
parallel flat springs supporting the small slider. Temperatures 
up to 1000 C can be produced in air or in a simple dry box. 
Heavy-Load Indentation Tester. The loads so far considered do not 
produce appreciable deformation, but in certain operations 
stretching of the surface may be of great importance, and it is 
interesting to examine the behavior of a coating subjected to ap- 
preciable stretch. It is found that a simple indentation test gives 
a reliable qualitative estimate of the frictional behavior under 
standardized conditions. Fig. 2 shows the arrangement. Two 
cylindrical dies are mounted with their axes parallel and perpen- 
dicular to the line of thrust of a 20-ton hydraulic ram. A '/¢in. 
square stainless-steel bar is held perpendicular to the axes of the 
dies and is slowly indented between them with a known force. 
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Fig. 1 


Silica mechanism for friction measurement in high vacuum or controlled atmospheres. 


An electromagnet drives iron bar C and moves upper 


specimen A slowly over lower B, which is restrained by two silica springs S$. Force of friction is recorded by deflection of these springs, shown by 


a thin pointer whose image is projected onto a moving-paper camera. 
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Fig. 2 Diagram of indentation tester used to discriminate between lubricants under loads up to 12 tons. 
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dies are forced into opposite sides of a '/;-in. square specimen with a predetermined load. Depth of indentation 


provides a measure of friction. 


The depth of indentation provides a measure of the frictional re- 
sistance. The dies and the specimen can be heated independently, 
or together, to about 600 C. 

Formation of Surface Coatings. The initial state of the metal sur- 
face may be of considerable importance, so it is desirable to start 
with as little contamination as possible. Earlier work [1] has 
shown that a reproducibly clean surface can be obtained by heat- 
ing metallic specimens in vacuo, preferably until some of the sur- 
face metal evaporates away 

The normal procedure in these experiments was first to heat the 
specimens, already mounted on the friction apparatus, in high 
vacuum to as high a temperature as possible for about 20 min. 
They were then allowed to cool in vacuo for a further 20 min. 
A tap leading to a small dosing vessel was then opened to admit 
the dried and purified vapor, at a pressure of about 10 mm Hg. 

teaction to produce a visible film sometimes occurred spontane- 

ously, but more often it was necessary to heat the specimens 
in the vapor. Usually they were induction-heated at the stated 
temperatures for 20 minutes, but provided a minimum time of a 
few minutes was exceeded the frictional behavior was not greatly 
influenced by the reaction time. The specimens were then cooled 
in the vapor before starting the experiments, unless otherwise 
stated. For the more complicated reactions involving a stream 
of hydrogen (Paragraph (c) under “Results’”’) this procedure was 
followed in a separate vacuum vessel and the coated specimens 
were then transferred to the friction apparatus and reheated to 
about 500 C in vacuo before use. Subsidiary experiments suggest 
that this removes the slight contamination acquired during the 
transfer. 
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Dies and specimen may be heated independently or together. 


Results 


Friction at Light Loads in the Vacuum Apparatus: (1 


Halide Coat- 
ings. Titanium diiodide provides an example of the simplest 


reaction 
Ti + I, > Til 


Although iodine vapor had no influence on solid titanium in its 
normal surface condition, there was a spontaneous reaction be- 
tween iodine vapor and titanium which had been outgassed at 
1200 C in high vacuum. A black coating was produced in a few 
seconds, and this was later shown by x-ray diffraction to be Tih, 
which has a layer lattice. Fig. 3 shows the low friction produced 
by this coating, compared with about 4 = 1.2 for the clean ti- 
tanium. The friction remains low as the specimen temperature 
is increased, until the coating decomposes into Ti metal and vola- 
tile Til, above about 400 C. 

Chromic chloride can be produced by direct but not spontane- 
ous reaction: 


2Cr + 3Cl, — 2CrCl 

The specimens were outgassed at 1000 C so that the surface metal 
evaporated freely, but chlorine subsequently reduced the friction 
only to about u = 0.8 at room temperature. As the 
were heated progressively for 10-min periods at 350 and 600 C 
the friction fell further as indicated in Fig. 4. A visible film 
formed by heating the specimen at 600 C for 20 min gave a low 
friction at all temperatures up to about 650 C in a 


specimens 


chlorine 


atmosphere. Heating for longer times at 600 C did not further 
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eran 8 veeonti — Ses. © Fig. 4 Influence of temperature on friction of outgassed chromium in 
a chlorine atmosphere. Levels indicated by arrows show friction after 
initial exposure at 20 C, 350 C, and 600 C. Full line shows friction 
between sliders coated for 20 min at 600 C. (Coefficient of friction/ 
specimen temperature—deg C.) 





Fig. 3 of temperature on friction of ovtgassed titanium in 
an iodine atmosphere. (Coefficient of friction/specimen temperature— 
deg C.) 


Table 1 
pressure 


Formation and lubricating ability of halide coatings in the presence of the vapors at about 10 mm 


Reaction 
temp, 
deg C 


Outgassing 
temp, 
deg C 


Maximum 
temp, 


deg C 


Coefficient 
Metal Vapor Coating of friction 


7... 
oo 
Nb 


Stainless 


1000 
1200 
1350 
1000 
1200 
1350 
1200 
1200 


600 
20 
400 
20 
150 
20 
20 
550 


Ch. 
I; 
( le 
Cl, 
Ch, 
I; 
1, 


Cl, 


1200 CCIF; 


ae 


800 


* Structure verified by x-ray diffraction (D. R. 


>’ Composition doubtful. 


change the friction. At higher temperatures chromic chloride 
reacts with more chlorine to form chromium tetrachloride which 
is volatile. If, on the other hand, the chlorine is first pumped 
away the chromic chloride decomposes or evaporates at only 
250 C. 

The other metals examined behaved in general either like ti- 
tanium or like chromium. The friction of the coated sliders re- 
mained sensibly constant up to a limiting temperature at which 
the coating decomposed or evaporated. It is, however, important 
to recognize that the films may be decomposed at much lower 
temperatures if other vapors are present. Til,, for example, is 
readily hydrolyzed in moist air. The results may be summarized 
in Table 1. 

The coating produced on stainless steel by reaction with 
chlorine contains a major proportion of chromic chloride and gives 
similar frictional behavior. The reaction between stainless steel 
and dichlorodifluoromethane, first suggested in this context by 
Johnson and co-workers [3], is interesting. The gas is reasonably 
iaert under normal conditions but reacts with the hot metal to 
form a coherent coating. Fig. 5 shows that the friction is higher 
than that produced in a chlorine atmosphere, but lubrication per- 
sists to a higher temperature. This is 


approach clearly 
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CrCl,* 
Til,* 
NbCl* 
WCk 
ZrCl, 0. 4 
NbI?® 0.5 
Zrl, 0 Sule 
0.1% 550 
0.3: 900 


0.2 
0.: 
0 

0 


650 
400 
400 
300 
200 
100 


Ashworth or D. Schwarzenberger). 


PECIMEN TEMPERATURE — DEG 

Fig. 5 Friction of ovtgassed stainl steel in (©) chlorine and (@) 
(CCloF.) atmospheres. Films were formed initially by heating outgassed 
metal in Cl. at 550 C and in CCloF: at 800 C. (Coefficient of friction/speci- 
men temperature—deg C.) 
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valuable, since it avoids the necessity of handling such reactive 
gases as chlorine and iodine. 

(b) Sulfide Coatings. Although molybdenum disulfide is a 
well-known lubricant, the friction between molybdenum speci- 
mens which have been outgassed at 1400 C and then cooled and 
exposed to hydrogen sulfide at a pressure of about 10 mm Hg, is 
u = 0.9. This is about the same value as is found if the out- 
gassed specimens are exposed to water vapor. However, the fric- 
tion is reduced if the specimens are heated in H,S. A visible pur- 
ple film is formed if the specimens are heated to 800 C for about 10 
min. Fig. 6 shows that the friction of molybdenum sliders coated 
in this way remains low at all temperatures up to about 850 C 
in the presence of H,S. It appears that the film can be regenerated 
during sliding, since repeated traversals are possible. On the 
other hand, if the vapor is pumped away, lubrication breaks 
down, at about the same temperature, after only one or two 
traversals. At a somewhat higher temperature the film decom- 
poses in vacuo leaving clean molybdenum. 


Table 2 Fermation and lubricating ability of three sulfide coatings 
Out- Re- 
gassing action efficient Maximum 
temp, temp, of temp, 
Metal degC Vapor deg C Coating friction deg C 
Mo... 1400 HS 800 MoS8,* 0.18 850 
. 900 HS 20 US, 0.4 600 
.... i HS 600 ZrS: 0.45 600 


* Footnote Table 1 


(c) Refractory Coatings. The simplest refractory coatings are of 
course oxides formed by heating the metal in air or oxygen. 
Coatings can also be made by decomposition reactions such as: 


Mo + 2SiCl, + 4H; — MoSi, + 8HCI 


The procedure for this particular reaction follows the recom- 
mendations of reference [4]. Hydrogen was passed over the 
surface of SiCl, at about 0.5 1/min for one hour, and then 
through a silica tube containing the molybdenum specimens 
which were induction-heated to 1050 C. A visible coating (about 
0.1 mm thick) formed. The specimens were then reheated for 10 
minutes at 1100 C in pure hydrogen. 

Some results are given in Table 3. The friction generally is 
higher than is found with the layer-lattice films but the surfaces 
are protected from seizure up to high temperatures, in vacuum or 
in air. 


ii ie 
| 


| 


FRICTION 


OF 


CIENT 


COEFF 


PECIMEN TEMPERATURE DEG C 


Fig. 6 Influence of temperature on friction of outgassed molybdenum in 
a hydrogen-sulfide atmosphere. Levels indicated by arrows show friction 
after initial exposures for 10 min periods at 20 C and 600-800 C in the 
vapor. Full line shows friction between sliders coated for 10 min at 800 
C and subs tly led. (Coefficient of friction/specimen tem- 
a Cc) 
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Table 3 Formation and lubricating ability of refractory coatings in air 


Re- 
action 
ae 

Metal Reaction eg C 
Ti...... Ti + O,— TiO, uy 
Stainless 

steel. . 


Coefficient Maximum 
of temp, 
friction deg C 


0.5-0.6 800 
900 


700 


Oxidation in air 
Mo + 28iC, + 4H; 
— MoSi; + 8HCl 


2Cr + 2BCl, + 3H: 
-> 2CrB + 6HCI 


0.9-1.0 


1050 0.5-0.6 


Stainless 

steel. . 
1000 0.9-1.0 700 

(d) Boron Nitride. Boron nitride is of particular interest since 
it is the only one of the layer-lattice compounds other than 
graphite which is stable at temperatures appreciably in excess of 
1000 C. There is a striking similarity between the friction of 
boron nitride, either as a coating or as a solid, and that of solid 
graphite. 

A coating of boron nitride (verified by x-ray diffraction) was 
formed directly by heating outgassed boron crystals in nitrogen 
or ammonia at 1200 C. Fig: 7 shows that the friction between 
boron sliders coated with boron nitride is about u = 0.7. This is 
considerably higher than that of outgassed graphite blocks (about 
pw = 0.4-0.5, depending on the source) and is also higher than that 
of outgassed specimens of commercial sintered boron nitride. 
Both boron nitride and graphite show a marked reduction in fric- 
tion as the temperature of the outgassed material is increased, 
Fig. 7. 











COEFFICIENT OF FRICTION 


o 600 
SPECIMEN TEMPERATURE — DEG 
4 BN films formed on boron 
Solid sintered boron nitride 
Pe eg hically standardized graphite blocks 
Acheson AG R graphite blocks 


. 7 Inf e of te ture on friction of boron nitride and of 
pat in vacuo. (Coefficient of friction/specimen temperature—deg C.) 





It is well known that the friction of outgassed graphite can be 
reduced by many vapors. The friction of boron nitride can also 
be reduced by organic vapors, but not apparently by oxygen. 
This has been more fully discussed elsewhere [5] and is thought 
to be associated with the interlayer bonding. 

An interesting feature is that once boron nitride has been so 
contaminated it is necessary to heat it to over 1000 C to remove 
the contaminant and restore the high friction. This, combined 
with the inherent low friction of boron nitride at temperatures 
above 800 C, suggests that it may be useful material for high- 
temperature lubrication in controlled atmospheres. In air the 
lubrication is destroyed by oxidation above about 800 C. 

Friction Under Kilogram Loads in Air. A few of the coated speci- 
mens were transferred from the light-load vacuum apparatus to 
an apparatus operating in air with 2 kg load. 

Titanium specimens coated with titanium diiodide showed a 
low friction, » = 0.15, but the coating was quickly destroyed by 
hydrolysis. A titanium-dichloride coating gave about up = 0.2. 

Stainless-steel specimens coated by heating in chlorine also 
gave uw = 0.15 but the film rapidly wore away in moist air. A 
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thick coating of chromic-chloride powder on stainless steel gave 
somewhat lower friction. 

Molybdenum disilicide showed » = 0.5-0.6 at temperatures up 
to 700 C in air, while blocks of sintered MoSi, showed about the 
same friction up to 1000 C. 

Indentation Tests With Loads up to 12 Tons, in Air. Bar specimens 
of '/,-in. square cross section were indented by two cylindrical 
tungsten-carbide dies on opposite sides. There is a frictional re- 
sistance along the interface and this has a component normal to 
the original surface, in the line of action of the indenting ram. 
Thus a high friction will reduce the penetration under a given 
load, and this is found to give a simple quantitative comparison 
of lubricants under severe conditions of bulk deformation. Fig. 8 
gives some typical results for a common extreme-pressure 
chlorinated oil. On dry stainless-steel surfaces the indenting 
force increases rapidly as the percentage reduction of cross-sec- 
tional area of the bar is increased. The force is less at 400 C than 
at 200 C because the bar is softer, but for present purposes this 
correction is not important. With the chlorinated-oil lubricant 
the stainless steel can slide more readily over the indenter surface 





INDENTATION LOAD—TONS 








60 
REDUCTION OF CROSS SECTIONAL AREA % 


O—O Dry 

@—@ Lubricated with a commercial chlorinated oil 

Fig. 8 The relationship between indentation load and deformation of 
a '/.-in. square stainless-steel bar between 1-in-diam cylindrical dies, 
at three temperatures, in air. (Indentation load—tons/reduction of cross- 
sectional area of the bar—per cent.) 


TONS 


LOAD 


INDENTATION 


x r : - 
REDUCTION OF CROSS SECTIONAL 


— Dry surface at 400 C 

O—O Surface coated by preliminary heating in CCl,F; at 800 C 
Fig. 9 Relationship between indentation load and deformation of a 
1/ in. square stainless-steel bar between 1-in-diam cylindrical dies, at 
three temperatures, in air. (Indentation load—tons/reduction of cross- 
sectional area of bar—per cent.) 
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and much less force is required for heavy reductions. It will be 
seen that at 400 C the lubricant has completely broken down, giv- 
ing the same result as an unlubricated bar. This accords with the 
frictional behavior at 2 kg load, which shows u = 0.22 at 200 C, 
uu = 0.18 at 300 C, and breakdown above about 350 C. 

Fig. 9 shows the results obtained with a stainless-steel bar 
coated by heating in CCl,F;. The friction at 300 C is about the 
same as with the chlorinated oil, Fig. 8, and is slightly increased 
at 400 C. At 500 C there is still some protection, but the friction 
is higher. 


Discussion 


These experiments are concerned mainly with films which have 
been formed in situ by exposing clean metal to the action of 
various special atmospheres. The lowest friction is afforded by 
the layer-lattice compounds, Til,, CrCl, MoS:, as would be ex- 
pected from published experiments on the lubricating ability of 
powdered layer-lattice compounds [6]. For the latter, however, 
good performance is dependent upon obtaining adequate bonding 
of the compound to the surface. If the compound is selected so 
that it may be produced by direct chemical action, as in the 
present experiments, this presents no difficulty. It has been found, 
for example with molybdenum disulfide [6], that the coatings 
formed in situ are more durable. In addition, if the temperature 
conditions are favorable, it is possible to regenerate the coating 
as it becomes worn during sliding. Low pressures of vapor are 
required; most of the experiments quoted were with pressures 
less than 10 mm Hg. Alternatively small quantities of the vapor 
may be mixed with another gas, provided the latter does not react 
with or decompose the coating. 

As has been shown elsewhere [3], the highly corrosive gases 
used here to simplify the interpretation of the results need not be 
used in a practical application. Halogen-containing refrigerant 
gases (e.g., CCl,F;) which are quite innocuous at room tempera- 
ture can be used. Figs. 4 and 5 show that the friction of stainless 
steel heated in CCI,F; is almost as low as if it had been heated in 
Cl, and the operating temperature extends somewhat higher. 

These experiments have been performed at very light loads, 
dictated by the use of a silica apparatus to avoid contamination, 
but tests in air with a conventional laboratory apparatus show 
that at the usual kilogram loads the coatings are equally effective. 
Even these loads are of course very light in comparison with the 
severe conditions sometimes met, for example, in the tube-draw- 
ing industry, where the bulk metal may be deformed appreciably. 
The simple indentation test described applies loads of this order 
to deform a stainless-steel bar by 50-60 per cent. It can be seen 
that a film formed by heating a stainless-steel bar in an at- 
mosphere of CCI,F; lubricates about as well as a conventional 
chlorinated oil for 50 per cent deformation at 200 C—300C. At 
400 C in air the oil is of no further use, but the deposited film still 
gives good lubrication. 

The maximum temperature at which layer-lattice coatings may 
be used is apparently limited only by the chemical or physical 
stability of the film. Below this the friction remains essentially 
constant at a low value. Even the most stable, MoS, (melting 
point 1185 C) will not lubricate above about 850 C. It is possible 
that vapor-deposited boron nitride, though, like graphite, it has a 
high intrinsic friction, might be used at the higher temperatures 
where its friction is reduced. Vapor-deposited coatings of oxides, 
borides, and silicides may withstand higher temperatures par- 
ticularly where the atmosphere must be oxidizing, but the ex- 
periments quoted, and more extensive experiments in air with 
hot-pressed and fused specimens, suggest that their friction is 
usually high, between u=0.6 and u=1.0. It is, however, reasona- 
bly constant with increasing temperature, and in discussing 
lubrication at high temperatures in nonconventional atmospheres 
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it should be realized that under many circumstances it is as im- 
portant to prevent seizure as to provide low friction. 
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Introduction 


0... of the most powerful tools for analysis of non- 
linear equations is the method of perturbations. Using this 
technique, we assume the existence of a solution for the de- 
pendent variable as a power series in terms of a parameter ap- 
propriate to the nature of the problem. 

The Reynolds equation [1]! describing the pressure in a steady, 
isothermal, laminar viscous gas film is, in normalized form, 


0(PH*0P/dX)/dX + 0(PH*%0P/dY)/dY = A&PH)/dX (1) 


In this equation, the normalized pressure is P = p/p,, the normal- 
ized film thickness is H = h/h*, and the normalized co-ordinates 
in the bearing plane are X = x/l, Y = y/l with p, being ambient 
pressure, h* an appropriate film thickness, and / an appropriate 
length. The bearing number is A = 6uUl/(h**p,). The pressure 
will not fall below absolute zero and must therefore be positive, 
although it may be subambient. 

For example, the film thickness in a perfectly aligned journal 
bearing is given by H = 1 + € cos 8, h* = c, andl =r. The 
angular co-ordinate is 8, € = e/c is the eccentricity ratio, e is the 
magnitude of the eccentricity vector which extends from the 
bearing axis to the journal axis, c is the radial clearance between 
the radius of the bearing and that of the journal r. When « < 0.4, 
it is appropriate to use € asthe perturbation parameter as shown by 
Ausman [2]. However, journal bearings must often run at large 
eccentricity ratios in order to support a load, or to minimize whirl. 
We develop solutions here which are useful for these cases. 

Perturbation solutions for finite-plane wedge films with small 
inclination angles were developed using H,; — 1 as a perturbation 

! Numbers in brackets designate References at end of paper. 
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Perturbation solutions for large and for small bearing numbers are developed and 
applied to steady, self-acting, infinitely long, journal and plane wedge films. 
Silms of this type develop load capacity as a consequence of relative surface motion. 
solutions given here have validity for all ranges of geometrical parameters 
accuracy in determining the load carried by a journal bearing is achieved. 

The plane wedge film solution for large bearing numbers is complicated by the re- 
duction in order of the limiting equation. 


Bearing 
The 
Four-place 


A boundary-layer type analysis yields fairly 


parameter (the ratio of inlet to outlet film thickness is H,). See 
for example, Mow and Saibel [3]. 

We develop here perturbation equations based upon A andA~! 
as parameters. Thus we obtain accurate results for large and for 
small values of the bearing number and must interpolate to 
establish solutions where A ~ 1. These perturbation parameters 
are clearly applicable to other types of films, and are not limited 
by geometric considerations. 


Perturbation Equations 


Consider hereafter that the lubricating film is infinitely long so 
that we must solve 


d(PH*dP/dX)/dX = Ad(PH)/dX, (2 
or 
PH*dP/dX = A(PH — K), (3) 


where K is the product of the film thickness and pressure where 
pressure extrema occur 

We have in (3) dP/dX = f(X, A) where f depends analytically 
upon the independent variable X and either the parameter A or 
A-. It follows that any solution P(X, A) depends analytically 
upon A. For example, 


P= > a'P; (4 


t=O 


converges for sufficiently small a when a = Aor A~'. A good 
approximation of P is obtained by considering only the first few 
terms of the series if a is small enough. 

Consider any geometrical shape for which the bearing number 
is small and let a = A. Substitution of (4) into (1) reveals that 








Lubrication Conference, Boston, Mass., October 17-19, 1960. Po = 1 when the pressure is atnbient on all boundaries. Thus, 
Manuscript received at ASME Headquarters, August 5, 1960. 
Paper No, 60—Lub-13. P = 1+ AP, + A*P, + A'P; +.... (5) 
Nomenclature 
B = slider-bearing breadth H, = h;/he = film-thickness ratio for a X z/l, Y = y/l = normalized co-or- 
c radial clearance of journal-bearing slider bearing dinates 
film io reference-film length a perturbation parameter 
D journal-bearing diameter L = bearing length 8 ' — 
: i angular co-ordinate 
e magnitude of eccentricity vector = arrvant S ; . 
from journal-bearing center to Pp. = ambient rae € e/c = eccentricity ratio 
. P = p/p, = normalized pressure 
ournal center ve z : Ty * ; 
, Pe a, r = journal-bearing radius A 6uUl/(h**p,) = bearing number 
m thickness : U = surface velocity ti) attitude angle between eccentricity 
h* reference-film thickness W/(DIp,) ’ and load vectors of a journal 
‘ . . W’ = * “5 = normalized load : 
H h/h* = normalized-film thickness or W/(BLp,) bearing 
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When A — 0, so that A*P, is negligible, we obtain the equation for 
an incompressible film. 

It is more convenient to linearize (3) than (2). 
set 


We therefore 


K = )> aK, (6) 
+=0 
which would follow naturally if we had started from (2). 
When (5) and (6), with a = A, are substituted into (3) and the 
coefficients of equal powers of A equated and simplified we have 


dP,/dX = H-\H — K)), (7) 
dP,/dX = H-\P,Ky — K), (8) 
dP,/dX = H-*{(P, — P,)Ko + PiKi — Kz], (9) 
and in general 
adP,/dX = HP, — > d (¥ Pes) [ax — HK,x. 
(10) 


Integration of these linear equations and imposition of the 
boundary conditions for a given bearing film profile H permits 
evaluation of the pressure. 

When thebearing number is large, set a = A}. Although we 
let A-—> o, the effect of lubricant inertia, and therefore of turbu- 
lence is ignored because this analysis involves only perturbation 
solutions of (1). This simplification is justified when pumaxh*( ul) 
<1 where umax is the maximum film velocity. The results apply 
to most gas lubricating films since fluid inertia is seldom im- 
portant. 

At large bearing numbers the film pressure will not be 
ambient for any film with converging or diverging sections. Thus 
Py = PX), and 


P =P, +A P, + AP, + A“P; +.... (11) 
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A 
(d) 


When (11) and (6) with a = A~' are substituted into (3) and 
the coefficients of equal powers of A equated, we have 


Po = K./H, (12) 

1 
P; = Ho E H* dP,?/dX + Ks | (13) 
P, = H—|H*d(PoP;)/dX + Kj), (14) 


1 
P,; = H™ [ wa (rr, ae pe) /ax + Ks (15) 


and, in general, 
1 n—1 
H¥d ( > (PP -+4)) / aX + K.| (16) 
k=0 


p= a-| 3 
2 


Thus the original nonlinear equation has been reduced to a se- 
quence of linear equations which may be successively solved. 

Whereas equations (7)}-(10) are differential equations of the 
same order as (3), equations (12)-(16) are algebraic expressions for 
each P; in terms of lower order perturbation pressures and their 
derivatives. We have therefore two constants which must be 
evaluated for small A, but only one for large A. 
difficulties, as will be seen. 


This leads to 


Journal-Bearing Film, Small A 

As previously described, we set H = h/c = 1 + € cos 8 with 
A = 6uUr/(c*p,) for complete perfectly aligned journal bearings. 
It is necessary to integrate (7)}-(10) subject to the requirement 
that the pressure and its derivatives be single valued in 8. How- 
ever, we have two constants to evaluate and we must establish an 
ambient pressure level. To do this, we first assume that the bear- 
ing is finite with ambient pressure on the two ends, and then let 
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the length become infinite. This method was developed by Elrod 
[4]. Set 











fi * {o(PHOP/28)/28 + XPH*P/OY)/2Y 
— A&PH)/28}d8 = 0 (17) 


2e . 
f P*Hd8 = 2 (1 + £ «) (18) 
9 2 


upon interchanging integration and differentiation of the second 
term in (17), requiring P = 1 on the boundary, and noting that 
the pressure is symmetrical with respect to a mid-plane which 
bisects the journal axis. 

When (5) is substituted into (18), we find 


and note that 














2e 
f P,Hd8 = 0, (19) 
2s 1 
0 
and in general rh) 
a 1 — Fig. 1 Load W’ = W/(Dipc) versus bearing number A = 6 Ur/(c*pa) 
P, + ° > P,P... | H*d8 = 0. (21) for infinitely long self-acting journal-bearing films with various eccen- 
0 “ f=1 tricity ratios 
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Upon evaluation of the constants, the pressure may be written 
sin 4 
a t.< 
2A%1 — e&)| H-* H-3 1 
rm ——_—— J —— 4+ —— —. —__ 
(2 + €*)? 4 3 4(1 — e*) 


P=1+ ~ |(H- + H-* 


1 


3(1 +5 ¢) 


The load components due to film pressure are 


ions 


” Se mwe(2 + e*)A? 
"ne" -{" Pane = 22 + a a 
+(..)A°+... (23) 
W’ sin ¢ = kz P sin B48 = ve, 
+(..)A? +... (24) 
where W’ = W/(DLp,) with W the load, D the bearing diameter, 


L the bearing length, and the attitude angle between the load 
and eccentricity vectors is @. 


Journal- Bearing Film, Large A 


When we apply condition (18) to equations (12)-(16) for the 
journal-bearing film, we see that 


2r 3 
f H*P,7dB8 = 2x (1 >= e), (25) 
0 - 
| ag H*P.P\dB = (26) 
2r l 
f H* (er. +> P.) dg = 0, (27) 
0 * 
and in general 
2r n>0 
f H3 (> PP) dB = 0, (28) 
0 k=0 


The requirement of singlevaluedness is automatically satisfied. 
After some manipulation, the film pressure may be written 


= K,H- } + A-'Kee sin 8 + A-*K,? | -# + 3H 


~ £] + anKee| an 7 as 
realness (nd) (ote 
H(w-te-3d]o-4 


/2 
Ko = (: + 4 e) . 


We note in passing that, using these perturbation methods, the 
Reynolds equation clearly reduces to PH = constant for A— 
and to that for an incompressible film when A — 0. 

The load components due to film pressure are 


142 | 


to 


(29) 


where 
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Ww! = eit 2 24 © ~ £1] cK/a) 
cos @ = TKoA 1 “is + ry ~ 3A (Ko/A)? 
49 7 | a ’ 
+] 14— — @ — — ¢ — 13 — 8/24 | (Ke/A)* +...) 
4 16 f 
(30) 


* , (31) 


e 
> 


2€ a é 
"mi-aeyo™"* 


W’ sin @ = rKoA V1 — €*(Ko/A) {1 - [s _ 


where 
1-Vi-ée 


eV1l-@é 


A= 


Note that 


A\-+o—+0, and (€/2A)|.0—+ 0 
so that 
W’ cos $|-+0 —> KoA{1 — (Ko/A)* + (Ko/A)* —...}, (32) 
and 


W’ sin }|-~0 — KoA(Ko/A){1 — (Ko/A)? +...}. (33) 


Although we have not carried out higher order expansions, it 
appears plausible that the load components reduce to 


KoA 
Ww’ - 34 
cos }| +0 > 4 r" (Ko/ bb? (34) 
W’ sin $|.+0 pom KoA(Ko/A) (35) 


1 + (Ky/A)* 
At the other limit, we have 


Al|l-i— 1. 


Accuracy of Journal-Bearing Solutions 


At low bearing numbers we expect errors in the order of A*, and 
at high bearing numbers, the errors are of order A~ in the journal 
bearing solutions given. Figs. 1(a-i), which give load components 
and total load plotted against bearing number, indicate that this 
istrue. The error is a function of the eccentricity ratio and, when 
12 + 4¢€ < A < 0.3(1 — ©), the error is less than about one 
per cent. 


Table 1 Comparison of perturbation on A~' and computer solution 
(Elrod and Burgdorfer [4]) for load and attitude angle. Bars indicate 
computer solutions. 
€ A Ww’ _ % o 
0.2 4.012 0.3217 0.3214 14.07 14.03 
0.4 3.976 0.7514 0.7534 14.42 14.38 
0.6 3.643 1.4272 1.440 15.44 15.10 
0.8 6.256 3.388 3.379 7.73 7.66 
0.9 4.246 5.223 5.461 8.92 8.27 


Table 1 compares results obtained for the perturbation solution 
fora = A~! with those obtained by numerical solution on a digital 
computer. Comparatively low values of the bearing number are 
used to demonstrate the extent of the region of high accuracy. 
As expected, the accuracy increases rapidly with increasing bear- 
ing number. For example, when ¢€ = 0.6, A = 7.781, (30) and 
(31) give W’ = 1.581 which agrees exactly with the computer 
solution. 

Figs. 1(a~i) indicate the calculated load components and the 
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Bearing number, A = 6nUr/(c* pa) 


Fig. 2 Attitude angle ¢ versus bearing number A = 6y Ur/(c"pa) for infinitely long self-acting journal- 


bearing films with various eccentricity ratios 


total load in solid lines. The load components for bearing num- 
bers ~ 1, not given by this approximation, are shown dotted. 

Fig. 2 illustrates the effect of bearing number upon attitude 
angle. The Ausman solution, which uses € as a perturbation 
parameter, is clearly valid for « < 0.4. 

The load values for large bearing numbers are those obtained 
by integrating (1) numerically. This, as well as a substantiation 
of (18) has been shown for L/D = {7}. 

Many authors such as Whitley [8] have presented experimental 
results to verify theoretical calculations. Some of the best ex- 
perimental confirmation of numerical predictions was obtained 
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by Mr. 8. Cooper at the Rolls-Royce Research Laboratory in 
Littleover, England (paper published in this issue, p. 195). 
He obtained agreement with less than 1 per cent error 


Plane Wedge Films, Small A 

We set H = H, — (H; — 1)X to represent the plane inclined 
slider bearing with film thickness ratio H;. For such a film we let 
| = Band h* = hy, the outlet (minimum) film thickness. Thus 
A = 6uUB/(h.2p,) and H = h/he. 

Upon integrating (7) and (8), and requiring P,(0 
P{0) = P1) = 0 we find, 


= P,(1) = 0, 
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(H, — H)(H — 1) 
H%H,? — 1) 
A? 
. 6H*H (Hy? — 
— H*H,? — H*)(H,‘ + 4H,* — 4M, — 1) 
— 3(H,* — H(A? — 1} +..., (36) 





P=1+A 








De {4H(H, + 1)(H,* — H9(H,? — 1) 


and 


1 
W’ = W/(BLp,) = f (P — 1)dX 
0 


= aa (In Hy — 2H; — 1)/(H; + 1) 
A? 

~ 12H,%H,? — 1)8 

+ (Hy? + 5H? + 5H, + 1)(h — 1)? 


+ 2(H,? — 1)(Ai — 1)(Hi* + 2H; + 3)} +.... (37) 


{~—4(H,* — 1)(H; — 1)%M, + 2) 


Plane Wedge Film, Large A 


The plane wedge film at large bearing numbers leads to a prob- 
lem of the singular perturbation type because the order of the 
equation is reduced. Instead of a first-order nonlinear equation, 
we have a series of algebraic expressions, each of which has only 
one constant. We therefore are unable directly to satisfy the two 
end conditions. This difficulty is not present in the analysis of 
the complete journal bearing because the film pressure there is 
periodic. 

In order to satisfy the inlet conditions at the limit of infinitely 
large bearing numbers, we know that Ky = H;, so that, at A = o, 
the pressure is discontinuous at X = 1. For bearing numbers 
less than infinity we seek a correlation pressure r defined by 


P = H,/H —f, (38) 


subject to the conditions 7(0) = 1, 7(1) = 1 — H,/H. At very 
large bearing numbers + =~ 0 for z < 2, [1], and we have a 
boundary-layer problem. Therefore set 

§ = -A(1 — X), (39) 


so that, when X = 1 and A is very large, we have a finite value of 
the new independent variable. 
Let 
w= Ay, + A-472 +..., (40) 
and note that 
H =1 — £A-\(H;, — 1). (41) 


When (38)-(41), and (6) with a = A-', are used in (3), we find 
the first two perturbation equations 


Hidx,/dé — m, = H,~H, — 1) + Ki, (42) 
Hdw,/d& — mw, = [2§H\( Hi — 1) + m)dw,/dé 
— (A, — 10h + Sm + Ke. (43) 


Note that we approximate H by ignoring the A~* term. It fol- 
lows that 


H, -1 
ma e~AU—X)/h 





P= H,/H a 1 
(e~AG-X0/M _ g-AM—X)/M) — (44) 


in which 7(X,) = 0 is the end of the boundary-layer region. The 
second perturbation equation (43) may be integrated in a 
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straightforward fashion to yield a lengthy expression. We pre- 
sent only the first term because it yields fair accuracy. 
The load supported by the film is 
’ Hy ln Hy, A, A, ~ 2 —A(1—X1)/M 
W' = a, = 3 ~1+ 7 -a0- x07 le ? — 
— H,/A(l — e~AG—X0/Hy) 42... (45) 


Accuracy of Wedge Film Solutions 


The plane wedge-film solutions at small bearing numbers have 
errors on the order of A*. The error at large bearing numbers 
depends upon the choice of X;._ This choice depends both upon 
bearing number and film thickness ratio. For example, X; = 0 
at sufficiently low bearing numbers. Choosing this, we find that, 
for A = 10, 30, 50 with H, = 2, we calculate W’ = 0.191, 0.320, 
0.326 compared to the correct values [4] W’ = 0.212, 0.337, 
0.364, respectively. If, for A = 50, we take X, = 0.85, we cal- 
culate W’ = 0.370. 

Transcendental expressions for the pressure in infinitely long 
plane wedge gas films were derived by Harrison [6]. Curves for 
evaluating an integration constant for the Harrison solution are 
given in [5] and pressure profiles and loads given in [1] and [5]. 
The simpler form of the perturbation solutions suggests that they 
be used where possible. Perturbation solutions for curved wedge 
films are clearly practical. 


Summary 


Limiting values of pressure and load for large and small bearing 
numbers are established by expressing the pressure as a perturba- 
tion series in terms of A and A~!. The method is analytically ac- 
curate within the limits of low and high bearing numbers. It is, 
for example, particularly useful for journal-bearing film analysis, 
when € > 0.4. Under these conditions, the Ausman perturbation 
solution on ¢, even when modified to use condition (18) rather 


than the constant-mass assumption, does not yield accurate 
results. 

Application to plane wedge films is complicated by the need to 
use a boundary-layer analysis. Conditions for choice of the 
boundary-layer extent are not given. 

Within the region of applicability, these solutions are simply 
expressed and yield excellent accuracy. Use of the bearing 
number as a perturbation parameter is recommended for other 
types of gas bearing films, both finite and infinitely long. 
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Solution of Reynolds Equation for 


0. PINKUS 


General Electric Company, 
Lynn, Mass) Mem. ASME 


Arbitrarily Loaded Journal Bearings 


The Reynolds equation has been solved on a digital computer for the case of 150, 
100, and 75-deg bearing arcs subject to loads acting in any arbitrary direction. 


The 


results cover the entire range of attitudes and load angles and provide solutions for 


L/D ratios from 1'/_ down to */,. 


The application of these basic results to the calcula- 


tion of the performance of noncentrally loaded partial, grooved, and multilobed bearings 


is discussed, 


Introduction 


HE ADVENT of high-speed digital computers has 
made it practical to obtain workable solutions of the Reynolds 
equation for finite bearings. Over the years results have been 
obtained for centrally loaded journal bearings ranging from a full 
360-deg bearing down to a 30-deg arc as well as for noncircular 
bearings and these are presented in references [1 to 6].* The 
centrally loaded bearing, however, is only a particular case of the 
general problem of bearings subject to loads acting in any arbi- 
trary direction with respect to its boundaries. This, as seen in 


ee 





Fig. 1 


Geometry of partial bearing 





1 When this paper was written, the author included information 
and expressed opinions he believed to be correct and reliable. How- 
ever, because of the constant advance of technical knowledge, the 
widely differing conditions of possible specific applications, and the 
possibility of misapplication, neither the author nor his employees 
makes any warranty with respect to, or assumes any responsibility 
arising out of this paper, its contents, or its use. 

? Numbers in brackets designate References at end of paper. 





Fig. 1, introduces a new parameter, the load angle a, or the ratio 
a/B8 which in the case of centrally loaded bearings is a constant 
always equal to '/,. Together with the eccentricity ratio ¢, 
attitude angle ¢, slenderness ratio L/D, and bearing arc 8, the 
load angle @ constitutes a basic parameter whose inclusion is 
necessary in a comprehensive solution of partial or grooved 
journal bearings. 

A general solution for a 120-deg partial bearing subject to an 
arbitrary load vector is given by Raimondi [7]. A similar solution 
for a 2-axial-groove bearing is given by the author [8]. The 
present paper presents a general solution for 75, 100, and 
150-deg bearing arcs covering eccentricities up to 0.95 and L/D 
ratios from 1'/, down to '/,. The solutions were obtained on a 
digital computer from a transformation of the Reynolds differen- 
tial equation into a finite difference equation. The basic solutions 
presented can be used for at least three general families of ap- 
plications; partial bearings, 2, 3, and 4-groove bearings and non- 
circular bearings like the elliptical, 3-lobe, etc. These applica- 
tions are briefly discussed at the end of the paper. 


Solution of Reynolds Equation 


The differential equation underlying the subsequent results is 
the familiar Reynolds equation for incompressible lubrication. 


3 (h* ap r) (* oP.) dh 
—__— — —{ — —) =6U — 1 
2 (4 Pr) 42 pp oz ° oz (1) 


With yu considered constant and the pressure replaced by the in- 
verse of the local Sommerfeld number we have 


a op D\? 23 op dh 
—{ie — —} — s—— ) = — 2 
2 (i =P) + (2) oe (i 4) i (2) 


Contributed by the Lubrication Division of Tae American 
SocreTy oF MECHANICAL ENGINEERS and presented at the ASME- 
ASLE Lubrication Conference, Boston, Mass., October 17-19, 1960. 
Manuscript received at ASME Headquarters, July 7, 1960. Paper 
No. 60—Lub-3. 








Nomenclature 
C = diametral clearance, L Q, = side leakage, L*T-! Qin = flow coefficient for inlet flow, 1 
D = diameter, L uN (D\? q, = flow coefficient for side leakage, 1 
F, = horizontal hydrodynamic force S = Sommerfeld no. = P \e)}’ 1 z = circumferential co-ordinate, L 
component, F = jj - z = axial co-ordinate, L 
Fy = vertical hydrodynamic force com- d yr oan, a = load angle, 1 
ponent, F W @ load, F : 8 = arcspan, | 
L = axial bearing length, L e = eccentricity, L € = eccentricity ratio = 2e/C, 1 
N = rotational speed, T-! h = film thickness, L @ = angular co-ordinate, 1 
P = unit loading, FL~* hein = minimurn film thickness, L @ = attitude angle, 1 
Qie = flow at inlet edge, L*T-' p = pressure. FL~? uw = absolute viscosity, FTL~* 
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Table 1 Eccentrically loaded 150-deg journal bearings 


os! L/D € a/B ty s Gin q: 
P. 1'/; 0.2 0.200 20 -16 0.020 
at : 0.266 35 -80 0.038 




















4 
1 
0.380 48 0.782 0.105 
Se eS ee | Fig. 2 Element of grid network 0.493 61 0.477 0.186 
at io Pj Pie 0.546 83 0.510 1.09 0.206 
0.612 103 0.738 1.14 0.169 
0.859 96 32.7 1.18 0.0098 
| lp ing 0.3 0.273 34 0.91 0.061 
- 0.4 0.286 32 0.520 0.735 0.085 
0.453 47 0.244 0.882 0.234 
0.600 65 0.231 1.14 0.407 
0.646 98 0.389 1.26 0.347 
where 0.866 95 24.6 
; 0.5 0.100 10 6.58 0.0049 
1 p c\2 n 0.213 23 0.614 0.046 
p= — = —({—]), £=2/D, ¢=2/L, h=h/C 0.293 31 0.308 0.103 
S | toca uN \D 0.353 37 0.224 0.105 
0.420 42 0.164 0.248 ° 

The details of transforming (2) into a finite difference equation a ened “ nn — “~ 
is given in [5]. The resulting set of i X 7 algebraic equations is . 0.443 38 0114 0.708 0.266 
of the form 0.660 66 0.125 1.17 0.607 

0.683 93 0.259 1.35 0.534 
dD. = dh _ ap we + de es a asp - a AsPi.j-1 0.860 96 23.5 1,56 0.030 Py 
- wis Pi rile 0.7 0.100 10 1.22 0.006 
with the nomenclature as shown in Fig. 2. This set of equations i = on an 
was solved by iteration methods on a digital computer using grids 0.397 30 0.0793 0.212 
from 50 to 200 points in the bearing field. The boundary condi- po = —_ 2s 
tions at the trailing end were set by the requirement of non- “ . 0. 

; . 0.8 0.213 23 0.0695 0.287 0.061 
existence of negative pressures. The convergence of the itera- 0.334 25 0.0497 0.142 
tions was carried to an accuracy of 0.004 as given by 0.725 86 0.183 1.40 0.722 

0.800 96 24.1 1.76 0.040 
(Zp) asi 0.9 0.253 17 0.0225 0.0628 
or a < 0.004 0.368 20 0.0187 0.146 
(Zp), 0.453 22 0.0172 0.236 
0.540 24 0.0161 0.361 
where k is the iteration index and the summation is over the en- 0.95 0.396 15 0.0077 0.147 
. 0.493 16 0.0071 0.247 
tire reduced pressure field. 

» ‘ . * 1 0.2 0.100 10 71.2 0.002 

Three parameters uniquely determined equation (2). These 0.200 25 4.92 0.031 
are the eccentricity ratio € and the attitude angle @ which deter- 4 = 4 oo 
mine kh, and the L/D ratio. These yield a dimensionless pressure 0.487 62 0.756 0.241 
field as a function of the bearing co-ordinates which when properly 0.552 72 0.780 0.408 0.274 
ciuaeiel i mes ti - 0.620 102 1.08 0.367 0.230 
converte d to real loads and integrated yield a resultant load de- 0.860 96 68 0.0659 0.0145 
fined in both magnitude and direction, namely 0.4 0.207 24 1.32 0.0565 

~ _ 0.360 41 0.435 0.671 0.215 

P = —W = fle, o, L/D) (3) 0.500 52 0.286 1.00 0.385 

: 0.610 74 0.327 0.810 0.545 

‘ . . 0.655 97 0.568 0.732 0.467 

where F is the resultant hydrodynamic force which, of course, 0.866 95 27.2 0.115 0.029 
8 ite > » 0.5 0.100 10 7.02 0.007 
must be equal and opposite to the external load W. In scalar 0.207 rr 0.7322 0 esl 
terms, equation (3) gives: 0.293 31 0.368 0.155 
¥ . D 0.360 36 0.277 0.231 

(Fy? + Fy*)”* = —W 0.427 41 0.228 0.342 

oi. int 8/2 (4) 0.500 46 0.209 0.94 0.425 

a/Fy = tan (@ /2) 0.6 0.214 23 0.383 0.497 0.079 

= ; , ; 0.394 36 0.163 0.733 0.303 

An additional item of interest is the amount of lubricant flow. 0.500 41 0.137 0.865 0.450 
The formulation of these expressions is given in (1) and we shall ry 4 ey . eo 
here merely restate the final expressions. For the amount of 0.807 95 26.3 0.130 0.044 
lubricant admitted, and for the side leakage these are 0.7 0.100 10 1.31 0.009 7 

0.220 22 0.181 0.088 
xNDLC 0.317 27 0.116 0.197 
Qis = qin — (5a) 0.340 29 0.111 0.232 
4 0.390 31 0.0972 0.307 
0.407 35 0.0840 0.445 
r 0.500 36 0.0835 0.776 0.461 . 
Q.=4 aNDLC (5b 0.550 38 0.0788 0.600 
P rl ; 0.8 0.233 20 0.0797 0.285 0.059 
0.333 25 0.0581 0.316 0.090 
where the factors q are the theoretical coefficients obtained from ~~ ~ aes ry oon 
the integration of the pressure gradients at the appropriate flow 0.740 84 0.255 1.55 1.07 
boundaries. The values of gin and q, are given together with the 0.866 95 27.3 1.17 0.97 
stan manent tn Gee 0.9 0.360 21 0.0213 0.218 
ther parameters in iabies 3. 0.423 21'/s 0.01905 0.308 
0.486 22 0.01875 0.410 
. 0.814 43 0.0414 1.63 1.16 
Basic Results 0.95 0.394 16 0.00825 0.222 

Tables 1 to 3 give the essential results of the solution of ro os ‘aoe one 

Reynolds Equation for 150, 100, and 75-deg bearing arcs. 0.534 20 0.0105 0.478 
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Table 1 (Cont.) Table 2 (Cont.) 
L/D € a/B for) s Gin qe L/D € a/B Ss Gio qe 
Ys 0.2 0.180 28 9.80 0.049 0.52 68 1.32 0.218 0.148 
0.240 39 4.77 0.103 0.54 86 1.42 1.08 0.159 
0.346 53 2.85 0.202 0.56 114 2.05 1.16 0.141 
0.574 59 2.05 0.339 0.65 135 5.00 1.18 0.0716 
0.567 80 2.17 1.19 0.359 0.70 156 37.6 1.18 0.0151 
0.643 99 2.89 1.20 0.307 0.79 171 42.5 1.19 0.0107 
0.827 101 54.0 1.19 0.0252 0.92 168 83.5 1.20 0.0012 
0.3 0.246 38 2.63 0.120 0.3 0.11 9 69.0 0.709 0.00235 
0.4 0.160 21 2.68 0.67 0.060 0.28 22 3.29 0.743 0.0328 
0.266 35 1.34 0.812 0.202 0.44 36 1.02 0.841 0.111 
0.480 53 0.807 0.55 0.53 57 0.745 0.966 0.201 
0.526 56 0.794 0.60 0.56 84 0.925 1.09 0.238 
0.632 70 0.905 1.365 0.707 0.57 113 1.49 1.23 0.213 
0.686 7 1.46 1.42 0.614 0.65 135 3.94 1.27 0.111 
0.866 95 41.0 1.38 0.054 0.95 165 645.0 1.29 0.0019 
0.5 0.0932 11 8.77 0.016 0.4 0.53 47 0.476 0.278 
0.196 25 1.26 0.120 0.55 58 0.485 0.263 
, 0.266 35 0.798 0.241 0.6 0.12 . 7.1 0.424 0.00475 
0.333 40 0.642 0.365 0.29 21 0.472 0.351 
0.406 44 0.559 0.505 0.52 33 0.191 0.657 0.234 
0.560 51 0.521 0.752 0.54 36 0.184 0.695 0.265 
0.6 0.500 41 0.303 1.03 0.622 0.56 39 0.180 0.738 0.295 
0.706 59 0.420 1.21 1.05 0.62 78 0.40 1.40 0.487 
. 0.734 85 0.897 1.09 0.422 0.92 113 3.79 1.38 0.193 
0.876 94 39.7 1.18 0.081 0.93 107 614.0 1.59 0.0038 
0.7 0.0932 11 1.685 0.021 0.8 0.12 . 0.827 0.231 0.0059 
0.213 23 0.319 0.158 0.31 19 0.097 0.300 0.0727 
0.300 30 0.232 0.376 0.42 23 0.0688 0.368 0.143 
0.376 33 0.210 0.485 0.48 37 0.0595 0.430 0.205 
0.460 36 0.189 0.693 0.54 26 0.0572 0.470 0.245 
0.580 38 0.1815 0.940 0.67 63 0.245 1.22 0.652 
0.8 0.180 18 0.159 0.331 0.105 —— = wy 7 vy 
0.327 26 0.105 0.360 . . . . 
0.66 129 2.20 1.72 0.363 
0.500 30 0.0912 0.976 0.752 
0.786 47 0.156 1.56 1.37 0.95 165 710.0 1.77 0.0051 
0.776 79 0.567 1.75 1.25 0.9 0.13 7 0.133 0.136 0.00604 
0.866 95 41.0 0.256 0.109 0.36 16 0.0279 0.203 0.0734 
0.9 0.253 17 0.0226 0.063 0.50 20 0.0219 0.304 0.17 
0.306 20 0.0321 0.386 0.55 20 0.0211 0.342 0.212 
0.460 21 0.0307 0.588 0.70 70 0.187 1.22 0.736 
0.540 24 0.0161 0.362 0.64 106 0.725 1.66 0.685 
0.814 43 0.0417 1.15 0.65 125 1.72 1.80 0.475 
F 0.66 139 2.19 1.81 0.412 
0.95 0.334 15 0.01135 0.402 
0.95 165 710.0 1.88 0.0057 
0.500 15 0.01065 0.618 aa oo re eam ao oome 
fe 0.2 0.156 31 25.1 0.068 0.45 15 0.00945 0.198 0.116 
0.220 42 15.3 0.125 : 4 
0.50 15 0.00898 0.224 0.142 
0.326 56 9.62 0.243 0.52 15 0.00895 0.235 0.153 
0.453 67 8.00 0.335 0.65 105 0.704 1.71 0.728 
0.500 70 ; = 0.360 0.64 121 1.33 1.72 0.470 
eo = ap a 4 0.65 122 1.47 1.79 0.542 
0.870 95 115.0 1.19 0.042 Ys 0.2 0.13 7 183.0 0.808 0.0033 
0.16 24 12.1 0.809 0.00395 
0.4 0.173 29 6.40 0.136 
0.40 40 4.31 0.926 0.121 
0.240 39 4.18 0.256 24 
2 ae ~ + oan 0.52 68 2.98 1.07 0.2 
; . . 0.53 72 3.02 1.08 0.232 
$008 S + 0.688 0.55 85 3.27 1.14 0.246 
0.653 67 3.03 1.42 0.795 
y+ 0.58 112 4.76 1.20 0.214 
ae 4 an - ro! 0.66 134 10.00 1.20 0.119, 
. . ‘ . 0.79 141 56.5 1.20 0.022 
0.6 0.187 27 1.74 0.201 0.85 130 127.0 1.19 0.0137 
a my a go 0.91 109 945.0 1.08 0.0027 
. . . " ¥ 48 
artes ba en a Sy 
¥ .27 1.61 1.16 : ; ‘ ; 
ao - 4 = ~ 0.41 39 2.22 0.89 0.18 
. . -6/ . 0.48 62 1.70 1.02 0.312 
0.8 0.0866 121 0.954 0.08 0.57 83 2.10 1.20 0.368 
: . : k 0.59 111 3.40 1.30 0.3 
0.326 26 0.277 0.496 0.67 133 7.76 1.18 0.181 
0.506 29 0.257 0.947 0.78 152 32.3 1.30 0.057 
0.830 42 0.398 1.66 1.40 0.92 192 835.0 1.29 0.0041 
+ - a ~ tt 0.4 0.11 a 40.5 0.617 0.0064 
care * 0.8 ened 0.178 0.26 24 2.92 0.692 0.0775 
i 0.9 0.100 10 0.154 0.042 0.34 31 1.75 0.701 0.146 
0.246 18 0.0836 0.271 0.43 37 1.25 0.851 0.236 
0.370 19'/s 0.0788 0.515 0.52 48 1.04 0.981 0.356 
0.526 21 0.0720 0.983 0.54 51 1.04 0.352 
0.870 6 0.159 1.90 1.74 0.55 55 1.06 1.06 0.413 
6 “15 $ 0.59 81 1.50 1.27 0.492 
0.61 109 2.73 1.60 0.435 
0.63 122 4.04 1.42 0.350 
0.67 133 6.85 0.273 
0.74 146 16.4 1.40 0.120 
T Eccentrically loaded 100-d | beari 0.77 148 20.9 0.096 
a. iene - 0.78 152 29.2 1.40 0.075 
L/D € a/B ¢ s Gin CA 0.98 198 740.0 1.40 0.0054 
1 0.2 0.11 9 142.0 0.0016 0.5 0.27 23 1.57 0.59 0.095 
0.28 22 6.85 0.803 0.0222 0.58 52 0.677 1.00 0.503 
0.43 23 1.95 0.889 0.0752 0.62 108 2.34 1.42 0.535 
0.51 64 1.32 0.997 0.142 0.77 153 28.7 1.47 0.090 
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Table 3  Eccentrically loaded 75-deg journal bearings 
L/D € 
l/r 0.2 


Gin qa 
00155 0.00155 
0290 0.0290 
0933 0.0548 
147 0.0655 
110 0.0665 
0628 0.01485 
-0907 0.01175 
0111 0.0111 
023 0.0023 
0853 0.0755 
203 0.0915 
205 0.0945 
111 0.0294 
096 0.0230 
00182 0.00182 
6365 0.0885 
174 0.103 
219 0.120 
320 0.101 
342 0.124 
326 0.118 
215 0.0012 
129 0.099 
202 0.133 
414 0.219 
495 0.200 


i=} 
re 
o ooo 
° ree s 
Nee ss 
3 =38 uw 
mw 
>wo 


re) 
eweno 
~~ 


& 


ao 
288 


. 


SRK SSSSSSASERA S 
TER SS e eres y 


fo hf 


BSk SFS 
orn 
W oo 


eey 


RSE8 


RISK SBSISARS 
no 
—~ 
on 
s 


loa 
-_ 
3 Bunn 
8 Burnn: 
ree 
Bisess 
8&8 
tty 
wan ow 
N ee 
pesooe Shee 


sf 
gZe% 
38 


0. 
0. 
0. 
0 
0 
0 
0 
0 
0 
0. 
0. 
0. 
0. 
0. 


— 
oo > os 


aw 
Ne 


aw 
eee o3ge 
Secs sssssses Sseessss Ssssss=e 


SSIs 
8 


wnerre 
& 
~ 


ee aro 


Nee 


VeFOowoon 
Be seannwea ee 


ou 
BS 


-0842 0.0842 
1065 0.1065 
757 0.430 
00244 0.00244 
00425 0.00425 
1055 0.055 
1625 0.094 
163 0.0956 
0685 0.0230 
-0557 0.0167 
00175 0.00175 
0036 0.0036 
875 0.111 
227 0.136 
237 0.140 
121 0.044 
0.0346 
0.129 
310 0.201 
337 0.215 
270 0.1145 
0.0927 
0.145 
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0.529 0.275 
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Table 3 (Cont.) 


> s Gio 
12'/s 60.8 0.0083 
54 4.28 0.162 
4.44 0.168 
4.20 0.185 
4.48 0.207 
12.30 0.145 

-80 0.109 

-20 0.064 


0 0.0034 
-l 0.0067 
-47 0.904 
-64 0.279 
-90 0.281 
2 
7 0.132 
-890 0.742 
-895 0.1245 
0.324 
0.398 
0.354 
0.284 


0.253 
0.314 
0.360 
0.507 
0.647 
0.600 
0.161 
0.439 
0.942 


0.00414 


1.01 
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The ratio a/8 locates the line of action of the external load. The 
attitude angle ¢ is, by definition, the angle between the load vec- 
tor and the line of centers. Thus (a + @) represents the loca- 
tion of line of centers with respect to the arc boundaries. The 
load angle a must, of course, be confined to the bearing arc 
(a/B < 1); the line of centers, however, can be located either 
inside or outside the bearing arc. When (a + ) > 8, the 
minimum film thickness is then obviously that of the outlet film 
thickness. The factors gi. and q, in conjunction with Equation 
(5) yield, respectively, the amount of admitted lubricant and the 
side leakage. The factor gis incorporates the effect of the adverse 
pressure gradient at the leading boundary of the arc. The 
amount of end leakage is simply the difference between the inlet 
and side flows, or (Qis — Q,). 

Figs. 3 through 6 show some representative plots for the varia- 
tion of S, , gin, and g, with the load angle. Some noteworthy 
observations are: 


1 The Sommerfeld number is a multivalued function of the 
eccentricity ratio, i.e., for a given € there is more than one value 
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Fig. 3 Plot of S versus a/8 for 100-deg arc and L/D = '/; 


of load capacity. The particular value of S, as we shall see later, 
depends on the attitude angle which is itself a multivalued func- 
tion of the eccentricity. 

2 Fig. 3 shows an optimum a/f ratio of between 0.55 to 0.60. 
However, this is not necessarily the actual optimum operating 
condition, because hmis, a8 given by the eccentricity ratio, is not 
always within the bearing arc. As long as this hai, occurs within 
the arc, then a value of a/8 ~ 0.55 should be aimed at as provid- 
ing an optimum condition. When hmis is outside the bearing arc, 
and this occurs whenever (a + @) > 8B, then Amis is given by 
the value of the outlet film and this will be larger than the value 


Cc 
given by 2 (1 — €), which now occurs outside the bearing. Thus 


shifting the load to a value of a/8 > 0.55 may result in either an 
improvement or loss in load capacity. In any case, the value of 
a/B should never be less than */3. 

3 The attitude angle, as seen in Fig. 4, is a multivalued func- 
tion of the eccentricity. This occurs at high values of a/8 
usually at a/8 > 0.6. Thus, for example, for a 100 deg partial 
bearing at a load angle a of 67 deg, we have for e = 0.8 three 
values of the angle (a + @): 177, 153, and 100 deg. To each 
of these three attitudes there corresponds a different value 
of the Sommerfeld number and thus different load capacities. It 
should be noted that, in a partial bearing, the value of € can be 
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Fig. 4 Locus of shaft center for 100-deg are and L/D = '/2 


larger than unity and the value of hmin larger than the radial 
clearance, things that cannot occur in full bearings. 

4 The maximum amount of lubricant flow occurs according to 
Figs. 5 and 6 at (a/8) ratios of between 0.55 and 0.75. This holds 
for both the total flow and side leakage. However, while the 
value of side leakage declines sharply at a/8 > 0.7, the inlet flow 
remains high even past its maximum point. 


A number of revealing and useful graphs can be drawn from 
the large amount of data presented in Tables 1 to3. These should 
offer a comprehensive insight into the hydrodynamics of journal 
bearings and the data necessary for designing bearings to suit 
particular requirements and operating conditions. 


Application to Partial and Full Bearings 


The results given in Tables 1, 2, and 3 are applicable to a variety 
of situations and bearing designs. Three general families of prob- 
lems to which these results can be readily applied are: 


A Partial Bearings With Offset Loads. This, as shown in Fig. 1, is 
simply a partial journal bearing with the load falling anywhere 
along the arc. The case of centrally loaded partial bearings is 
given in [2] and [3]. From the data in Tables 1 to 3 it is now 
possible to calculate the performance of noncentrally loaded par- 
tial bearings. 

B Grooved Bearings. In practice full bearings contain axial or 
circumferential grooves and these convert such full bearings into 
a tandem of partial bearings. These individual arcs may or may 
not have identical values of 8 and (L/D) ratios. In all cases, 
however, the value of a/§ will be, as shown in Fig. 7, different for 
the various bearing arcs. When solving for such grooved bear- 
ings, it is necessary to calculate the hydrodynamic properties of 
each individual are which will be a function of four parameters 


Sare = f{8, (L/D), €, (a + $)] 


With these four parameters fixed, the Tables will yield an arc 
force 1/8 and its load angle a, as well as the values of the flow co- 
efficients qi. and q, for each individual lobe. These are then ap- 
propriately combined to yield the over-all characteristics of the 
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Fig. 5 Total flow for 100-deg are and L/D = 





Fig. 6 Side leakage for 100-deg arc and L/D = '/; 
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= Fe. = W cos m 


Fig. 7 Example of grooved bearing 


grooved bearing which would then be a function only of the Som- 
merfeld number (for a given a/8). The case of grooved bearings 
composed of symmetrical arcs and loaded over the center of one 
of the arcs is given in [2]. By similar methods it is possible to 
obtain solutions for any arbitrary arrangement of grooves and 
loading. 

C Nencircular Bearings. In the case of noncircular bearings, 
such as shown in Fig. 8, the additional complication is that not 
only do a/8 and ¢ differ for each are but also the eccentricity 
ratio ¢«. Thus for any fixed position of the journal, each are will 
have different a/8, €, and @ values. Aside from the thus greatly 
increased number of operations, the procedure of calculation is 
the same as for circular bearings 
steps: 


This consists of the following 


(a) Fix the journal at a given eccentricity and attitude angle 
with respect to the geometric center of the full bearing. 

(b) Calculate the resulting € and (@ + @) values for each in- 
dividual lobe. 

(c) Obtain from the appropriate table the values of S, ¢, @is, 
and q, corresponding to a given € and (a@ + @). This may involve 
interpolation and crossplotting of the presented data. 

(d) Add vectorially all values of S. This will yield a resultant 
1/S and a resultant @ (as well as @) for the full bearing. 

(e) Add algebraically the values of gin which will yield the 
lubricant flow; and the values of qg, to yield the side leakage. 


This procedure of first fixing the shaft position and then finding 
the corresponding load and load angle is, of course, the inverse of 
the practical problem in which usually the loading is known 
and the quantity to be established is the locus of the journal. 
However, once a general relationship between S, a/8, and the 
journal locus is established, it is then easy to revert to the 
practical procedure of determining eccentricity and flow for a 
given set of operating conditions. 


References 


1 O. Pinkus and B. Sternlicht, “‘Theory of Hydrodynamic 
Lubrication,’” McGraw-Hill Book Company, Inc., New York, N. Y., 
1961, chapter IV. 

2 O. Pinkus, ‘“‘Solution of Reynolds Equation for Finite Journal 
Bearings,”’ Trans. ASME, vol. 80, 1958, pp. 858-864. 


Journal of Basic Engineering 


ie 


Fig. 8 Example of noncircular bearing 


3 A.A. Raimondi and J. Boyd, “A Solution for the Finite Journal 
Bearing and Its Application to Analysis and Design—II and III,” 
Trans. ASLE, vol. 1, no. 1, 1958. 

4 H. Sassenfeld and A. Walter, “Journal Bearing Calculations,” 
VDI Forschungsheft 441, Ausgabe B, Band 20, 1954 

5 O. Pinkus. ‘Analysis of Elliptical Bearings,’’ Trans. ASME, 
vol. 78, 1956, pp. 965-973. 

6 O. Pinkus, “Analysis and Characteristics of the Three Lobe 
Bearing,’’ JournNAL or Basic ENGINEERING, Trans. ASME, Series 
D, vol. 82, 1959, pp. 49-55 
7 A.A. Raimondi, “A Theoretical Study of the Effect of Offset 
Loads on the Performance of a 120 Deg Partial Journal Bearing,” 
Trans. ASLE, vol. 2, no. 1, 1959. 

8 O. Pinkus, “Analysis of Journal Bearings With Arbitrary Load 
Vector,”” Trans. ASME, vol. 79, 1957, pp. 1213-1217. 


DISCUSSION 
W. A. Gross* 


Mr. Pinkus has performed a valuable service by publishing 
computed characteristics of finite partial journal bearings for in- 
compressible films with only positive pressures. 
proximate liquid film behavior with vaporization. 


His results ap- 

It would also 
be valuable to tabulate, for there bearings, the properties which 
include the effects of subambient pressure. These properties are 
applicable to both gas and liquid film bearings at low bearing 
numbers. 

The Giimbel-type boundary conditions (in which subambient 
pressures in an incompressible film are ignored) were apparently 
used for simplicity, anticipating the probable accuracy for de- 
Does the author have solu- 
tions for which Swift-Stieber boundary conditions (in which the 


scribing liquid film characteristics 


pressure gradient is presumed to vanish where the pressure falls 


to ambient) apply? 


Such results would be valuable for estimating 
the validity of the Giimbel boundary condition assumption. 
Additional information is desirable for assessing the accuracy 
of the results for application to actual bearings. Although we 
accept the validity of the Reynolds differential equation, we do 


need to know the accuracy with which the Reynolds difference 


3 Member of Research Staff, Applied Mechanics, IBM Research 
Laboratory, San Jose, Calif. Mem. ASME. 
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equation for the grid used approximates the Reynolds differential 
equation. Finally, we need to know the accuracy with which the 
difference equations have been solved. Practically, this means 
that both the grid size and, in the absence of a matrix solution, 
that the convergence indicator be appropriately chosen. 

A stable iteration scheme will yield solutions which approach 
asymptotically the correct value. The appropriate convergence 
indicator for a chosen accuracy may then be established. A grid 
size appropriate for the specified accuracy may be chosen by com- 
paring solutions for two or more similar grid sizes as shown by 
the discusser.‘ The author’s evaluation of these two effects 
would add significantly to the value of the paper. 

Since the difference equation used is that described by reference 
(5), the author apparently still prefers to approximate film thick- 
ness gradients rather than expressing them precisely. Since the 
film thickness is prescribed by the assumed eccentricity ratio and 
attitude angle, the gradients at grid points may be specified 
exactly. They may therefore be computed once-for-all before 
beginning the iteration. A routine such as the author uses may 
be preferable for handling irregular films, and a separate sub- 
routine can be set up for such cases. One runs the risk, however, 
of encouraging computational instability by using this latter 
method. In fact, it is probably better to approximate an irregular 
film thickness by an analytic function. This function and its 
gradients can then be precisely specified for each grid point. 


Author’s Closure 


Dr. Gross’s discussion is most welcome as it provides an op- 
portunity to clarify, among others, the problem of boundary 
conditions. The author has not used in this paper, nor in any of 
his other papers, the Giimbel boundary conditions. These con- 
ditions are shown in Fig. 9 as curve 1. The author has used in 
the present paper, as he has consistently done in the past, the 
boundary conditions 

dp 
p= ran 0 (6) 


at the trailing end of the fluid film, as shown by curve 2 of the 
figure. This differs from the experimentally observed shape 
of the pressure wave only in so far as it eliminates the sub- 
atmospheric loop as shown by the dashed line of Fig. 9. This 
subatmospheric loop is of significance in the solution of gas bear- 
ing problems; it is of negligible importance in practically all 
cases dealing with liquid lubricants. The manner in which con- 
ditions (6) have been satisfied in the numerical solution of the 
Reynolds equation is given in Ref. [5] of the paper. 

There is no direct way of evaluating the accuracy with which 
the finite difference results approximate the correct solution. An 
analytical solution of the Reynolds equation would first be 
needed, but such solutions have not, as yet, been obtained. One 


‘Fig. 2.1, ‘Numerical Analysis of Gas Lubricating Films,” First 


International Symposium on Gas Lubricated Bearings, Washington. 
D. C., October, 1959, U. 8. Govt. Printing Office. 
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way to check the degree of accuracy would perhaps be to use the 
case of an infinitely long bearing for which an analytical solution 
does exist. However, this computed accuracy will certainly not 
be valid for the case of finite bearings. The accuracies involved 
will also vary with such items as eccentricity, length of arc, load 
angle, etc. It is thus difficult to talk about a single degree of 
accuracy. A knowledge of the over-all range of accuracies in- 
volved would certainly be of interest. 

The paper does give the grid size used as well as the convergence 
indicator; the grid is given as varying from 50 to 200 points de- 
pending on length of are and L/D ratio and the convergence used 
for the integrated pressure field is 0.004. Actually the total 
resultant force obtained from integrating the pressure field can be 
made to approach the same accuracy even though the grids may 
vary indensity. This can be accomplished in either of two ways: 
Additional pressure points, on a linear scale or graphically, can be 
inserted between the known pressure values and ordinary step 
integration used; or trapezoidal summation can be used. A 
7 X 7 grid integrated trapezoidally yields the same resultant force 
as a 14 x 14 field using step integration, with a saving of 75 per 
cent of computer time. Useful information about the relations 
between grid size, convergence, time, and computer cost are given 
in Ref. [3] of the paper. 

Dr. Gross correctly points out that there was no need for using a 
finite difference expression for the film thickness. Considerately, 
he also provides an answer to his question and that is that the 
finite difference form used here is more universal by embracing 
also discontinuous and irregular film shapes. The author would 
not endorse the recommendation of approximating such irregular 
films by some analytical expression. While this seems to be a 
permissible procedure in thrust bearings, journal bearings depend 
strongly on the exact shape of the fluid film. 


. dp _ 
P= 79-0 
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Fig. 9 Boundary conditions for the solution of the Reynolds equation 
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Introduction 


= lubrication literature contains relatively few re- 

ports of grease-lubricated plain-bearing studies. In 1913, West- 
cott [1] published experimental work, concluding that “grease 
lubrication compares favorably with oil” when bearing con- 
figuration and grease supply are favorable. In 1934, von Schroe- 
ter [2] published data from which he deduced that “laws similar 
to those for oil-lubricated bearings’’ exist in journal bearings 
lubricated by grease 

The work upon which the present paper is based was under- 
taken several years ago at The Pennsylvania State College* under 
Texaco sponsorship. It also stimulated thesis activity, Cohn and 
Oren [3] demonstrating that measured pressures in a grease- 
lubricated bearing could be integrated to give the bearing load 
and Lawrence [4] presenting a mathematical development of 
pressure distribution based on flow characteristics of a grease. 

More recently, Milne [5] and Slibar and Pasley [6] published 
theoretical studies of grease-lubricated plain bearings. The 
possibility of “thick film” lubrication with greases is now gen- 
erally recognized [7, 8]. 


Apparatus 


In the plain-bearing test machine (PBTM) used for this work, 
the test bearing was between two support bearings and worked 
against a hardened steel sleeve of 4-rms microin. finish. Contact 
between sleeve and shaft occurred only on two circumferential 
lands to minimize bending of the sleeve under load. Loading by 
a hydraulic system was vertically upward through the bearing 
and against the shaft. The test bearing holder was floated hydro- 
statically so that friction torque could be weighed. 
a d-c motor. 

Test bearings were 3'/, X 28/, in. nominal diam and length. In 
effect, they were 180-deg centrally loaded bearings with '/s-in. 
45-deg chamfers at leading and trailing edges. Thermocouples 
were mounted on the load line '/,. in. below the bearing surface to 
measure bearing temperature. Cast bearing bronze (80:10:10 
Cu, Pb, Sn) was used for the bulk of the work; massive cast 


Drive was by 


1 Numbers in brackets designate References at end of paper. 

? Now the Pennsylvania State University. 

Contributed by the Lubrication Division of Tae American So- 
creTy oF Mecuanicat EnGineers and presented at the ASME- 
ASLE Lubrication Conference, Boston, Mass., Oct. 17-19, 1960. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 7, 
1960. Paper No. 60—Lub-5. 
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Formation of a ‘“‘rheodynamic’’ load-carrying film; evidence of 
thixotropic behavior; and effects of variation of load, speed, clearance, feed rate, and 
lubricant properties are demonstrated. 


poly-methyl-methacrylate, when visual examination of the film 
was made. Bearing surface finish was approximately 20 rms 
microin. 

For the early work a perforated-plate air-pressure-actuated 
grease feeder was used, Fig. 1. Feed rate was determined by ob- 
serving piston motion. A simple screw-type grease cup was 
used with the transparent bearings. Later work used controlled 
rate-of-displacement feeders. The feeder itself is illustrated by 
Fig. 2. Oil was furnished by variable speed metering pumps 
to drive the diaphragm. 


Test Lubricants 


Grease A, used in much of the work, is a well-known commer- 
cial ball and roller bearing grease. Oil A is its base oil. Proper- 
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Fig. 1 Perforated plate grease feeder 
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ties of these and other lubricants for which data are cited are 
listed in Table 1. 

Fourteen No. 2 grade greases were used to obtain the data 
shown in Fig. 15. These cover a wide range of manufacture and 
include petroleum and synthetic base oils and several soap types. 
Viscosities of the base oils at 100 F range from 10 to 800 cs. 


Demonstration of a Rheodynamic® Film 


The perforated plate feeder was used for the early work. Air 
pressure (grease feed rate) was adjusted during machine warm-up 
to the minimum value consistent with steady friction. Beginning 
with the lowest load the higher loads were set in order, with 
about a fifteen minute running period at each load. Readings 
were taken as rapidly as possible (time; load; bearing friction; 
speed; air pressure; cumulative grease feed; bearing, grease, and 
room temperatures) several times during each period. The load- 
ing schedule was then reversed, changing the loads as rapidly 
(usually about 2 min between loads) as permitted by the machine 
controls and the reading requirements. Since tare friction was 
taken as the mechanical unbalance of the bearing holder, any 
friction arising from the feeder, end plates, or excess grease is 
ascribed to the bearing. 


+ After Milne. 
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Fig. 2 Controlled rate grease feeder 


Table 1 


There was neither sufficient knowledge of the bearing film con- 
ditions nor of the flow properties of the greases to permit correla- 
tion of the results on the basis of true film viscosity. Instead, the 
viscosity of the oil used in compounding the grease was used to 
compute the ZN /P parameter,‘ taking the bearing temperature 
as the effective film temperature. Typical results are shown in 
Fig. 3 as a plot of coefficient of bearing friction, f,, versus ZN /P, 
and a consolidated log for this run is shown in Table 2. The data 
for the increasing load curve do not define a smooth curve nor do 
they straddle the decreasing load curve. This was most pro- 
nounced when new grease was introduced into the bearing at the 
beginning of the run. If the grease in the clearance space had con- 
siderable previous running, the zig-zag nature of the curve was 
considerably reduced, Fig. 4. Data obtained on the rapid, de- 
creasing load schedule were much more regular than those from 
the slow, increasing load schedule, presumably because the film 
started in a well-worked condition, and because the rapidity of 
data collection minimized the effect of fresh grease entering the 
working film. The results indicate that changes in grease shear 
properties due to running are significant in terms of bearing per- 
formance. 

Similar observations on the high rate of shear viscometer [9], 


* Following convention, in this paper Z is taken in centipoises, N in 
rpm, and P in psi of projected area. 
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Fig. 3 Typical run results 


Lubricant properties 





Designation A B 

NLGI grade 2 

ASTM 77 F pen. 
Worked 
Unworked 

Per cent soap 12.8 

Soap type Na-Ca 

Per cent mineral oil 84.1 

Tests on separated mineral 


oil 
Gravity ° API 24.1 
Vis. at 100 F, cs 52.8 
Vis. at 210 F, cs 6.5 


a 


268 355 
256 
11.5 


4 


* Not applicable. 


Grease ——- —-— 

Cc E 
2 1 e 
265 310 e 
300° 225 225 
10.9 22 10.2 
Na Na-Ca Al 
88.2 77.5 89 


25.0 
26.4 
6.09 


19.6 
360.2 
18.33 


> This grease was ‘“‘cut back” from a No. 3 grade, resulting in high unworked penetration. 
© Not obtained because this grease becomes much softer upon working. 
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Fig. 5, also show thixotropic behavior in a grease film. In this 
case feed rate was zero and each point represents an equilibrium 
running condition. 

Examination of grease samples from the original supply, the 
feeder, and the end leakage disclosed a small amount of oil bleed- 
ing in the feeder and breakdown of soap agglomerates in the 
bearing. 

Not all of the early data showed the regularity of Fig. 3, nor 
were repeat runs very reproducible. Runs made at different 
speeds generally would not superimpose on a ZN/P plot. That 
these were real effects, not due to poor observations or proce- 
dures, is shown by results using the base oil of the grease as a 
lubricant and taken with the same procedure used for the grease, 
Fig. 6. Points for ascending and descending load sequences, for 
three speeds, and for running after reaching thermal equilibrium, 
all fall on the same f, versus ZN/P curve with acceptably small 
scatter. 

It was evident that vagaries of the grease feeding were con- 
tributing to the poor reproducibility of the runs made with the 
perforated-plate feeder (see Table 2). Use of the controlled-rate 
grease feeder, Fig. 2, plus 20-min operation at each test point to 
ensure equilibrium, improved reproducibility and regularity of 
data so that work could be readily reproduced regardless of in- 
tervening operating conditions. Fig. 7 shows typical data for 
two runs. 

Indication of a Pressure-Generating Film. The low coefficients of 
friction observed with the grease-lubricated bearing and the abil- 
ity of the parameter ZN /P to correlate friction data in much the 
same manner as for oil-lubricated bearings are strong indications 














Fig. 4 Typical results after pre-running 


Table 2 


de- 
quence 


Minutes 


Load, N, 
at load i 


psi rpm he 

63 340 0175 
143 345 0088 
221 345 0047 
300 325 0031 
379 330 0029 
d 335 0028 
335 0034 
350 0047 
335 0092 


300 
221 
143 

63 


* Air pressure on feeder 1.7 psi throughout run. 
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of a pressure generating film. Visual evidence of a grease load- 
carrying film is shown in Fig. 8, taken of one of the transparent 
bearings. A continuous stable film was seen over an arc of ap- 
proximately 60 deg; the grease circulation maintaining this film 
looked quite like oil circulation in the same bearing during subse- 
quent comparisons. 
of a pressure film. 


Cohn and Oren [3] and Garcia [10] furnished explicit proof of 


Again, this was strong inferential evidence 
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Fig. 5 Thixotropic effects in a grease film 














Fig. 6 Friction data for an oil-lubricated bearing 


Consolidated log for run shown in Fig. 3 
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rate* 
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Fig. 7 Friction data, controlled rate grease fed bearing 


@ pressure-generating load-bearing grease film by pressure 
measurement. Integration of pressure to within +2 per cent of 
the applied load was demonstrated using Grease A in a bearing 
with clearance ratio comparable to those used in the majority of 
work on the plain-bearing test machine. Loads and rotative 
speeds were within the range, although tending to be on the low 
side of those used in the PBTM work. 

Thus Milne’s term “rheodynamic lubrication” is appropriate 
for grease lubrication, for grease films have the ability to carry 
loads by means of film pressures with complete separation of the 
rubbing surfaces. However, as contrasted with classical hydro- 
dynamic lubrication, it is evident that the shear history of the 
grease film can influence results, hence rheodynamic lubrication 
must take account of viscosity rate of shear effects and thixotropy. 


Effect of Operating Conditions Upon Bearing Performance 


lead. Load response of a grease-lubricated bearing was shown 
to be generally similar to that of hydrodynamic bearings. In the 
transparent bearing it was observed that the effective film arc 
would generally increase with increasing load (Fig. 9). Minimum 
film thickness presumably decreases with increasing load, and it 
appears that larger effective film arcs may be associated with 
thinner films. Hydrodynamic theory will predict somewhat dif- 
ferent performance charts, e.g. f, versus ZN/P, for different 
arc bearings. Hence the variation of effective film are with load 
suggests an additional limitation on the ability of the ZN/P 
parameter to correlate the observed data, apart from rate-of- 
shear and thixotropy effects already mentioned. 

A minimum point was never “rounded” in the grease studies 
despite some efforts to do so. Values of ZN /P as low as 4.9 were 
obtained with Grease A by running at elevated temperature with 
low speed (200 rpm) and high load (454 psi). With the base oil, a 
minimum point was reached at a ZN /P of 22.6. This indicates 
that the actual viscosity of the grease film is higher than the value 
used to compute ZN/P. Von Schroeter [2] reported finding defi- 
nite load limits for the greases he tested, these being functions of 
sliding velocity and grease composition, and little affected by 
rate of grease supply. The limits were interpreted as film rup- 
tures at or near the minimum point of the ZN/P diagram. Von 
Schroeter’s load limit for his best performing greases was given 
as 886 psi which is appreciably higher than used in the present 
work. 

Speed. Effective film arc generally decreased with increasing 
speed consistent with expected increase in minimum film thick- 
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Fig. 8 Grease film formation in a transparent bearing 
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ness. In general, different f, versus ZN /P curves were obtained 
for runs whose only intentional difference was speed (load varied 
within each run) as shown in Fig. 10. In each case a curve repre- 
sents the decreasing load sequence of a test run such as was shown 
in Fig. 3, and the data points actually scatter little from the 


curves shown. The trends are not entirely consistent and are 
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Fig. 9 Infivence of load upon extent of effective film 
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Fig. 10 Speed effects for three bearings 


somewhat beclouded by the rather poor reproducibility as- 
sociated with the perforated-feeder work. The small-clearance 
bearing tended to give higher curves as speed increased, the 
medium-clearance bearing showed little speed effect, while the 
large-clearance bearing showed a tendency for lower curves as 
speed increased. It is possible that the latter tendency may rep- 
resent the orthodox behavior of a grease-fed bearing as explained 
by reduction of effective arc with increasing speed and reduction 
of viscosity with increasing shear rate. The increasing level of 
coefficient of fr'ction with increasing speed shown by the small 
clearance bearing, perhaps, is due to self-feeding difficulties at 
the higher speeds. 
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Fig. 12 Log log Sommerfeld plot of Fig. 11 


In some cases there was a tendency for the feed rate necessary 
for steady friction to increase with speed. The available data do 
not explicitly identify these effects as inherent bearing require- 
ments as differentiated from feeder characteristics. However, as 
speed increases, it often becomes necessary to rely on lubricant 
feed for cooling, and it would appear that grease lubrication will 
generally be limited to low or moderate speed bearings where 
feed requirements are modest. 

Clearance Ratio. Data from the same unit of work are used to 
illustrate the effect of clearance in Fig. 11. The range of clearance 
ratios extends from typical oil-lubrication practice to the rather 
extreme ratios sometimes used for grease lubrication The 
order in which the curves fall is typical of the behavior of oil- 
lubricated bearings; however, these curves do not quite reduce 
to a single curve in a Sommerfeld plot (Fig. 12), probably for the 
reasons already discussed. 

This work indicated that the intermediate clearances gave the 
steadiest performance. The small-clearance bearings exhibited 
feeding difficulties at high speeds accompanied by high bearing 
temperatures while the friction of the high-clearance bearings 
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was often unsteady. Subsequent work was confined to clearance 
ratios of about 0.008. 

Feed Rate. Grease feed-rate requirements for steady friction 
were generally small as has already been indicated. Systematic 
investigation of requirements was made with the controlled rate 
feeder with results as shown in Fig. 13. The bearing appeared 
to be completely ‘‘satisfied” by a feed rate of 1 in.*/hr regardless 
of load. Excess grease feed appeared to be rejected by the bear- 
ing and no improvement in performance resulted. 

The minimum ‘‘through-flow” requirements of the bearing can 
be calculated from the film thickness at the assumed point of 
maximum pressure. A limiting value of this film thickness 
necessary to prevent metal-to-metal contact can be estimated 
from bearing and journal rms surface-finish measurement by 
applying the correction factors of Tarasov [11]. Actual through 
flow would be greater depending upon the extent to which the 
actual film separated the metal surfaces. Such calculations show 
many times larger requirements than were determined ex- 
perimentally, indicating that grease recirculation is predominantly 
responsible for maintenance of the pressure film and explaining 
why bearing performance is generally not sensitive to feed-rate 
variation above the small rate necessary to “satisfy” the bearing. 

Lubricant Properties. The effect of grease properties upon bearing 
performance cannot be stated as simply nor predicted as ac- 
curately as for oil. Feeding and retention performance in addi- 
tion to the customary bearing-performance characteristics are 
dependent upon grease properties and important to over-all per- 
formance. 

Consistency will have a definite effect upon feed rate when- 
ever feed is accomplished by a controlled force rather than a 
controlled displacement. Feed will generally increase with 
temperature with force-controlled supply systems, the effect 
becoming pronounced as the grease approaches its soften- 
ing temperature. Certain long-fiber and certain sticky greases 
will have nonuniform feeding in perforated plate feeders, ap- 
parently the result of the journal pulling grease from the feeder. 

Consistency also affects bearing friction. Friction data for 
grease will fall above that for the base oil in the ZN /P plot where 
Z is taken as the viscosity of the base oil. Also, different greases, 
in general, give different ZN/P plots, showing clearly that the 
viscosity of the base oil does not adequately define the flow 
properties of the grease film in the bearing. Fig. 14 is illustrative 
of consistency effects upon the coefficient of friction. 

While the limitations of base-oil viscosity for prediction or 
correlation of bearing friction data have been cited, it is true that 
there is a general tendency of base-oil viscosity to affect bearing 
friction in the expected manner. This is shown by Fig. 15 which 
displays data for a wide variety of greases, all manufactured to 
No. 2 grade penetrations. Consistency and viscosity have been 
seen to influence results in a logical manner, but additional under- 
standing of bearing films and grease flow properties is needed 
before bearing performance can be predicted quantitatively. 


Durability of the Grease Lubricating Film 


As discussed in the preceding section, the grease film appears 
more durable with respect to high loads and less durable with 
regard to high speeds than comparable oil films. Two other 
aspects of durability may be considered: the tendency to main- 
tain a film after loss of feed, and the tendency to maintain a film 
during down time. 

Maintenance of a Thick Film Without Feed. Observations of film 
stability after stopping of feed were suggested by the recirculation 
evident in the transparent bearing work, and by the experi- 
mentally determined feed requirements which were low compared 
to estimated minimum through flow. Typical observations of 
film are and bearing temperatures in a transparent bearing are 
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shown in Fig. 16 as a function of running time after stopping of 
feed. Film rupture occurred some 3000 revolutions after stoppage 
of feed. With the majority of greases so observed, runs were 
terminated on the basis of temperature rise; it was considered 
unwise to operate the bearing much above 100 F due to the 
possibility of softening and deformation. 

The transparent bearing as run was equipped with end plates 
which had a radial clearance of about 0.001 in., with the journal 
and a quarter-circular relief on the inner edges. The reliefs 
formed circumferential end grooves for the bearing which tended 
to fill up with grease and aided recirculation of the lubricant. 
When the end plates were removed, the active film lost the side 
legs evident in Fig. 9 and assumed a barrel shape of a size sug- 
gested by the central part of the effective film boundary. De- 
flecting vanes installed in the grooves at the top of the bearing 
were not beneficial; the grease tended to go around them quickly, 
returning to the grooves. Deflectors which filled the grooves 
from 330-deg to 30-deg positions (60-deg arc) with a bevel at the 
330-deg position to slide grease into the clearance space were 
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Fig. 14 Influence of consistency upon bearing friction 
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highly successful and extended the are and durability of the active 
film for the majority of the greases tested. Conventional lip-type 
closures led to too much heat generation for profitable work with 
the transparent bearing. 

Similar grooves and deflectors were used with bronze bearings. 
The bearings used to obtain the data shown in Figs. 7 and 13 
were so equipped. In the work shown in the latter figure, it was 
found that removal of the end rings and deflectors increased the 
amount of grease needed to “satisfy” the bearing by approxi- 
mately 0.5 in.*/hr, but had no apparent effect when feed rates 
were 1.5 in.*/hr or higher. The effectiveness of the system is 
shown by Fig. 17, which shows the steady friction of a bearing 
operating for a cumulative time of thirty hours without grease 
additions. The initial charge was 0.1 in.* No indication of im- 
pending distress could be noted; the run was terminated because 
it was felt that the possibilities of designing “‘package”’ bearings to 
operate with thick-film grease lubrication for extended lengths of 
time had been demonstrated. 














Fig. 15 Influence of base oil viscosity upon bearing friction 
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Fig. 16 Maintenance of a film with zero feed rate 
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All greases investigated showed strong tendencies to recircu- 
late. Long-fiber nonsticky greases are particularly good, 
greases which soften considerably upon working are well suited, 
and greases with little bleeding tendency are better suited for re- 
circulation than those which tend toward substantial bleeding. 

One possible way to rationalize the “durability” of the grease 
film with respect to low feed requirements is to employ the con- 
cept of anisotropic viscosity. Patterns of dyed grease filaments 
through several revolutions of the bearing as sketched in Fig. 18 
are suggestive of this approach. Sidewide dispersion of the dye 
does not appear to result from end leakage from the pressure 
area. On the other hand, oil films were found to be amazingly 
“durable” after feed was stopped in bearings fitted with recircula- 
tion grooves and deflectors. 
for further investigation. 


The question must remain a matter 
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Fig. 17 Friction log of a bearing running with zero feed rate 
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Fig. 18 Path of dyed grease through bearing 
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Fig. 19 Starting friction for a grease lubricated bearing 


Starting Friction. Grease-lubricated bearings have relatively 
low starting friction, presumably due to the ability of the grease 
to resist draining away during down time, and also to inherent 
lubricating properties of a grease under thin-film conditions. 
This makes grease additionally attractive for applications where 
intermittent or oscillatory motions are the rule. 

In a large babbitted bearing at 342 psi load, Grease B gave 30 
per cent lower breakaway torque than a 72.3 cs at 100 F oil after 
16 hr rest under load. The coefficient of friction was 0.167, com- 
parable to results obtained in the present investigation as shown 
in Fig. 19. Reasonable boundary lubrication is indicated. 


Summary 


Clear experimental evidence of thick-film lubrication has been 
obtained for a number of greases in several bearings over a range 
of speed and load. While bearing responses were quite similar to 
that with oil lubrication, certain differences were observed. 
Shear history of the lubricant film affected bearing friction; 
that is, thixotropy was observed. The familiar ZN /P parameter® 
will not necessarily reduce bearing test data to a single curve when 
operational variables include two or more of the following: load, 
speed, temperature, or type of grease. 

With attention to design and lubricant selection, it is possible 
to operate plain bearings with low friction even when using only 
a limited initial grease charge and a low rate of/or infrequent 
grease addition. 

It appears that clearance ratios somewhat greater than are 
customary for oil-lubricated bearings are desirable; that grease 
lubrication is well adapted to bearings of relatively high loading 
and low or moderate speed, including bearings subject to frequent 
starting and stopping under load; and that either a constant rate- 
of-feed system or a bearing designed for retention and recircula- 
tion of lubricant is desirable. Greases of moderate consistency, 
which soften appreciably upon working, are nonsticky, are made 
to a long fiber, and which do not exhibit pronounced bleeding 
tendencies, appear best suited to plain bearing lubrication. 


Conclusions 


1 Under appropriate conditions, thick (rheodynamic) film 
lubrication is achieved in grease-lubricated journal bearings. 

2 Grease-lubricated plain bearings can be operated with rela- 
tively low coefficients of friction and grease supply. Such bear- 


‘’ Where Z is taken as the viscosity of the base oil at the bearing 
temperature. 
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ings are worthy of further investigation and of consideration for 
applications where loads are high, speeds are moderate, and 
where the dissipation of frictional heat is not dependent upon 
high lubricant flow rates. 

3 Thixotropic as well as non-Newtonian effects are exhibited 
in grease-lubricated bearings which are not operating under equi- 
librium conditions. 
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DISCUSSION 
Mayo D. Hersey® 


The experimental data reported in this paper provide a much 
more complete understanding of grease performance than was 
previously available. Figs. 14, 15, and 19 are of special interest. 

Would the authors conclude that the grease remains homo- 
geneous and lubricates by means of plastic deformation; or that 
the base oil separates out and is mainly responsible for the lubrica- 
tion, except when starting up from rest? 

If the grease acts as a single-phase, plastic lubricant one might 
like to know more about its rheological properties than shown in 
Table 1. It would be useful to know the yield shear stress & and 
mobility reciprocal A. Presumably the coefficient f, is a non- 
linear function (Ref. [12] )’ of the two variables s./P and AN /P. 
As an approximation, or lower limit, A might be taken equal to 
the viscosity of the base oil at the film temperature. To estimate 
8 we recall a cup grease for which the ASTM worked penetration 
was close to that of Grease B, while by capillary tests s) was found 





* Visiting Professor of Engineering, Brown University, Providence, 
R.I. Fellow ASME. 

7 Numbers 12 and 13 in brackets designate References at end of 
discussion. 
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roughly equal to 0.4 psi at 77 F (Ref. [13]). In the case of a 
concentric full bearing—though not exactly so for a loaded partial 
bearing—the grease curves, a family of straight lines, would lie 
parallel to that of the base oil when plotted against AN /P, and 
higher up by an amount m(s/P). With P = say 400 psi, the 
difference = 0.003. 

While the example chosen is highly conjectural, we can recom- 
mend quantitative study along the lines indicated. A full-bearing 
test by the writer may be cited (Ref. [12]) in which a slightly 
plastic oil was compared with three Newtonian oils. The two 
graphs were parallel and separated by an interval of 0.013 on the 
f, scale. 
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Authors’ Closure 


The authors would like to express their thanks to Professor 
Hersey for his kind remarks and suggestion. With respect to 
his question, the authors feel that the grease-lubricating films 
acted substantially as homologous materials. This belief rests 
partly upon examination of grease samples from the bearing, 
partly upon the visual observations, and partly upon the per- 
formance characteristics of the grease-lubricated bearings. The 
authors regret that it was not possible to include further rheo- 
logical parameters in the table of lubricant properties. Pro- 
fessor Hersey’s suggestion for introducing ‘‘mobility’’ and ‘‘yield 
shear stress’ into the analysis of results obviously has qualitative 
support, at least, in the data of Fig. 14. 
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The Volume of Stressed Material Involved 
in the Rolling of a Ball 


The force necessary to roll a ball on a flat plate is experimentally determined as a func- 
tion of the load for a number of different ball diameters and steel structures. Previously 
published data expressing rolling force as a power of the load and ball diameter are 
Shown to be inadequate in describing the behavior of the rolling ball over the full-load 
range employed in this investigation. The rolling force is found to be negligible for con- 
tact stresses less than a certain ‘‘threshold”’ contact stress. Once the rolling force be- 
comes measurable, it is shown to be proportional to the volume of significantly stressed . 
material until a contact stress is attained which is sufficient to cause plastic deformation. 
The significantly stressed volume is determined from the distribution of the strain energy 
stored in the Hertzian stress field of a ball in contact with a flat plate. The threshold 
contact stress, the constant of proportionality between the rolling force and significantly 
stressed volume, and the contact stress at which plastic deformation is initiated are : 
shown to be independent of the diameter of the rolling ball but dependent on steel struc- 
ture. A model is introduced relating the volume of significantly stressed material to the 
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elastic hysteresis processes responsible for the energy losses during rolling. 


Introduction 


HE amount of energy dissipated in rolling has been 
shown to be approximately equivalent to the hysteresis loss in the 
elastically strained rolling elements [1, 2].! Stresses arising from 
contact of the rolling elements are very large in the immediate 
vicinity of the contact but decrease rapidly with distance from 
the contact area. This contact stress field is carried along as 
rolling is maintained, and successive elements of volume are cy- 
clically stressed as the stress field passes through them. The 
hysteresis loss accompanying this cyclic stressing is the primary 
mechanism of energy dissipation during pure rolling. 

While the identification of rolling resistance with hysteresis loss 
is well established, some of the consequences of this relationship 
are not as yet well defined. The primary purpose of this paper is 
to examine, in more detail than has been done before, the de- 
pendence of purely elastic rolling resistance on contact stress 
and ball diameter. Contact stress is more significant than the 
load as a measure of the state of the system especially when com- 
paring data for balls of various diameters, 

The specific problem considered is that of steel balls rolling 
freely on steel plates. The tangential traction of a freely roll- 
ing ball is negligible, and therefore the Hertzian analysis [3] can be 
used to define the contact stress field. The significant volume of 
stressed material within the Hertzian field is that volume of ma- 
terial which is strained above some arbitrary level. The value of 
the meaningful arbitrary strain energy level is determined from 
experimental data that give rolling force as a function of contact 
stress. Previous work has been concerned only with the total 
stored strain energy involved in the rolling process and the in- 
troduction of the volume of material in which this energy is 
stored is a first approximate attempt to take into account the dis- 
tribution of this stored energy. 





1 Numbers in brackets designate References at end of paper. 
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As a result of the foregoing method of determining the stressed 
volume, the rolling force is found to be proportional to the vol- 
ume of stressed material in the elastic range. The propor- 
tionality is experimentally established for a given steel structure 
using balls ranging in diameter from '/; to 1'/; in. and further 
substantiated for two other steel structures. 


Calculation of Significantly Stressed Volume 


The determination of the volume of stressed material first re- 
quires the defining of the boundary of the significantly stressed 
region for the ball and plate contact. 

Choosing a rectangular co-ordinate system with the origin at 
the center of the contact area, the z-axis extending in the direc- 
tion of rolling, and the z-axis extending into the sample, the com- 
plete stress distribution in the yz-plane for a sphere contacting 
a plane has been given in a previous paper [2]. While the com- 
plete description of the stress tensor at a point requires six quan- 
tities to define it, because of symmetry only the stress com- 
ponents ¢,, ¢,, ¢,, and 7,, have values in this plane. To avoid 
the complexities involved in considering all these components of 
the stress tensor, the stress configuration will be characterized 
by the distribution of the strain-energy density ¢€, which is the 
following scalar function of the components of the stress tensor: 


1 


ek 


1 
[5 (o,* + o,* + o,*) — (6,0, + 0,0, + 6,0.) 


+ (1+ Prat] (1) 


where E is Young’s modulus and » is Poisson’s ratio. The strain- 
energy density distribution was calculated numerically for the 
right half of the yz-plane and is shown in Fig. 1 as lines of con- 
stant strain-energy density. The co-ordinates are given in units 
of a, the radius of the circular contact area between ball and plate, 
and the strain-energy density is measured in units of go?/E where 


go is the maximum compressive contact stress and is given by 
3 P 
eo =-- 
2 ta? 


(2) 
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where P is the load. The stress distribution is symmetrical with 
respect to the z-axis so that rotating the pattern of Fig. 1 with re- 
spect to the z-axis gives volumes bounded by surfaces of constant 
strain-energy density. It will be shown later that experiments 
dictate the proper value of the strain-energy density which 
bounds the volume of stressed material involved in the rolling 
process. 

Fig. 2 gives the results of the numerical calculation of the 
stressed volume V as a function of bounding energy density 6. 
For the ordinate the volume was divided by a* and for the ab- 
scissa the bounding energy density was divided by q?/E in order 
to make both quantities dimensionless. These calculations give 
the volume of stressed material for one of the samples of the ball- 
and-plate contact combination. The same calculation gives the 
volume of affected material for the other sample; if both samples 
have identical properties, the total volume involved in the rolling 
process is twice the value determined from the curve in Fig. 2. 
The dimensionless plots in Figs. 1 and 2 are applicable to any ball 
diameter in contact with a flat plate. 


Experimental Details 


Test Apparatus and Procedure. The rolling-force apparatus is 
shown in Fig. 3. The lower sample plate is located in a holder 
which is supported by a high-pressure oil film and which is elas- 
tically restrained by a pair of rolling-force beams (only one of 
which is shown in the figure). The upper sample plate is located 
in a holder which is attached to the free end of the normal force 
beams. Moving the carriage along the straight ways by a hy- 
draulic ram (not shown) causes the ball to roll between the plates. 
The resistance to rolling is measured by the deflection of the rol- 
ling-force beams, and the load is maintained and measured by the 
deflection of the normal-force beams. The apparatus and the 
techniques for measuring the load and the rolling force were de- 
scribed in detail in an earlier publication [2]. 
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Fig. 1 Lines of constant strain-energy density in the yz half-plane for 
the contact of a ball and a plate. Co-ordinates y and z are measured in 
units of a, and the strain-energy density is measured in units of qo*/E. 
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A run consists of rolling the ball back and forth between two 
parallel flat plates and over the same track, and measuring the 
load and the rolling force after equilibrium rolling has been es- 
tablished. In the case of loads sufficiently large to cause plastic 
deformation initially in the contact area, the equilibrium rolling 
force is measured after all the plastic deformation is completed. 
Equilibrium conditions are attained within five pairs of passes for 
all the samples used, and the rolling force is averaged over the 
next five pairs of passes. The average rolling force is reduced to 
the value required to roll a ball on one plate. The velocity of the 
ball center with respect to one of the plates is held constant at 
0.03 ips and the length of the track is 1'/; in. Average rolling 
force is determined as a function of maximum compressive con- 
tact stress for each ball-and-plate combination. 

In addition to determining the rolling-force characteristics of 
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Fig. 2 Relationship between stressed volume V and bounding energy 
density « expressed in terms of dimensionless quantities 
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the various combinations, observations are made of the initiation 
of plastic deformation in the track. At small contact stresses no 
plastic deformation is evident but as successively higher contact 
stresses are applied, the plates develop a groove which is identified 
by visual observation. 

Test Samples. With the exception of the 1020 steel plates, all 
the plates and balls used for this investigation were made from 
high-quality SAE 52100 ball-bearing steel. 

The data for the variation of ball diameter were obtained by 
using commercially available balls of diameters 1'/:, 1'/4, 1, */s, 
and '/; in. Since these balls are made of 52100 steel which is 
hardened and tempered to a hardness of approximately Re 62, 
plates of the same hardness were prepared in our laboratory by 
austenitizing for '/, hr at 1550 F, oil-quenching at 90-100 F, and 
tempering 10 hr at 250 F. 

The data for the second hardened and tempered 52100 steel 
structure were reported in another paper [4]. A pair of plates 
and a '/;-in-diam ball of this structure were prepared by austeni- 
tizing at 1550 F, oil-quenching at 90-100 F, and tempering 1 hr 
at 500 F. As a result of this heat-treatment the samples had a 
hardness of Re 58. However, despite its lower hardness number 
this second structure has a higher elastic limit and a greater re- 
sistance to the initiation of plastic deformation during rolling than 
the 52100-steel Re-62 structure. 

All the samples used in the rolling experiments are highly pol- 
ished and have a surface roughness of less than 1 microin. 


Results and Discussion 


Variation of Ball Diameter. The effect of ball diameter on rolling 
was determined by using balls and plates made of the 52100 steel 
hardened to Re 62. In Fig. 4 the average rolling force is plotted 
as a function of load for ball diameters of 11/3, 1"/, 1, #/4, and '/: 
in. In this type of plot the scatter of the experimental results 
obscures whatever small difference may exist for the 1'/, and 1'/;- 
in-diameter balls. For the '/3, */,, and 1-in-diameter balls the 
initiation of plastic deformation was observed, respectively, at 
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Fig. 4 Average rolling force versus load for various ball diameters 
(52100 steel—62 Rc) 
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loads of 25.8, 75.6, and 110.1 1b; these points are identified by the 
letters PD. 

The data shown in Fig. 4 do not agree with Tabor’s [1] experi- 
mental findings that the rolling force varies as the 1.7 to 1.85 
power of the load and inversely as the 1.5 to 1.7 power of the 
ball diameter. In fact, as shown in Fig. 5, where the data for the 
*/,in-diam ball is plotted using logarithmic co-ordinates, there 
are significant departures from a simple power relationship for 
the complete load range employed in this investigation. At the 
lowest loads the rolling force varies as the 3.5 power of the load; 
at higher loads preceding the initiation of plastic deformation it 
varies as the 1.7 power of the load; and for equilibrium rolling at 
loads higher than that necessary for initiation of plastic deforma- 
tion the rolling force varies as the 2.9 power of the load. Sig- 
nificant deviations from a simple power relationship are also 
noted for the dependence of rolling force on ball diameter. The 
differences between the results of this investigation and that of 
Tabor are probably due to the fact that he did his work in a higher 
contact-stress range for materials with different structural proper- 
ties. 

In the remainder of the paper only the data for purely elastic 
rolling (rolling at loads below the value necessary to initiate plas- 
tic deformation) will be considered. Although the equilibrium 
rolling at higher loads is elastic, the effect of the initial plastic 
deformation on the stress distribution and on subsequent elastic 
rolling is outside the scope of this paper. 

The rolling force is expected to depend greatly on the state of 
stress of the system. Comparing the state of stress for different 
diameter balls at the same load is rather confusing, since the 
maximum stresses differ and the spatial distribution of the 
stresses is different. However, if constant contact stress is chosen 
as the basis of comparison, then not only are the maximum stresses 
in the balls and plates the same but the stress distributions for 
different ball diameters are geometrically similar, as shown in 
Fig. 6 where lines of constant strain-energy density are used to 
describe the stress distribution. 

In Fig. 9 the average rolling force is plotted as a function of 
maximum compressive contact stress. While the plots of rolling 
force versus load shown in Fig. 4 did not differentiate between the 
1'/, and 1'/,-in-diameter balls, the rolling-force versus contact- 
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Fig. 5 Logarithmic plot of average rolling force versus load for 3/4-in- 
diameter ball (52100 steel—62 Rc) 
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stress curves are different for these two balls. The PD stress, 
i.e., the stress necessary for the initiation of plastic deforma- 
tion, is clearly shown to be independent of ball diameter. The 
spread in the values of the PD stress from 278,000 to 305,000 psi 
may be attributed partly to sample variation and partly to the 
difficulty in observing the exact start of plastic deformation. The 
rolling forces for different diameter balls compared at constant 
contact stress are ordered in the same way as the size of the 
stressed region. However, not all of the stressed region contrib- 
utes to the energy loss during rolling, as is evident from the 
fact that at maximum compressive contact stresses below ap- 
proximately 100,000 psi the rolling force is negligible. This means 
that energy losses in the stressed volume do not become measura- 
ble until a certain minimum stress level is attained. 

Determination of Bounding Strain-Energy Density. Fig. 7 shows an 
expanded plot of the rolling force as a function of the maximum 
compressive contact stress for the range from zero to 200,000 psi. 
Each of the curves for a different ball diameter appears to 
originate at a common point on the abscissa and this point is 
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Fig. 6 Lines of constant strain-energy density for two different diameter 
balls in contact with a flat plate at identical maximum compressive con- 
tact stress of 200,000 psi. Half-plane perpendicular to surface of plate 
and passing through center of the contact area. Grid size, 0.004 in. 
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Fig. 7 Average rolling force versus maximum compressive contact 
stress for various ball diameters (52100 steel-62 Rc) 
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identified as the ‘“‘threshold” contact stress. This is not to be 
interpreted as meaning that energy losses at a contact stress be- 
low this value are zero; it is just that they are negligibly small 
when compared with the rolling forces at values greater than the 
threshold contact stress. For the material used the threshold 
contact stress has a value of approximately 105,000 psi and at this 
stress the maximum strain-energy density is equal to 0.468 qo?/E 
or 175 lb-in/in.* (located at the origin in Fig. 2). The existence 
of the threshold contact stress is interpreted as meaning that 
until an element in the stressed region reaches an energy density 
of 175 lb-in/in.* it does not contribute to the energy losses during 
rolling. At higher contact stresses this value of the strain-energy 
density is the boundary ¢, of the volume of significantly stressed 
material involved in the rolling process. 

In Fig. 8 rolling force is plotted as a function of the volume of 
significantly stressed material calculated using the foregoing 
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Fig. 8 Average rolling force versus calculated volume of significantly 
stressed material for a 1'/,-in-diameter ball (52100 steel-62 Rc) 
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Fig. 9 Average rolling force versus maximum compressive contact 
stress for various ball diameters (52100 steel-62 Rc). The solid curves 
are calculated and the plotted points are experimentally determined. 
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bounding energy-density value of 175 lb-in/in®. The values of 
the rolling force are those measured for the 1'/,-in-diameter ball 
and the volume of stressed material was determined from the 
curve in Fig. 2 for each contact stress corresponding to a rolling- 
force measurement. The relationship between rolling force F 
measured in pounds and stressed volume V measured in in.* is 


F =cV (3) 


in which the constant ¢c is determined from the slope of the straight 
line to be 108.5 Ib/in.* Since the value of the rolling force F 
is equivalent to the energy loss per unit distance of rolling, the 
constant ¢ represents the energy loss per unit volume of signifi- 
cantly stressed material per unit distance of rolling. 

Fig. 9 compares the rolling force versus maximum compressive 
contact-stress curves calculated from equation (3) with the ex- 
perimentally determined values of the rolling force for the various 
diameter balls. The agreement is good except for a few points for 
the 1 and */,-in-diameter balls close to the stress at which plastic 
deformation starts. Thus by knowing only the value of the 
bounding strain-energy density and the constant of proportional- 
ity between rolling force and the significantly stressed volume, the 
rolling force may be calculated for any ball diameter at any load. 

Variation of Material Structure. In order to measure the effect of 
material structure on rolling, tests were run using 1020 steel and 
52100 steel hardened to Re 58. 

The 1020 steel was chosen because it represents a structure that 
is considerably softer than hardened and tempered 52100 steel. 
As expected, the stress necessary for the initiation of plastic 
deformation of the 1020 steel was 134,000 psi, which is considera- 
bly below the PD stress of 278,000 psi for 52100 steel hardened to 
Re 62. A bounding energy density of 35 lb-in/in.* and the equa- 
tion 

F = 95.0V (4) 


are found to be the best fit for the experimental data. Fig. 10 
compares the rolling-force versus contact-stress curves calculated 
on the basis of equations (3) and (4) with the experimentally de- 
termined values of the rolling force for the 62 Re 52100 steel and 
1020 steel. 

The 52100 steel hardened to Re 58 has the highest resistance to 
the initiation of plastic deformation and the highest threshold 
contact stress of all the samples tested. The PD stress for this 
structure is 377,000 psi. A bounding energy density of 275 lb-in/ 
in.* and the equation 
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Fig. 10 Average rolling force versus maximum compressive contact 
stress for two different steels. Balls, 1'/: in. diameter of same material 
as plates. Solid curves are calculated and plotted points are experi- 
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F = 137.5V (5) 
best fit the experimental data. Fig. 11 shows the experimental 
values of the average rolling force for the 62 Re and the 58 Re 
52100 steel structures and compares them with the calculated 
curves based on equations (3) and (5). 

The values of the threshold contact stress for the three steel 
structures are shown in Table 1 along with the PD stress and the 
constant of proportionality in the relationship between rolling 
force and stressed volume. It is evident that there is a close 
correspondence between the increase in the threshold stress and 
the increase in the stress necessary for the initiation of plastic 
deformation as the steel structure changes. Both of these quanti- 
ties are measures of the resistance of a material to plastic defor- 
mation under stress; while the soft 1020 steel has the lowest 
resistance, the nominally harder 62 Re 52100 steel has a lower re- 
sistance than the 58 Re structure. The values of the constant c 
are a measure of the energy loss per unit volume of significantly 
stressed material per unit distance of rolling. Table 1 shows that 
structural changes resulting in an increased threshold stress are 
accompanied by higher losses per unit volume of stressed material. 

Significantly Stressed Volume and Elastic Hysteresis. The propor- 
tionality observed between the rolling force and the volume of 
significantly stressed material is an empirical relationship and 
its connection with the elastic hysteresis processes responsible for 
the energy losses during rolling may be visualized as follows. 

Consider the sample in the vicinity of the rolling contact to be 
subdivided into elements the dimensions of which are dz, dy, and 
dz. Let us then examine the elements along a line in the sample 
which is parallel to the direction of rolling, Fig. 12. The line is of 
length L, determined by its intersection with the boundary of the 
significantly stressed volume. Only elements within the sig- 
nificantly stressed volume are considered to be of importance in 


Table 1 Thethreshold stress (qo):, the PD stress at which plastic deforma- 
tion is initiated, and c, the energy loss per unit volume of stressed ma- 
terial per unit distance of rolling, for various streel structures 












































(qo)t, PD stress, ¢, 
Structure psi psi lb/in.* 
1020 steel... 47000 134000 95.0 
52100 steel, 62 Re.. 106000 278000 108.5 
42100 steel, 58 Re.. 133000 377000 137.5 
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Fig. 11 Average rolling force versus maximum compressive contact 
stress for two different structures of 52100 steel. Balls, 1/2 in. diam of 
same structure as plates. Solid curves are calculated and plotted points 
are experimentally determined. 
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Fig. 12 Significantly stressed elements in the vicinity of the rolling 
contact 


dissipating energy. The state of stress varies from A to B to C, 
As the ball rolls a distance dz, the stress state of ele- 
ment A changes to that of element B, that of B changes to that of 
C,and soon. The number of elements changing stress state along 
this line is then L/dz. Summing elements along all the other 
lines parallel to the first gives the total number of elements as 
proportional to the volume of significantly stressed material. 
Thus the rolling force is proportional to the number of elements 
undergoing changes of their stress state. 


and so on. 


The rolling force F is 
equivalent to the energy loss per unit distance of rolling. The 
energy loss for a ball movement dz is then Fdz and this energy is 
lost as a result of the changes in stress state of all the participat- 
ing elements of the volume. 

It is to be expected that the elastic-energy loss for each ele- 
ment will be a function of the magnitude of the stress-state change 
for that element. Experimental observation indicates that, below 
a certain value of the stress state, losses can be considered negligi- 
ble; this is the reason for neglecting the elements of volume out- 
side of the significantly stressed region. At the higher stress 
levels the functional relationship between energy loss and 
magnitude of the stress-state change cannot be determined from 
the data of this paper. The energy loss measured during rolling 
is the sum of the losses of all the elements undergoing their re- 
spective stress-state changes and it is impossible to say what frac- 
tion of the loss is attributable to each individual stress-state 
change. The average energy loss per element remains constant 
when the stress configuration is varied by changing load or ball 
diameter. This implies that for changes in the stress configuration 
either the average stress-state change per element remains con- 
stant or else the average energy loss per element is an insensitive 
function of the average stress-state change per element. 


Conclusions 


1 Arolling threshold contact stress exists for a given material. 
The rolling forces for contact stresses smaller than this threshold 
value are negligible when compared with the rolling forces meas- 
ured at contact stresses greater than this value. 

2 For the contact-stress range beginning with the threshold 
stress, the rolling force is proportional to the volume of sig- 
nificantly stressed material until a contact stress is reached which 
is sufficient to cause plastic deformation. 


3 The threshold contact stress, the constant of proportionality 
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between rolling force and stressed volume, and the contact stress 
at which plastic deformation is initiated are dependent on ma 
terial structure but are independent of the diameter of the rolling 


ball. 
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DISCUSSION 
D. G. Flom? 


The concept of a significantly stressed volume which is less 
than the total stressed volume is an important contribution to our 
growing knowledge of the rolling process. Furthermore, the 
existence of a ‘threshold’ contact stress has obvious practical im- 
plications in design problems involving a given material. 

It is of interest to note that, when dynamic properties in rolling 
are considered, a similar conclusion is reached. For very low 
rolling speeds or very high ball radii, such that the ratio of speed 
to radius is low, theory predicts that the coefficient of friction 
should be very low and also independent of load. This presuma- 
bly corresponds in the foregoing picture to a contact stress below 
the threshold value. 

In connection with the data of the present paper, I should like 
to know if Fig. 5 is typical of the curves obtained for all ball 
diameters or whether it represents an isolated instance. If one 
disregards the single point at low load and also the points beyond 
the onset of plastic deformation (and therefore outside the realm 
of elastic hysteresis) the remaining points describe a fairly straight 
line. The slope of this line is 1.87 and thus the agreement with 
On the 
other hand, if Fig. 5 is typical, the interpretation of the three 
stages within the given load range is an interesting matter for 
further speculation. 


Tabor’s values of 1.7 to 1.85 becomes quite reasonable 


That stress distributions are similar for different ball diameters 
at constant contact stress is nicely demonstrated by Fig. 6. This 
is reminiscent of Meyer’s well-known law in plastic deformation, 
namely, that spherical indentations of similar geometry support 
equal pressures. 


D. Tabor® 

Mr. Drutowski’s paper is a very interesting piece of work. The 
experimental measurements have been carried out with very 
great care and it is clear that his interpretation has involved 
a great deal of painstaking computation. 

His suggestion, that below a certain threshold stress the hys- 
teresis losses are negligibly small, seems not unreasonable for ma- 
terials such as steel and is in agreement with a large body of work 
on damping losses. However, I do not feel happy about his 
second conclusion, that the energy loss is proportional to the 
volume of significantly stressed material and is independent of 
the stress magnitude. Consider, for example, a simple tensile 
specimen subjected to a given loading-unloading cycle. A stress- 


2 General Electric Research Laboratory, Schenectady, N. Y. 
* Cambridge University, London, England. 
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strain loop is obtained the area of which is a measure of the energy 
lost by hysteresis. If now the experiment is repeated at double 
the stress the loop would have to shrink to half its former width 
This 
seems a most unusual situ:tion and I would welcome comments 
from Mr. Drutowski about this; in particular I should like to ask 
him if he would consider carrying out some simple torsional damp- 
ing experiments or cyclic tensile loading experiments with the 
steels used in his experiments so that we may have unequivocal 
information on this point. 


if the total hysteresis energy loss is to remain constant. 


Author's Closure 


Fig. 5 is typical of the curves obtained for all ball diameters 
used in this investigation. Even if the lowest and highest points 
of Fig. 5 are left out, as suggested by Dr. Flom, there is still 
a significant curvature to the remaining plotted points indicating 
that a simple power relationship is not sufficient to describe the 
dependence of rolling force on load in the elastic range. Further- 
more, Tabor’s values of 1.7 to 1.85 were obtained for rolling 
primarily in the plastic range and thus should be compared with 
the value of 2.9 reported in this paper. 

The direct answer to Dr. Tabor’s objection is that the ex- 
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perimentally determined linear relationship between energy 
loss and volume of stressed material does not imply that energy 
loss is independent of stress magnitude. For the type of stress 
configuration obtained when a ball contacts a plate the volume 
of stressed material and the stress magnitude are not independent. 
In the last section of this paper a model was introduced relating 
the volume of stressed material to the stress changes and the 
hysteresis processes responsible for energy losses during rolling. 
Regarding Dr. Tabor’s proposed simple experiment involving 
a tensile specimen subjected to a stress cycle, I certainly agree 
that increasing the magnitude of the stress cycle will increase 
the total hysteresis loss. But consider another simple experi- 
ment: Let the stress cycle remain constant and increase the 
volume of the sample; then the total hysteresis loss will increase 
even though the stress has not. In the first experiment every- 
thing remains constant except for stress magnitude; in the second, 
the only variable is stressed volume. 
the conclusions are obvious. 


For these simple cases 
Unfortunately when a ball con- 
tacts a plate the stress configuration is much more complex and 
as the load is increased both the maximum stress and the volume 
of stressed material increase. The experimental evidence and 
the hysteresis model are offered in evidence of the conclusions 
stated in this paper. 
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This ts the first of three papers on the results of a recently completed study of the per- 
formance of tilting pad thrust bearings. 


It describes a method of analysis that was 


worked out for these bearings, which includes viscosity variations in the fluid film and 
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an approximate calculation of the pad deflections caused by the hydrodynamic pressures 
Equilibrium of moments is satisfied, laminar and adiabatic conditions are assumed, 
and the lubricant is incompressible. The two subsequent papers of this series will 
describe: (a) The results of an analysis which includes a more rigorous determination 
of pad deflections caused by hydrodynamic pressures and thermal gradients. 


(b) A 


comparison of analytical results with experimental data obtained in full-scale bearing 


tests. 


Introduction 


ee of hydrodynamic pressures in a fluid 
film bearing is affected by variations along the film of the follow- 
ing properties: 


1 Density of the lubricant. 

2 Viscosity of the lubricant. 

3 Thickness of the lubricant film (e.g., tapers, steps, pocketed 
lands, and so on). 


In most previous work on liquid-lubricated thrust bearings 
only the variations in film thickness were considered. Even so, 
the previously published analyses of tilting pad bearings were 
generally restricted to pads with off-center pivots. 

It was shown, however, in a previous paper by one of the 
authors [1],? that the assumption of constant viscosity can in- 
troduce serious errors, particularly at high values of load and 
speed. In this paper, the temperature profiles along the film are 
calculated and the corresponding local values of viscosity are 
used in determining the hydrodynamic pressures. 

The film thickness in a bearing depends both on the initial pad 

1 The work described in this paper was performed under contract to 
the Bureau of Ships. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Lubrication Division of THe AMERICAN 
Society or Mecuanicat ENGIneeRS and presented at the ASME- 
ASLE Lubrication Conference, Boston, Mass., October 17-19, 1960. 
Manuscript received at ASME Headquarters, February 23, 1960. 
Paper No, 60—Lub-10. 





configuration and on the deflections caused by the pressures and 
thermal gradients. It is shown later that deflections have a major 
affect on load-carrying capacity, at least in the case of centrally 
pivoted, initially flat pads. A rigorous calculation of the pad de- 
flections demands solution of a biharmonic differential equation 
for a sector-shaped pad. Such solutions have been obtained and 
will be described in the second paper of this series. For the 
purpose of this first paper, however, we have simplified the prob- 
lem by: 


(a) Considering only the deflections due to load. 

(6) Assuming that the centrally pivoted, initially flat pads 
deform to a slightly spherical shape, the deflections being propor- 
tional to the load. 


Since in this paper we are concerned only with oil-lubricated 
thrust bearings, incompressibility may be assumed and the effect 
of density variations neglected in comparison with those of vis- 
cosity and film shape. 

The analysis given consists of numerical solution of the govern- 
ing equations on a digital computer. It yields the pressure, tem- 
perature, and film-thickness profiles as well as total load, hydro- 
dynamic flow, and power loss as functions of speed and bearing 
geometry. The pressure profiles obtained with flat, rigid, opti- 
mum pivot pads and elastic, centrally pivoted pads are com- 
pared. The effect of pad thickness, radial pivot location, and pad 
inlet temperatures on load capacity and maximum temperature 
in the bearing are discussed. The boundary conditions that are 
satisfied in the solution of the equations and the assumptions 
that are made in the analysis are detailed. 








Nomenclature 
a = radius of equivalent circular HP = horsepower loss per pad, hp r, = radial co-ordinate of reference 
plate, in. J mechanical equivalent of ther- point, in. 
B average circumferential pad mal energy (= 9339 in-lb/ Top = radial co-ordinate of center of 
length = (R — L/2)6,, in Btu) pressure, in. 
C, specific heat of oil, Btu/Ib deg L radial length of pad, in. % = radial co-ordinate of center 
F me tangential pad _ inclination, of pressure = 100 [rep —(R 
f coefficient of friction radians ci L)\/L, =. ; 
h film thickness, in. m, radial pad inclination, radians ™~™ radial co-ordinate of point of 
5 , -—- ; ; : minimum film thickness, in. 
h, film thickness at inside radius N angular speed, radians per sec r, = radial co-ordinate of pivot, in. 
of tealling edge, in. P eshdsaaiedabes °“ = radial co-ordinate of pivot = 
h, film thickness at reference Pave average pressure (unit load- 100[r, (R — L)\/L, in 
point (r,, @,), in. ing), psi R = outer radius of pad, in. 
hai minimum film thickness, in. r radial co-ordinate, in. (Continued on next page) 
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Solutions are presented for a single bearing configuration since 
the purpose of this paper is to outline a method of analysis and to 
show the effects of viscosity variation and pad deflections. Cal- 
culations, however, were conducted for a wide range of bearing 
sizes and will be published separately in design-data form. 


Governing Equations and Method of Analysis 


The Reynolds’ equation describes the hydrodynamic pressure 
profiles which are generated in the lubricant film of a bearing. 
For an incompressible lubricant, this equation is, in polar co- 


ordinates 
do /(rh® dp ra) he 5 ae oh 
2(" )+5(* oy) = Gur 3 (1) 


In order to integrate equation (1) to obtain the pressure profile 
corresponding to a given geometry and angular velocity, the film 
thickness and the viscosity must be determined as functions of 
position. In most work in the past, constant viscosity was as- 
sumed and the film shape was prescribed. As was pointed out in 
the Introduction, however, the assumption of constant viscosity 
ean introduce serious errors, particularly at high values of load 
and speed. In this paper the temperature distribution in the film 
(and hence the viscosity at each point) is obtained from integra- 
tion of the energy equation [2]. In polar co-ordinates and for an 
incompressible lubricant, this equation can be written 


(wr)? + A |( ar.’ + (2)"] 
12u r00 or 


oe (~ h? 29) oF h? dp oT 0 (2) 
ied 2 12u 700) 100 12 or or 


In equation (2) conduction is neglected and adiabatic flow is 
assumed in the fluid film. It is to be expected, therefore, that the 
film temperatures calculated from this equation are somewhat 
higher than the actual ones, thus permitting conservative predic- 
tion of bearing performance. Actually the lubricant viscosity is a 
function of both temperature and pressure. Within the range 
of pressures generally encountered in thrust bearings, however, the 
pressure-viscosity effect is small [3] and it has been neglected in 
the present analysis. Its effect in practice, if any, would be to in- 
eread load-carrying capacity since viscosity increases with pres- 
sure. 

We are concerned here with centrally pivoted bearings. The 
pads of such bearings deform elastically under load and thermal 
gradients. In fact, in the case of initially flat centrally pivoted 
pads, these deformations play an important part in the genera- 
tion of substantial hydrodynamic pressures which satisfy moment 
equilibrium; i.e., the requirement that the center of pressure and 
the pivot reaction be colinear. 


Nomenclature 


The elasticity equation from which the elastic deformations of 
plates subjected to normal pressures and temperature gradients 
may be calculated is [4, 5] 


12(1 — v?)p (1 + 
Et 


"7 V2(aAT) 


Vx1Vv%) = 


where 


- (= Ph ee a. =) 
or? r Or r? 0? 

This is a biharmonic equation. Closed solutions of it for sector- 
shaped pads are not available and even numerical solutions are 
extremely complicated. Pad deflections, however, affect the film 
shape and hence the bearing performance. It was, therefore, de- 
cided to determine the extent of this effect by including approxi- 
mate calculation of the deflection prior to attempting complete 
numerical solutions of equation (3) for sector-shaped pads. The 
analysis including the approximate calculations of deflection is 
given in this paper, while that which includes complete numerical 
solutions of equation (3) will be given in the second paper of this 
set. 

For the present then, the following simplifications are made: 


(a) Only deflections due to the normal pressures are included. 
(b) The initially flat pads are assumed to deflect under load to 
a slightly spherical shape. 


The effect of pad deflection resulting from thermal gradients is 
left for the later numerical solution of equation (3). The assump- 
tion of a spherical shape for the deflected pad is based on all past 
evidence which indicates that point-pivoted pads crown under 
load, even when supported over a ring. 

As shown in the Appendix, the foregoing assumptions lead to 
the following expression for the deflection of a point at distance 
(z* + y*)'/* from the pivot: 


z+ y! 
2R, 


$= 


where R, is the radius of curvature of the deflected pad. 

In order to evaluate R, as a function of load and pad dimen- 
sions, equation (3) is solved for a circular plate equal in area and 
thickness to the sector-shaped pads. Circular plates are selected 
for simplicity since equation (3) can be integrated readily for such 
configurations. 

The pressure profiles on centrally pivoted pads need to be ap- 
proximately symmetrical in order to satisfy equilibrium of mo- 
ments. In addition, the ratio of peak to average pressures in 
thrust bearings is between 2.5 and 3.5. A conical pressure distri- 
bution on the plate is, therefore, assumed in the calculations, 
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radius of curvature of bent 
pad, in. 


= pad thickness, in. 


temperature, deg F 


= average pad temperature, deg 


F 
groove-mixing temperature, 
deg F 


= maximum film temperature, 


deg F 

average surface speed = 
2r(R — L/2)N, ips 

load per pad, lb 
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co-ordinates, in. 


co-ordinates of reference 


point, in. 
linear coefficient of thermal 
expansion, (1/deg F) 
bending deflection, in. 
difference of temperature be- 
tween faces of pad, deg F 
angular co-ordinate, radians 
angular co-ordinate of center 
of pressure, radians 
angular co-ordinate of center 
of pressure = 100(6.,/0,), 
radians 


angular co-ordinate of point 
of minimum film thickness, 
radians 

angular co-ordinate of pivot, 
radians 

angular co-ordinate of pivot 
= 100 (6,/67), radians 


= angular extent of pad, radians 


mass density of oil, lb/sec*/ 
in.* 

absolute viscosity of oil at 
T avg, lb sec/in.? 


angular velocity = 2xN, rps 
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since it is the simple shape that most closely approximates the 
conditions of symmetry and of the ratio of peak to average 
pressures. The following value for the radius of curvature is 
then obtained (Appendix): 


2.23 Et? 


W (5) 


Finally, the general equation for the film shape which includes 
the radial and circumferential inclinations of the pad (m, and me, 
respectively), relative to the plane of the runner, as well as the 
load induced elastic deflections can be written (Appendix) 


h=h, + m [r. sin (0. ~ *) — resin (0 _ *r) | 
— m, lr. cos (0. _ *) —rcos (0 - . ) | 


[r? — r,* — 2rr, cos (6 — 6,) + 2r,r, cos (0, — 8,)] (6) 


Pe 
2R, 


Summary. The analysis performed in this paper consists of the 
simultaneous solution of equations (1) and (2), with their ap- 
propriate boundary conditions. The values of the viscosity at 
each point in the film correspond to the temperature profile ob- 
tained from equation (2) and the temperature-viscosity relation 
of the particular lubricant used. The film shape that is intro- 
duced in equations (1) and (2) is that given by equation (6). An 
iterative procedure (Appendix) is employed until, in the final 
solution, the radius of curvature of the elastically deformed pad 
satisfies equation (5), and the pad inclinations are such that the 
pressure profile satisfies moment equilibrium. Equations (1) and 
(2) are solved numerically, using finite differences, as previously 
outlined by one of the authors in [1 and 6]. 

Once the pressure profiles over the pad surfaces are determined, 
as a function of film thickness, the corresponding loads carried by 
the pads are obtained by integrating the pressure profiles over the 
pad surface. The hydrodynamic flow is calculated from the 
shear velocity and the pressure gradients at the pad edges. 
Finally, the power loss (for adiabatic conditions) is calculated 
from the flow and temperature rise of the lubricant. 
tions for these calculations are also given in [1 and 6]. 

The boundary conditions that are satisfied in the solutions of 
equations (1) and (2) are: 


The equa- 


1 The pressure is atmospheric along the perimeter of the pad. 

2 The temperature along the inlet edge of the pad is equal to 
the groove-mixing temperature. 

3 The radial temperature gradients are zero along the inner 
and outer circumferences of the pad. 


The third boundary condition is only approximate. It is used 
in order to reduce the temperatures at the inner and outer cireum- 
ferences of the pad as, in practice, these are reduced due to the 
cooling effect of the surrounding oil. 

Since pad deformations under high loads may produce diverg- 
ing film thicknesses (and hence breakdown of the film) near the 
trailing edges of the pads, an additional condition is imposed. 
This states that the hydrodynamic pressures over the pads are 
nowhere smaller than atmospheric 

The analysis is predicated on the following assumptions: 


Steady-state conditions prevail in the film. 
Lubricant is Newtonian. 

Flow in the clearance spaces is laminar and adiabatic. 
Lubricant inertia effects are neglected. 


nm Ww to 


m~ 
ao o 


Lubricant is incompressible. 
Variations of the specific heat of the lubricant with pres- 
sure and temperature are neglected. 
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Pressure-viscosity effects are neglected. 
Pad deformations due to load only are considered. 
9 Pads are initially flat and become convex under load, as- 
suming a slightly spherical shape whose radius of curvature is a 
function of pad load and thickness. 


In addition to these limitations, the use of numerical and 
iterative procedures introduce some errors in the result. Esti- 


mates of these are given in the Appendix. 


Discussion and Conclusions 


The two limiting criteria of thrust bearing performance are 
maximum film temperature and minimum film thickness. 

The allowable maximum film temperature is governed by the 
temperature-viscosity properties of the lubricant, the temperature 
at which the lubricant starts to deteriorate, and the softening 
temperature of the bearing metal. 

The allowable minimum film thickness is governed by such 
factors as the surface finish of the mating parts, the degree of 
misalignment, and the particle size that can pass through the 
lubricant-filtering system. 

Both the maximum film temperature and the minimum film 
thickness are obtained as functions of bearing geometry, speed, 
and unit loading, from the simultaneous solution of the Reynolde’ 
and energy equations as outlined in the previous section. The 
results of such calculations for a specific bearing are plotted in 
Figs. 1 and 2. 

The bearing dimensions, pivot location, and lubricant used in 
the typical calculations given here are as follows: 


= 15.5 in. 

= 7.75 in. 

= ().667 radians (this corresponds to an 8-pad bearing) 
= 2.385 in. 
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Fig. 1 Lubricant temperatures versus unit loading 
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As shown in Fig. 1, a housing-inlet temperature of 115 F was 
used. However, the temperature at which the oil enters the 
bearing pads is a good deal higher, due to mixing in the grooves. 
The groove-mixing temperature used here was obtained from ex- 
perimental data obtained by the authors and other investiga- 
tors. The average and maximum film temperatures and the 
average pad-outlet temperature were then obtained from the 
solution of the equations. 

Fig. 1 shows that the maximum and the average film tempera- 
tures diverge drastically at high loads. In addition, the slope of 
the maximum film-temperature curve increases with load. Thus 
when the bearing is heavily loaded, even a moderate increase in 
the load may raise the maximum temperature to a dangerous 
level. 

It is also apparent from Fig. 1 that the pad-outlet tempera- 
ture is significantly smaller than the maximum film temperature. 
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Fig. 2 Film-thickness variatien with speed and unit loading 
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When it is further noted that general practice 1s to pass through 
the bearing several times the hydrodynamic flow, it is clear that 
the oil-drain temperature is a very poor indicator of temperature 
conditions in the pads. The large difference between the maxi- 
mum and pad-outlet temperatures also emphasizes the necessity 
of solving the energy equation as well as the Reynolds’ equation 
if reliable analytical data are sought. 

The bearing speed does not appear in Fig. 1. 
calculations have shown that, at least up to values of maximum 
film temperature as high as 230 F, these are very nearly inde- 
pendent of bearing speed. The reason for this is that, for a given 
unit loading, both the shear losses and the film thickness (and 
hence the lubricant flow) increase with speed. The film tempera- 
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tures, which increase with shear loss but decrease with flow, re- 
main essentially constant over a wide range of speeds. 

The calculated minimum film thickness for the same bearing is 
shown in Fig. 2 as a function of unit loading and speed. The 
calculated hydrodynamic oil flow and horsepower loss in the bear- 
ing are shown in Figs. 3 and 4, respectively, expressed in terms 
of dimensionless parameters. They are obtained from calcula- 
tions made for a range of bearing sizes (19 to 50 in. OD), all 
geometrically similar to the 31-in. bearing whose dimensions are 
given in the foregoing. The dimensionless parameters of Figs. 3 
and 4 were selected in order to obtain characteristic curves for 
the range of sizes. When the flow and horsepower-loss data were 
plotted in Figs. 3 and 4, the scatter was small and well within 
the accuracy of the computations. 

For pads which deform elastically under load, the location of 
the point of minimum film thickness is a function of the bearing 
load. This is shown in Fig. 5, for 31-in. bearings with 6, 8, and 
10 pads. Note that, at low loads, the minimum film thickness 
occurs at the inside radius of the trailing edge. However, as the 
bearing load (and hence the pad deformation) increases, the 
point of minimum film thickness moves toward the pivot. Fig. 5 
shows that the radial location of the point of minimum film 
thickness moves quite rapidly toward the center region of the 
pad with increasing load. It can be concluded from this that 
failures which result from small dirt particles in the oil film are 
most likely to occur near the pivot. 
perience. 


This is borne out by ex- 


Fig. 5 also shows that the location of the point of minimum film 
thickness is dependent on the pad subtended angle. Thus it 
moves inward from the trailing edge most rapidly in the case of the 
6-pad bearing. 

The marked divergence, at high loads, between the minimum 
film thickness and the film thickness at the inside radius of the 


trailing edge is also shown in Fig. 6. In fact this figure shows that 
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Fig. 8 Effect of radial pivot location 


at high loads, the film thickness at the inside radius of the trailing 
edge becomes almost insensitive to load changes. 

The effect of pad thickness is illustrated in Fig. 7. Note that 
there is an optimum pad thickness at each specific load, from 
both the standpoints of minimum film thickness and maximum 
temperature. At load loads, thinner pads are preferable for the 
deformation there allows a more favorable film shape. At high 
loads, on the other hand, deformations become excessive and re- 
duce load-carrying capacity. 

Since many bearings are required to operate under either direc- 
tion of rotation, the pivot location can often be varied only 
radially. Fig. 8 shows the effect of radial pivot location on mini- 
mum film thickness and maximum temperature, for several 
values of unit loading. Both these sets of curves indicate that 
there is an optimum pivot location, which varies with unit load- 
ing. The optimum locations obtained from the two sets of curves 
are, however, different. From the standpoint of minimum film 
thickness, the optimum pivot location approaches the mean 
radius from the outer circumference, as the unit loading is in- 
creased. From the standpoint of maximum temperature on the 
other hand, the optimum pivot location approaches the mean 
radius from the inner circumference. 

The groove-mixing temperature plays a very important role in 
bearing performance. Fig. 9 shows the reduction in load-carrying 
capacity that accompanies a rise in the groove temperature. This 
reduction is a major one, as indicated in Table 1 (obtained from 
Fig. 9). 


Table 1 
heis, Tor, Paves — 
in. deg F psi deg F 
0.0006 130 1030 220 
0.0006 158 800 235 


Thus, for a constant minimum film thickness, a reduction of 
28 deg F in groove temperature achieves an increase of 28 per cent 
in unit load, together with a reduction of 15 deg F in the maxi- 
mum temperature. 
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Table 2 Effect of viscosity variation and pad elasticity 


R = 15.5 in. N = 5.33 rps 
L = 7.75 in. Tor = 130F 
6, = 0.667 radian hmin =0.001 in. 
Oil — 2190T 
Maximum 
Load per pad, film temp, 
Type of pad Ib deg F 
Rigid flat pad with optimum 
pivot (r,% = 51; 6,% 
= 61) 39600 179 
Rigid flat pad, centrally 
pivoted (r,% = 51; 0,% 
= 50) 22200 204 
Elastic, initially flat pad, cen- 
trally pivoted (¢ = 2.385 
in.;r,% = 51; 0,% = 50) 36600 185 


Thus far we have limited the discussion to initially flat, cen- 
trally pivoted pads which deform elastically under load. When 
calculations are made which include the effects of these deforma- 
tions as well as the viscosity variations in the film, pressure profiles 
are obtained which are nearly symmetrical. These profiles satisfy 
equilibrium of moments and thus serve to explain the performance 
of centrally pivoted pad bearings. Actually, viscosity variations 
alone allow hydrodynamic pressure profiles (which satisfy 
moment equilibrium) to be generated over flat, fully rigid, cen- 
trally pivoted pads. The pad deformations, however, provide a 
more favorable film shape and thus greater load-carrying capacity. 
This is illustrated in Table 2. In this table the loads and 
maximum film temperatures of rigid and elastic centrally pivoted 
pads are compared with those of a flat, rigid pad with optimum 
pivot. 
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Fig. 10 Pressure profiles 


The shape of the pressure profile obtained over a centrally _ tilting-pad thrust-bearing performance. It is realized that such 
pivoted pad is, of course, different from that obtained over a pad experimental work would undoubtedly be both difficult and ex- 
with an offset pivot, as shown in Fig. 10. The temperature pro- pensive. It is, however, essential in order to test the validity of 
files for these two pads are shown in Fig. 11. Note that Fig. 11 analytical work and present understanding of bearing per- 
shows the film temperatures to increase all the way to the trailing formance. 
edge. This is because it was assumed in the calculations that 5 Utilize the analytical and experimental results to optimize 
adiabatic conditions prevail in the oil film. In practice, how- 
ever, Measurements indicate that conduction causes at least the 
bearing-surface temperatures to reach a maximum at some dis- 
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APPENDIX 
Film Shape 


We consider that the convex shape to which the pad bends 
under load may be represented by part of a spherical surface 
whose radius of curvature is R,, as shown in Fig. 12. In all cases 
considered here, R, is very large, greater than 10‘ in. In addition, 
the pad inclines, so that its tangent plane, directly above the 
pivot point, has slopes mg (circumferentially) and m, (radially), 
with respect to the plane of the runner, as shown in Fig. 12. The 
pad inclinations are small so that 


sin mg = tan mg = me cos mg = 1 


(7) 


sin m, = tanm, = m, cos m, = 1 
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Fig. 12 Film shape with spherically crowned pad 
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Let the film thickness at a reference point (z,, y,) on the pad 
surface be h,. The film thickness at any other point (x, y) can 
then be written 


h = h, — mo(x — xz.) + my — y,) 


24 2\'/2 2 2\'/2 
+ R, (: -*—%)\" - (: _i=*F (8) 
R R? 


Since R, is very large, powers of the ratio (r/R.) greater than 
the second are neglected. Equation (8) then becomes 


h=h 


a — meo(x — z,) + my — y,) 
(x? + y?) — (z,? + y,?) 


2R, 


+ 


(9) 


This equation can be converted from the z, y-co-ordinate system 
to the r, 6-co-ordinate system of Fig. 12 by means of the relations 


4 
z=rsin (0 _ *) — r, sin (0, — ) 
y =r cos (0 _ 7) — Tr, cos («, _ *r) 


The general equation for the film shape in polar co-ordinates is 
then 


6 A 
h=h, + ms |r. sin (o. - *) — rsin (0 _ s) | 
— i, lr. cos (6. — *r) r cos (0 _ =r) | 


l 
2 — r,? — 2rr, cos (0 — 0 


[r ‘ 
2R. 


(10) 


a) > Ss cos (6, -- 6, (11) 
Note that equation (11) can also be used to describe the film 
shape for flat pads. In such cases, A, is infinite, thus eliminating 
the fourth term on the right-hand side of the equation. 

Any point on the surface of the pad may be used as the ref- 
erence point (r,, 8,). When the film thickness h, at that point is 
specified, the full film thickness profile can be obtained from 
equation (11). 

For cases where loads are light and the bending deflections are 
small, it is convenient to use as reference, the point at the inside 
radius and trailing edge of the pad. 
(for a centrally pivoted pad) 


. Oo, : 6, 
h = hi + me| (R — L) sin =~ or 9 «= *) 
4, 6, 
— i, (R L) cos ~ -~Tcos © « _ 


l 6 
E R — L)? + 2(R — L)r, cos + 


2R, 


Equation (11) then becomes 


For cases where the loads are large and the bending deflections 
are of the same order as the minimum film thickness, the point 
of minimum film thickness may fall within the pad boundary. 


It is then more convenient to use this point as reference. Its co- 
ordinates can be obtained by differentiating equation (11) 
setting 
oh 0 , oh 
- = an = 0 
or o8 
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and solving the resulting two equations. 


The co-ordinates of the point of minimum film thickness thus 


obtained are 
2 
r, = R, | me? 4+ — ™, 


aa, 
- 
avis 


6 me (13) 
0. = = + tan~! 
2 Fy 
—_— Wi 
R, 


Substituting equation (13) into equation (11) the film-thick- 


ness profile becomes (for a centrally pivoted pad) 


(14) 


Radius of Curvature of Deformed Pad 


Equation (9) and Fig. 12 show that (with the simplified elas- 
ticity approach used here), the bending deflection along a point 
on the pad surface is proportional to the square of its distance 
from the pivot; i.e. 


’ 


wa - 

The value of this radius of curvature was estimated by calcu- 
lating the deflection at the rim of an equivalent circular plate, 
point-supported at the center of its lower face and carrying a 
conically distributed load on its upper face. A circular plate with 
a conical load distribution was used for the reasons discussed 
earlier in the text. 

Integrating equation (57) of reference [4], for a circular plate 
(radius a and thickness ¢) under the loading and support, de- 
scribed in the foregoing, the deflection at the rim is found to be 


0.224 Wa? 
= . (16) 
Et 
(Young’s modulus = E psi; Poisson’s ratio = 0.3 
From equations (15) and (16), the relation between the radius 
of curvature, the pad load, and the pad thickness is 


2.23 Et® 
R, = — 


17 
Ww (17) 


Numerical Solution of Reynolds and Energy Equations 


The method used here consisted of reducing each of the two 
differential equations and their boundary conditions to a set of 
algebraic finite-difference equations. The two sets of equations 
were then solved simultaneously on a digital computer, using an 
iterative procedure. A complete discussion of the method, includ- 
ing the dimensionless parameters used, the finite-difference form 
of the equations, and iterative procedure employed is given in 
references [1] and [6]. This solution yields the full pressure and 
temperature profiles over the pads, as functions of minimum film 
thickness and speed. References [1] and [6] also show the de- 
tails of the calculations of load per pad, hydrodynamic flow, power 
loss, and co-ordinates of the center of pressure, from the pressure 
and temperature profiles. 

References [1] and [6], however, were concerned with solutions 


for fixed and rigid thrust-bearing pads. In order to extend them 
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to tilting, elastically deformable pads, the following trial-and- 
error procedure was employed: 


1 For the bearing geometry being studied, select a value of 
minimum film thickness. 

2 Estimate the corresponding unit load and hence the groove 
temperature (7g¢R) and the radius of curvature (P,). 

3 Select values of radial and tangential inclinations (mg and 
m,, respectively). 

$ Introduce the foregoing as input data and obtain the cor- 
responding computer solution. 

5 From the computer output data determine the co-ordinates 
of the center of pressure and the actual unit load (and hence the 
actual groove temperature and radius of curvature). Check 
whether these agree with the estimated ones within the following 
error limits: 


a) (Tar)actuai — (Tor)estimatea| < 2 deg F 
(b) i. ~ < 4X 10-* in. 

Reactual Reectimeted| (18) 
(c Tep%o — r,% < 0.5% 


(d) |0n% — 9% 


Pp 


< 0.5% 


If any of the conditions, (a) through (d) of equation (18) are 
not satisfied, steps 2 through 5 are repeated until all errors are 
within the specified limits. 
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Estimate of Errors 

ATX 7 
Reynolds and energy equations. 
that could be accommodated with an IBM 650 computer for the 
present program. 
cated that satisfactory accuracy can be achieved with the 7 K 7 
mesh, provided there are no sharp inflection points in the film- 
thickness profile. As an additional check, the 
for one case were repeated on a larger computing machine, using 
a 13 X 18 The results agreed with those obtained 
using the 7 X 7 mesh within 1 per cent. 

The error limits defined in equation (18) were set up in order to 
limit the number of iterations required for each solution. On the 
basis of calculations carried out with smaller allowable errors, the 
effects of the limits set in equation (18) are estimated to be: 


mesh was used in the numerical solution of the 
This was the finest mesh size 


Previous experience of the authors has indi- 


calculations 


mesh. 


Error in calculated maximum temperature (up to Tmax = 
230 F) < 5 deg F 
Error in calculated minimum film thickness < 0.0001 in. 


In the calculation of the hydrodynamic oil flow and the horse- 
power loss, additional errors are introduced in the numerical cal- 
culation of the pressure gradients at the pad edges; 
tions (21.5) and (21.9) of reference 1}. 


[see equa- 
Particularly at high loads, 
where the pad bending deflections are correspondingly large, 
errors in the calculated values of hydrodynamic oil flow and 
horsepower loss may, in extreme cases, be as high as 20 per cent. 
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The Effect of the Method of Compensation 
on Hydrostatic Bearing Stiffness 


Capillary, orijice, and flow control valve compensation of hydrostatic thrust bearings 
is investigated theoretically with regard to the effect of these three methods of compensa 
tion on the stiffness of the lubricant film. 
determination of bearing stiffness at any given load and film thickness 

When a hydrostatic bearing is made to operate at any given film thickness and load, 


Equations are derived which permit rapid 


it is found that at this load and film thickness no adjustment of the compensating element 
or supply pressure will alter the fact that Waive > Woritice > Weapitiary Where W equals the 


absolute value of stiffness. 


Furthermore, with fixed supply pressure and compensation, 


this stiffness relationship will remain the same for all practical values of load above and 
below the initial film thickness-load point 


Introduction 


N MANY applications of hydrostatic (externally 
pressurized) bearings* the nature of the slope of the load-film 
The 
numerical value of this slope, called stiffness, indicates the ability 


thickness (deflection) curve is an important consideration. 


of the bearing to resist a change in load with a related change in 
film thickness. Where high accuracy of location of the supported 
bearing member under changing load conditions is desirable the 
stiffness of the bearing becomes an important factor. Also when 
large structures are to be supported, conditions usually dictate 
operation at relatively thick films in order to accommodate the 
inherent inaccuracies and deflections in the bearing surfaces. 
Under these conditions it is desirable to design for maximum 
stiffness at maximum load and minimum film, so that the bearing 
is best protected against failure due to momentary overload or 
surface inaccuracies, both of which tend to 
thickness. 


reduce the film 


! Presently affiliated with Vertol Division, Boeing Airplane Com- 
pany, Morton, Pa 

? This paper is concerned only with incompressible fluid hydrostatic 
bearings, and the word ‘‘bearing’’ when used alone will refer to this 
tvpe of bearing. 
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Many factors combine to influence the performance of a hy- 
drostatic bearing. Not only do the bearing elements themselves 
and the fluid film contribute to the performance, but also the com- 
ponents external to the bearing have considerable effect. 

Fig. 1 shows a typical hydrostatic bearing system. A supply 
pump feeds lubricant to a distribution manifold which is usually, 
though not always, maintained at constant pressure. From this 
manifold the fluid flows to each bearing recess through a com- 
pensating element. 

The purpose of the compensating element is to provide a means 
of pressure reduction between the supply manifold and the bear- 
ing recess and thereby allow independent operation of each recess. 
The recess pressure is a direct function of the load on the bearing 
(1). This means that without a compensating element the mani- 
fold pressure would drop to that required by the most lightly 
loaded recess—never permitting the more heavily loaded recesses 
to operate. 

Several types of compensating elements are now commonly 
used: the capillary, the orifice, and the pressure compensated flow 
control valve. This paper deals with the effect on film stiffness of 
bearing systems employing these three types of compensation. 

Several writers have considered the role of the external circuit 
in hydrostatic bearing performance, among these are Wilcock 
[1], Raimondi and Boyd [2], and Shaw and Macks 
[3]. None of these writers consider the effect of the external cir- 


and Booser 





Paper No. 60—Lub-12. * Numbers in brackets designate References at end of paper 
Nomenclature 
A = actual bearing area, in.? k, = flow control valve constant, in.* sec! 
C, = coefficient of discharge of sharp-edged 1. = length of capillary, in 
orifice, dimensionless . 
Pp; = pressure factor, dimensionless 
N = pressure ratio (p,/p,), dimensionless aur 
N,, = pressure ratio at maximum stiffness Pp, = bearing recess pressure, Ib in.~? 
(p./P-)m, dimensionless p, = pump supply pressure, lb in 
Q = quantity of fluid flowing per unit time, qa, = flow factor, dimensionless 
in Sane : 
: In." BEC : s = stiffness factor, dimensionless 
W = load carrying capacity, applied load, lb Th : 
d = internal diameter of compensating ele- a-s | sa | 7 ( Py y (p p,), in.* Ib 
ment, in. 12k,u Pp, 
h = fluid film thickness separating bearing Ap = pressure difference, lb in.~* 
ymbers. in. : ; ; 
eatin ee wt = absolute viscosity of fluid, lb sec in.~* 
us . . ; 
k, = 128% ‘l. = capillary constant, in.* p = mass density of fluid, lb sec* in.~* 
7 iT Y = absolute value of local bearing stiffness, 
we, § - - 
k, = Ca: = orifice constant, in.‘ Ib~/? see Ib in.~ 
4 Vp Continued on nert page 
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Fig. 1 Single recess hydrostatic bearing system 





cuit on the stiffness of the bearing. It is the hope of the authors of 
this paper, that this study of the stiffness of hydrostatic bearings 
will increase the understanding of this subject and indicate the 
scope of future investigations in this direction. 

In comparing the operation of hydrostatic bearings under 
various methods of compensation it is important to select a valid 
basis for comparison. The method of comparison used in this 
paper is based on the operation of the bearing at a given load and 
film thickness. With this operating point, called a prime condi- 
tion, the effect of the many variables, including the method of 
compensation, as they influence stiffness at the prime condition, 
and at other operating points, is examined. Any other basis of 
comparison, it seems, results in two dissimilar situations and any 
attempt to make a direct comparison becomes meaningless. 

It should be noted that the analyses presented in this paper 
apply to laminar flow only. 


Theory 


The load carrying capacity of a hydrostatic bearing is [4] 


A 
W = P- (1) 
Py 
A , 
or W=—. Pe (la) 
p, N 





Pe 
P, 


where N = (1b) 


The quantity of fluid flowing from the high pressure recess 
through the bearing clearance is [4] 


q he ‘ 
Q = | f ° = (2) 
Py, 2p 
Ps qs hs 
or an ES 6 ke + ee 2a) 
@ N py 12p \ 
The flow through a capillary tube may be expressed as [5] 
mwd.* Ap, : 
2° (3) 
128]. uw 
when (/, > 20d.). For a given capillary tube we may write 
k, 
Q. = —- Ap. (4) 
7 


Noting that, when a compensating element is employed as 
shown in Fig. 1, the pressure drop across the compensating ele- 
ment is (p, — p,), then 


Q. = (p, — Pr) (4a) 


or Q, = c -p,-(N -— 1 (4b) 


The flow through a sharp-edged orifice is [6 


d,? 2 ide 
Q a= c.| ap. | (5 


For constant density of the fluid, a fixed orifice, and Ap = 
(P. — Pry 


Q, = k.(p, — p,)'” (5a) 

or Q, =k, p,/"N — 1)'” (5b) 

Commercially available flow control valves maintain constant 

flow regardless of inlet and outlet pressure variations. Expressed 
symbolically, 


Q, = k, (6) 





Nomenclature 

Subscripts Orifice 
c = capillary tube / 

7 € > y 7 2g) . : 
o = sharp-edge orifice », (12 Py ke 
vy = flow control valve qs ' 

v. >4.. ie » dimensionless 

Superscript 3Ap, 


initial or prime conditions 


Stiffness number 


Capillary 
-_—— , dimensionless 
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Flow control valve 


Py (12 Ps tu) 
qs 


v. 3Ap,*” 


, dimensionless 
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Since continuity of flow volume must prevail through the 
compensating element-bearing series circuit, it is possible to 
equate (2) with the appropriate compensating element flow equa- 
tion. For capillary compensation, by equating (2) and (46) and 
solving for h., we obtain 


h - [12 Pew —1)] (7) 
qs 


equating (2) and (5b) we obtain for the orifice 


1/3 
h, = | 12. PL k,- “| (N -— 1)” (8) 
qs P, 


Noting that 


P, 
Pr 


h, = [12 PL 
qs 


Similarly with (2) 
compensation 


V/s 
- ke: a (N\N — 1)]'/ (8a) 
P,* 


and (6) we obtain for flow control valve 
i) 
how [12 Pee, (9) 
qs P- 


(9a) 


or 


By substituting 


Ww 
dws A “Py 
from (1), and N from (1b) into (7) and solving for W. we obtain 
»,A 
Ww, = —" (10) 
qsh* 
+ Dp, 
12k, | 
Similarly from (8) employing the quadratic formula and 


neglecting the negative radical which gives an unrealistic result, 


14 (s4=*)")" ! 
(Ap,)* + 4A%p, - ~- Ap, 
Pe \ 12k, ) , 
» ( qh. y 
12k, 
A 
(12) 
( gh? ) 
12k, 
Note that the load film thickness equation for a capillary com- 
pensated bearing is independent of viscosity. 


OW /dh, the bearing stiffness, obtained by differentiating (10), 
(11), and (12), may be expressed as follows: 


(11) 


and from (9) 


W,= 


ow -. 


oh h (13) 


Where, for capillary, orifice, and flow control valve compensa- 
tion, respectively: 


(14) 
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Fig. 2 Stiffness factor versus pressure ratio 
. 
l & 
eT aes = 
8, 1 (16) 


The minus sign in (13) results from the fact that load increases 
with decreasing film thickness. The real stiffness of a hydrostatic 
bearing is the absolute value of OW /dh which by definition is 


y=3 = (13 
=a 3—-¢ 3a) 
h 
From (14) and (15) it may be seen that 
lim s, = lim gs, = 8, l, (17) 
N-o N-o@ 
and that for all finite values of N > 1 
a7? &? & (18) 


Therefore, for any hydrostatic bearing operating at a given 
film thickness and load, at any value of N > 1 


(Wen h > (Wo) A> (y wk 


The variation of s with respect to N is indicated graphically in 
Fig. 2. 

The physical significance of Fig. 2 is the following: To operate 
a hydrostatic bearing at constant film thickness and constant 
load, the flow must be held constant (2). 


(19) 


Since the recess pres- 
sure is dictated by the load (1), varying N implies varying the 
supply pressure. 

A pressure compensated flow control valve will keep the flow 
constant regardless of changes in pressures, either upstream or 
downstream (6). However, to maintain constant flow through a 
capillary or orifice under changing supply pressure, the physical 
dimensions of these devices must be changed (3), (5). 

To operate a capillary or orifice compensated hydrostatic bear- 
ing at a given film thickness and load, the designer must select a 
given supply pressure and design a compensating element to de- 
liver the flow required. With a flow control valve, he must select 
a particular fixed flow setting. 

No matter how high the supply pressure is raised, and the de- 
sign of the capillary or orifice altered accordingly, neither of these 
devices will provide a bearing as stiff as the flow control valve 
compensated bearing, whose stiffness is independent of supply 
pressure. 

It should be noted that raising the supply pressure raises the 
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total power required to operate the bearing. Accordingly, it 
would require infinite power for an orifice or capillary com- 
pensated bearing to be as stiff as one employing flow control valve 
compensation when all are operating at the same film thickness 
and load. This does not mean that, with fixed compensation at 
another film thickness and load, the stiffness of the bearing will 
not change. A discussion of stiffness variation with varying NV, 
load, film thickness, and with fixed compensation follows. 

By substituting the values obtained for W from (1), for A from 
(7), and for s from (14) into (13a), and regrouping, we obtain for 
capillary compensation 

! Ss 
\ 
(N 


Pr (12 Ps 
qs 


= : 20) 
v 3Ap, l 


Similarly with (1), (8a), (15), and (13a) for orifice compensa- 


tion 
'/y 
p, (12 Ps kat) V 1)°/* 
Gy (Vv — 4) 
v, : 


(21) 


, “BAp,'/* N’"N — 1/s) 


and from (1), (9a), (16), and (13a) for flow control valve com- 


pensation 
Dy Vs 
Dy (12 Ps ka) 
qs 


¥. 34,” 


Nn’ 

20), (21), and (22) are plotted in Figs. 3, 4, and 5, respectively. 
With the exclusion of y all of the terms on the left-hand side of 
(20), (21), and (22) are usually constant for a given bearing ap- 
plication. Also, except for p,, uw, and p contained in k,, they 
represent fixed dimensions in the bearing system. Therefore, 


0.3 
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oo 
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N* Dp, /P, 


Capillary compensation: Stiffmess number versus pressure 
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Figs. 3, 4, and 5 indicate the manner in which stiffness varies with 
changing values of N for fixed lubricant properties, fixed bearing 
dimensions, fixed supply pressure, and fixed compensation. 
These figures are also useful in determining the properties of a 
hydrostatic bearing when these factors are varying, but under 
these circumstances the figures cannot be given any direct physi 
cal significance. The dimensionless ordinates indicated in Figs. 3, 
4, and 5 [the left-hand side of (20), (21), and (22) 
stiffness number 


| will be called 


As stated in the previous paragraph of the most usual operating 
conditions are those for which W is the only variable on the left- 
hand side of (20), (21), and (22). 
of W in these equations equal to zero will reveal the value of N 
required for maximum stiffness at these conditions. The second 
derivative will enable us to identify the point of maximum stiff- 
ness in Figs. 3 and 4. 


Setting the second derivative 


For capillary compensation, by taking the second derivative of 
(10) and simplifying the result, we obtain 


oy. 2 


dh, h. 


Setting (23) equal to zero we find: 


») 
Therefore 


and 


for the abscissa of the maximum ordinate in Fig. 3. Similarly for 


orifice compensation we obtain from (11) 
oy 2 y 1 | 16N? — 28N +7 
oh, hk 2 (2N — 1)? 
Setting (26) equal to zero we find 


l 1 


~~ UV 
(2N — 1)? 


BEARING TOUCHDOWN 


DECRE ASE 
Ss tte hon 
INCRE ASE 
ae 


INCRE ASE 
DECREASE 
— 
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Fig. 5 Flow control valve compensation: 
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Therefore 
16N? (28) 


7+ V2! 
Ss 


and N = (29) 

Neglecting the negative radical, which gives an impractical 
value of N < 1, 
nate in Fig. 4. 


we obtain for the abscissa of the maximum ordi- 


Nom ~ 1.448 


(29a) 


For flow control valve compensation 


(30 
oh ) 


Since 


+4 
} vy, ~ 0, (31) 


there is no maximum point. Accordingly, no maximum point is 


seen in Fig. 5. However, it is seen that maximum stiffness will 
occur in a practical bearing at N = 1 

Let us assume that three identical hydrostatic bearings with 
capillary, orifice, and flow control valve compensation, respec- 
tively, are operating at the same film thickness, load, and supply 
pressure. This, of course, implies the same flow in all three 


Symbolically this may be expressed as follows: 


It has already been shown that under these conditions the order 
of decreasing stiffness for the three methods of compensation is 


(Wo)wer > (yp Woh > (yp Woh 


We shall now determine the effect on stiffness of varying load 


(19) 


when the supply pressure is held constant, i.e., varying NV. 


From (22) we obtain 


and in general terms from 


y W Ah’ 8 . , " 
= 5 ; (34) 
y’ W’ ho s'’ ' s’ 


Since the supply pressure is constant and by considering (la), we 
obtain 


For the orifice, employing (8a), we obtain 


6, N’ | N’(N’ 
v 8,’ N V(N 


Regrouping yields 
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Substituting for s,’ and s, from (13a) and (15), respectively, 


we obtain 


Regrouping 


a (=) ( am 


with (33), 


y"( ‘o- ) 


13a), and (16) 








we obtain 


(: 


for all values of N and N’ greater than 1, then 
¥<y¥ 


Differentiating (41 


l 
| ( 
2N 


with respect to N, 


For all values of N’ and N greater than 1, no value of N will 


make (43) equal to zero. Also since (43) is always positive, 


(: increases with increasing N, and 


it has its maximum value when 
N' =N = 


and at this point it is equal to unity. Therefore 


(1-5 


and (42) is true. 


i 


i ‘ 


a 
l l 


\ 


Substituting (7), (13a), and (14) into (35) we obtain 
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which simplifies to 


3W’ N’ N’‘ —1 |’ l 
<2 8 ia (1 - ¥) 


Multiplying numerator and denominator by s,’ 


3W’ N’ [n’-1]% 
tv aes ad eer 1- 
v yey [=] | 


Noting (13a) this becomes 


,_ err =-i1 7” 
ee ee 


From (34) we obtain 


ee Fy 


¥, W. hk’ a 


Substituting (la) and (8a) into (50) for the condition of con- 
stant supply pressure, and solving for y,’ 


; N N(N — 1) ]'’* 3,’ 
Ve! = Ve Nr Ex ~ 4 8 


e 


(51) 


Inserting (51) into (49) substituting for s, from (15), collecting 
like terms, and simplifying, the results may be arranged as 
follows: 


Differentiating the coefficient of Y, with respect to N the follow- 
ing is obtained: 


Setting (53) equal to zero we find that 


1 \"’s 
i - -12N3 # 0 
( ¥) ” 


therefore 
(54) 


Since (53) is positive for all N > 1.25 and negative for all 
N < 1.25 there is a minimum at N = 1.25. The coefficient of y, 
in (52) is unity when N’ = N = @, For values of N < 1.254 
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value of the coefficient of y, in (52) can only be unity when that 
portion of the coefficient containing N alone is greater than unity 
since the portion containing N’ is unity when N’ + @. The 
portion of the coefficient containing N will equal unity when the 
denominator equals the numerator, i.e., when [V ~ 1.017]. This 
means, since the portion of the coefficient containing N’ must be 
less than unity, a value of N < 1.017 is required to make 


0 -35)/(- 


the entire coefficient greater than unity. 
is impractical. 
Therefore 


1/6 
Vy ) greater than unity, and thereby make 


Such a low value of NV 


¥. >.> ve 


for all values of N’ and N which can be realized in a practical 
case. 
From (35) 


(55) 


With (13a), (14), and (7) we obtain 


w’ (.N’\* 1\"" 
=: = ~ 1 
tuted (F) (: 3 ( 


Referring to (13a), (16), and (33) we see that 


w= w(i-3) (-4)" 


It is easily seen that the coefficient of y, is always less than 
unity for all values of N’ and N greater than unity, therefore 


¥>v 


(59) 


Conclusions 


1 If a hydrostatic bearing is operating at a given film thick- 
ness and load, the flow to that bearing is fixed by (1) and (2). 
For each value of the pressure ratio N, there will be a particular 
capillary or orifice which will meet the flow requirements of (2). 
The dimensions of these compensating elements may be deter- 
mined from (3) and (5). (The performance of a flow control 
valve is independent of N provided that the supply pressure is 
approximately 50 to 100 psi greater than the recess pressure.) 
This study has shown that regardless of the pressure ratio chosen, 
if the film thickness and load are held constant, then 


(Wedwin > (Woden > (Wedwin 


This study also shows that as N approaches infinity y, and y, 
approach y,. It should be noted that the total power required 
by the bearing system is the product of the supply pressure and 
flow (p, X Q), and that, at a fixed load, increasing the value of N 
means increasing the supply pressure. It would therefore require 
comparatively large amounts of power for either the capillary or 
the orifice compensated bearing to acquire stiffnesses even ap- 
proaching that of the flow control valve compensated bearing. 

2 Once a given capillary or orifice has been selected and the 
supply pressure fixed, N becomes a function of the recess pressure, 
which in turn is a function of load. Under these conditions, varia- 
tions in load affect the stiffness and maximum stiffness will occur 
at 


(a) N = 
(b) N 
(c) N 


1.5 for the capillary compensated bearing. 
1.448 for the orifice compensated bearing. 
1 for the flow control valve compensated bearing. 


3 If a hydrostatic bearing is operating at a fixed load, film 
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thickness, and supply pressure, and the load is then permitted to 
vary,‘ then at all practical values of N, 


¥.> > 


Nore: Although the equations in this paper are derived for a 
single recess bearing, the equations may be applied to multiple 
recess hydrostatic bearings of uniform film thickness when 
modified as shown in [4]. 
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DISCUSSION 
Richard C. Elwell’ 


I congratulate the authors for a fine paper, which will have wide 
use due to the nondimensional treatment they have presented 


4 The film thickness and flow will vary in accordance with the 
equations dictated by the method of compensation, i.e., (3), (5), and 
(6). 

Mechanical Development, General Engineering Labo- 
Schenectady, N. Y. 
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ratory, General Electric Company, 
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0.003 


A great deal of confusion has existed on this subject in the past, 
and my object in this discussion is to help reduce this. Also, I 
wish to illustrate some of the conclusions of this paper with a 
numerical example. 

In a recently published paper by Dr. Sternlicht and myself,* 
one of our conclusions was that the rank of the restriction methods 
in regard to stiffness was not absolute, but depended upon the 
We 
found the order completely reversed in some ranges from what it 
was in others. 


range of film thickness over which they were compared 


In a discussion of that paper, Mr. Loeb contested this conclu- 
sion by suggesting that we vary the load on the bearing about a 
load-film thickness point common to all three methods of restric- 
tion. He stated that we would always find a constant flow bear- 
ing to be stiffest. We did not find this. 

The source of this difference between our conclusion and his 


* R. C. Elwell and B. Sternlicht, “‘Theoretical and Experimental 
Analysis of Hydrostatic Thrust Bearings,” Trans. ASME, Series D, 
JOURNAL OF Basic ENGINEERING, vol. 82, 1960, pp. 505-512 
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was that we had each chosen a different independent variable. 
This situation will be illustrated in the following three figures. 
The bearing used for these illustrations is 
paper 

First (Fig. 6) is seen the load-film thickness curve for a 
thrust bearing with the three different methods of compensation. 
Note the common point and the fact that all have the same maxi- 
mum load capacity because of having equal supply pressures. 
Our independent variable is A, film thickness. 

The slope of these curves is stiffness, OW /Oh. These stiffnesses 
are shown as functions of the independent variable h in the next 
graph (Fig. 7). 


described in our 


This figure is the basis of our conclusion that the 
range of operation determines which restrictor gives the stiffest 
bearing. This is still true, with film thickness as independent 
variable. 

The next figure (Fig. 8) shows the same stiffness, but with the 
load as independent variable, as suggested by Mr. Malanoski and 
Mr. Loeb in Conclusion 3 of this paper. Their conclusion is of 
course also true, and this figure is offered as a typical numerical 
result in support of their statement. 

Our choice of film thickness as independent variable was based 
on conventional mathematical representation, where z is inde- 
When stiffness 
is shown as a function of load, as proposed in this paper, a clearer 
physical picture is obtained. 

I wish to suggest at this time that we consider the use of 0h /OW 
commonly called ‘‘compliance’’) in the future, when W is the 
independent variable. 


pendent, and dy/dz is the slope of the z-y curve. 


This practice is common in many other technical areas, 
rolling The figure 
9) presents the same data in these terms. At each end of 


such as element bearings. last (Fig. 


these curves, the compliance becomes infinite, but our main con- 
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cern is with the central portion, where the bearing will operate 
under the design load 


Marvin Ling’ 

The authors should be congratulated for their attempt to arrive 
at a better understanding of the effect of the external circuit on 
the stiffness of hydrostatic bearings. This writer would like to 
make the following comments: 


(1) It seems to be more convenient to use the ratio of recess 
pressure to supply pressure as the parameter, rather than the ratio 
N of supply pressure to recess pressure which the authors used in 
their work. The parameter p,/p, will thus range from 0 to 1 
while N willrange from 1 to ~. 

(2) If the bearing stiffness is studied by varying either the 
capillary constant or the orifice constant for a given film thickness, 
the maximum bearing stiffness can be obtained at (p,/p, Jeapitiary 
These are the values on which 
the design of bearings should be based. However, if the bearing 
stiffness is studied by changing the film thickness for a given 
capillary or orifice, the maximum stiffness will be at (p,/p, 
= ().667 (P,-/P,)orifice 0.69, as the 
in their analysis. In designing a bearing, it is natural that the 
manufacturer specifies the minimum clearance that 
machined accurately. 


= 0.5 and (p,/p, oritice = 0.586. 


capillary 
and authors showed 
can be 
Based on this given clearance or film thick- 
ness, a capillary or an orifice can be selected to give maximum 
stiffness. If bearing stiffness is to be optimized, a bearing can- 
not be designed for an arbitrary given capillary or orifice, because 
it may result in a film thickness that is too small to machine or 
too large for practical use. 


7 Senior Research Engineer, Physical Research Department, The 
Cincinnati Milling Machine Company, Cincinnati, Ohio 
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Fig. 10 Calculated capillary compensated bearing 


stiffness 
pressure ratio p,/p 


versus 


Curve 1 Constant clearance, varying capillary 
Curve 2 Constant capillary, varying clearance, for capillary correspond- 
ing top,/p, = 0.5 of curve 1 


Curve 3 Constant 


capillary, 
p/p 


varying clearance, where clearance at 
= 0.667 equals constant clearance value of curve | 


Fig. 10 shows 
Pri P 
that. by vary ing the capillary constant, and holding a given value 
of film thickness 


capillary compensated bearing stiffness versus 
calculated for a certain thrust bearing. Curve 1 indicates 
the maximum bearing stiffness occurs at p,/p 
Now, using the value of the capillary constant correspond- 
ing to p,/p 0.5 
The 


maximum 


bearing stiffness was calculated for varying 


film thickness result is shown in curve 2 where it can be 


P, = 
ystem stiffness for a value 


seen that the stiffness now occurs at p, 0.667 
Curve 3 shows the calculated bearing s 
of capillary constant which results in a film thickness at p,/p, = 
O.667 « qual to the constant film thickness used for curve 1 As 
is evident from this figure, the first stiffer 


bearing (curve 2) is 


than the second bearing (curve 3 


Authors’ Closure 
The Messrs. Elwell and 


contribution of their most interesting discussions 

With regard to Mr 
u tangent line drawn to any of the curves in Fig Gata particular 
W, h) point re presents the fluid film stiffness at that point If 
one were 


authors wish to thank Ling for the 


Elwell’s numerical examplk the slope ot 


to visualize a tangent line drawn to each of the three 


curves at a particular constant load line, and if the slopes of such 


tangent lines were observed as the tangent lines move along the 


Journal of Basic Engineering 


three curves (from maximum to minimum load), it can be 


seen 


that the rank of stiffness compared at any particul ir load line is 
always PY, > Wo> WV 


three curves in Fig. 6 


An inflection point appears on two ol the 
These inflection points re present the point 
of maximum change of W with respect to A, or 
The 


reciprocal, called 


maximum still 


ness alternate method of representing “stiffness’’ by its 


compliance ”’ might help to interpret the action 


of the bearing— the change of film thickness with re spect to load 
However, in the analysis and design of the 


term “ 


bearing system the 


stiffness’’ seems more applic ible 


Mr Ling’s comment on the usage ol the parameter p,/p 


rather than p,/p, has merit, since it is much easier to treat a 
function mathematically as it 


than 


varies Irom 
The 


based on the use of Pp, as the reference pressure 


zero to units rather 
from unity to infinity uuthors’ choice of p,/p, is 


The 


individual 
can make his own choice 


The authors are aware of Mr Ling’s second comment and offer 


the following discussion of Fig. 10 to avoid confusion on the part 
Actually, one can obtain maximum values for ¥ 
for many different p,/p, ratios depending upon which parameters 


are held constant and which are 


of the reader 


varied 
10, Mr. Ling chose to keep A constant Another condition would 
be to keep both load and film thickness constant 
maximum stiffness is reached when p,/p 
with 


In his curve 1 in Fig 


For this case, 
— |) 1 
this 
Now, if the bearing 


when p, is 
infinitely large respect to p For limiting case th 


capillary constant is zero system is 


operate at minimum film and maximum load and is to be de 


signed on this basis with p,/p maximum point of curve 
1—lower than a maximum point on curve 2) this bearing system 


will never reach its optimum stiffness point. However, if the 
at some predetermined 


, and then the 


capillary constant is caleulated lighter 


load and thicker film at p,/p load is allowed 


to vary to a maximum with the film thickness at a minimum, and 


p,/p 2 the bearing svstem wouk 


/ then he 
optimum point with respect to stiffness 


operating at its 
It seems unnecessar 
to calculate the capillary constant based on one film thickness, at 
P-/p and have the 
at another smaller film when p,/p 


curve | bearing actually operate 


which offers a maximum 
stiffness for the bearing system over the 


entire range ot p, Pp 


(curve 2, maximum point It is obvious that curve 3 will have a 
lower maximum than curve 2 since 


2 the film thiekness of curve 3 
at its 


thicker than the 
with the capillary constants corresponding to these 


maximum 1s curve «, 


film thickness of 
film thick 
varving directly and the loads in each case being equal 
At the maximum point of curve 
load at the 


then be 


NeSses, 


} the load is different from the 


maximum point of curve 1, and no fair comparison 


can made. Even though the authors appreciate Mr 


Ling’s second comment, we fail to see any advantage in it for 


optimizing a bearing system with respect to fluid film stiffness 


and must still relv on one of the conclusions of this paper; i 


to optimize a capillary compensated bearing evetem the design 


of the capillary constant should be based on maximum load, 


minimum film, and a pressure ratio ol p,/p 
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An Improved Analytical Solution 


J. $. AUSMAN 

Supervisor, Physical Analysis Unit, Autonetics, 
Division of North American Aviation, Inc., 
Downey, Calif. Assoc. Mem. ASME 


for Self-Acting, Gas-Lubricated 
Journal Bearings of Finite Length 


An improved analytical solution designated the ‘‘linearized ph’ solution is obtained 


for gas-lubricated journal bearings of finite length. 


Whereas the older first-order per- 


turbation solution is useful for small eccentricity ratios (€< 1/2), the linearized ph 


solution may be used for high eccentricity ratios. 
mate bearing load capacity. 


As such it permits estimation of ulti- 
The linearized ph solution is expressed in the form of 


simple corrections to the first-order perturbation solution, and as such can be computed 


quickly and easily. 


Introduction 


™ general Reynolds equation for self-acting, gas- 
lubricated bearings is a nonlinear partial differential equation. 
One method of attacking such problems is to program an iterative 
solution of a finite-difference approximation to the differential 
equation on a high-speed digital computer [1]. With care, such 
methods are capable of high accuracy, but they do have some 
disadvantages: (a) The digital-computer time required to ob- 
tain accurate solutions is not inconsiderable, and these solutions 
tend to be rather expensive. (b) The solving of nonlinear partial 
differential equations by finite-difference techniques is itself one 
of the most difficult problems encountered in numerical analysis, 
and there are many opportunities for human errors in setting up 
the problem. (c) There is the question of convergence: Does the 
iterative procedure converge and, if it does, does it converge to a 
physically realizable solution? (d) Finally, because each com- 
puter solution is for a specific bearing, it is dangerous to extrapo- 
late to other values of the variables, and usually a very large 
number of computer solutions is required to cover the full range 
of all variables adequately. 
Analytical solutions, even crude approximations, can point 
out the important variables and parameters, narrow the range of 


! Numbers in brackets designate References at end of paper. 
Contributed by the Lubrication Division of Tae AMERICAN 
Society or MEcHANICAL ENGINEERS and presented at the ASME- 
ASLE Lubrication Conference, Boston, Mass., October 17-19, 1690. 
Manuscript received at ASME Headquarters, July 7, 1960. Paper 
No. 60—Lub-9. 


Nomenclature 


interest of these variables, and in general provide a good physical 
insight into the problem. Another possibility is to use the 
analytical approximation as the initial condition with which to 
begin the iterative solution on the computer, thereby reducing 
the number of iterations required to reach convergence. Use of 
approximate, analytical solutions in any or all of these ways can 
save considerable computer time and expense. In general, the 
better the analytical approximation, the greater is the possible 
savings. 

In 1957, the author obtained a first-order perturbation solution 
[2] for finite, self-acting, gas-lubricated journal bearings by 
neglecting products of pressure variations and film-thickness 
variations. This perturbation solution has several glaring de- 
fects, which are as follows: 


(a) Predicted pressures are symmetric about the ambient pres- 
sure p,, whereas actual pressures are known to be asymmetric 
with the high pressures being accentuated. 

(b) Predicted bearing stiffness is independent of eccentricity 
(straight-line, load-eccentricity characteristic), whereas actual 
bearing stiffness increases at high eccentricity ratios 

(c) Predicted attitude angle is independent of eccentricity, 
whereas actual attitude angles decrease at high eccentricity ratios. 


An improved analytical solution which largely eliminates these 
defects is obtained in the present paper. The solution is ac- 
complished by linearizing the differential equation in a different 
manner. Instead of keeping the pressure p as the dependent 
variable, the product ph of pressure and film thickness h is treated 





= constants 
= length of journal bearing 
= average radial clearance 
2r, diameter 
ph, dependent variable in “‘lin- 
earized ph” equation 
ph/p,c, dimensionless variable 
functions of ¢ 


pressure 


thickness of lubricating film [ 


ambient pressure 
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radius of journal 
lineal velocity 


two-dimensional co-ordinate sys- 
tem in plane of moving surface 
of bearing, z—positive in di- 
rection of motion, y—directed 
normal to direction of motion 


(1 + At)'/* + |" 


(1 + A2)'/* — 
i 


eccentricity ratio 
6ywr? a pwd? 


= %/, 
2 2 
Poe P.C 
compressibility number 


1" 


(positive roots) 


viscosity of gas lubricant 
density of gas lubricant 
= circumferential co-ordinate 
y/r, axial co-ordinate 
U/r, angular velocity of journal 
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(positive roots) 





as the dependent variable. 


The resulting solution is called the 
“linearized ph’’ solution. 


The Linearized ph Equation 


The general Reynolds’ equation for steady-state gas lubrication 
(see for example reference [3}) is 


0 Op re] Op ‘ 
ph + ph = bul 
OL or OY 


film thickness 


pressure in gas lubricating film 


Ol ph } 
or 


where 


z-component of velocity of lower bearing surface relative 
to upper bearing surface 
“downstream” co-ordinate 


= lateral or “cross-stream” co-ordinate 
= viscosity of gas 

p= density of gas 

If the density is proportional to the pressure 


flow ot 


, as it would be for 
isothermal a perfect gas, the differential equation be- 


comes 


_ O(ph) 
= bul 
Or 


we can rewrite 


“( 


o*s O*h 


, of 
) - Gul : 
O1* Ox 


Ox? 


_| Oh Of oh Of ( of \? of \? 
= f _ ” 
Xr OF Oy OY or oy 


Reference [3 


gives a good description of the behavior of self- 
acting, gas-lubricated bearings at low velocities (U — 0) and at 
high velocities (U7 > To summarize, in the limit as U — 0, 
the pressure approaches the constant ambient pressure (p — p, 
or f — ph) while in the other limit as U — 


the product ph 
approaches a constant 


(f— con tant 
In each of these two limiting cases, the terms on the right-hand 
side of equation 4) vanish identicalls It 


then to neglect these 


a reasonable 
values of [ 


seems 
ipproximatior terms for all 


With this ipproximation, equation (4 


reduces to 
0*/ o*f of 
hf : - Gul 
. Of OY Ou 


(=* ) 
dy dy 
rhe next step u 


! the linearization is to approximate f where it 


ippears as a corflicient by f p,h. The resulting equation is 


O*h O7h 
p 
" Oat oy? 


Note that this approximation does not change the form of the 
two asymptotic s Jutions because as U 
for f(f = 


O-! tiul 2 


or . p,h? Ox 


— (0, the assumed form 
Pp h 


is exact while as U — equation (6 reduces to 


4 
equation (6) = ) / = constant 


Lim 


U-« Ol 


Although the 
the 


isvmptotic solution as U — 


of the constant may be 
Harrison's infinite-length solution |4 


is still correctly 


/ = constant numerical value incor- 


rect as well as Katto and 
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Soda’s infinite-length solution [5] gives for an asymptotic solution 


Lim f = 


U—~-oa 


Pac Harrison; Katto and Soda; also “linearized ph’”’ 


solution 
As will be seen shortly, the linearized ph solution gives the same 
result. However, Elrod and Burgdorfer [6| have shown that the 


correct asymptotic solution for journal bearings of any length is 


Lim f = 


U—a« 


pc (1 + 3e?/2 (Elrod and Burgdorfer 


This differs (for «€ # 0) from the asymptotic linearized ph 


Even though the linearization approximation does not 
change the form J = 


solution 


constant) of the asymptotic solution, the 
actual numerical value may be different, and the linearized ph 
solution cannot be called exact as U — 

Equation (6) is linear in f and can gene rally be solved by separa- 
tion of variables once A(z, y) is specified 


For example ifh = 
constant, as in a stepped-thrust pad, the equation is particularly 
simple because the coefficient 6uU//p,h? becomes a constant and 
the right-hand side is zero. 

If h is a more complicated function of z and y, one additional 
simplifying approximation may be necessary and that is to re- 


place the coefficient 6uU /p,h? by a constant 6uU /p,¢ 


o°f 6uU af (= -*) 
dy? pac? de ** Nort” dy? 
still yields f = As U +0 


the coefficient in question approaches zero anyway, and the 


a4 
oz? 


Equation (7 constant as U — 


solution may still be a good approximation in that limit. 


Journal-Bearing Solution 
Substituting 


ph 
Pc Pot 
and 

h= 


c(1 + € cos @ 


into equation (7), we obtain the dimensionless equation 
o*f 
of? 


of of 
7 a 
o¢* ov 


where 


Boundary conditions are 


J = 1 + € COS 0 when c 


} is periodic in @ 


J is an even tunction of ¢ 
Equation (8) and its boundary conditions are quite similar to 
the first-order ™ rturbation-pressure equation in reference |2] 
and can be solved in the same way. The resulting solution is 


eA 
1 + A? 


q c sin 0 + gs C) cos 6 


where 


= |] — A sinh af sin Be + B cosh afl cos OCF 


l 
A 


+ A cosh at cos OC + B sinh at sin OC 
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8 b + sinh 5 . 8 b 
COS +T Sin ier | 
pe el P co d m7 Cc d n d 


+ cos? B — 


b 
A cosh @ 





sinh? @ 


\ . } ) . 6 
A sinh @ sin 8B one cosh a 
B 


b b 
sinh? @ 7 + cos? B 7 


Y 


(1 + A)? + 1 
at=- ores 


" 


- 


(a + A%)'** —1 
B? = Ton 5 


9 
The pressure is then 


» ch a A 
P. P. Y, 
l ’ A? 


h 1+ €cos0 ) 


{ai (€) sin 6 + g2(f) cos ait (10) 


p™ + p,e cos 6 
,= ae — (11) 
1 + € cos 0 


where p is the first-order perturbation-pressure solution ob- 
tained in reference [2]. 


IA 


—_— 


Fig. 1 Sketch of journal bearing 





Fig. 2 Pressure distribution on a self-acting, gas-lubricated journal 
bearing 
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Some typical pressure distributions are plotted from equation 
(10) in Figs. 2 and 3. Note the accentuated high-pressure peak 
and the suppressed low-pressure peak as contrasted with the 
symmetric, sinusoidal first-order perturbation solution. 

The load components W, and W2, parallel and perpendicular to 
the line of maximum-minimum clearance, are given by 


+b/d +r 
“S | Sine ag 7” p cos 6 dd 
+b/d +r 
W; =r? :.. ; dt f p sin 6 dé 


which upon substitution from equation (10) and integration 
yield 


2 2nr*p, [1 — (1 — &)'” 
W, = 2 me "tag 
(1 — e*)’? 


Wi = 


(12) 


(13) 


+b/d 


| A 
l Ge 
ai 


-b/d 


+b/d 
2rr*p, i A : 
W;=- —_ {1 — (1 — e*) if | alg 
. ~b/d 1 + A? 


» 
= W, = [1 — (1 — e?)’ (15) 
where W; and W;, are the first-order perturbation solutions 
obtained in reference [2]. 
The load magnitude W = (W,? + W;*)'/? and the attitude angle 
é = tan~'(W2/W;) obtained from equation (14) and (15) are 


2f1-(-e” 
W¥= We — [pats = “|p — sin? do] (16) 
— ¢) 


tan d = (1 — e*)'/* tan 6 (17) 
where W“ and $ are the load magnitude and attitude angle ob- 
tained with the first-order perturbation solution [2]. For com- 
pleteness, W™ and $™ are shown in Fig. 4 as functions of the 
compressibility parameter A for various values of length-to- 
diameter ratio b/d. The scale of A in Fig. 4 is an arctangent 
scale as suggested by Scheinberg [3] in order to include all values 
of A from 0 to © in the finite range 0 to 7/2. The linearized ph 
load and attitude-angle solutions can be computed quickly and 
easily from the first-order perturbation solutions by means of 
equations (16) and (17). 

Typical results are plotted in Figs. 5, 6, 7, and 8 along with 
comparative solutions for infinitely long journal bearings. Bear 








Fig. 3 Center-line pressure 
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DESIGN CHART FOR RADIALLY LOADED SELF-A¢ 
GAS-LUBRICATED JOURNAL BEARINGS 
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Fig. 4 First-order perturbation solution for self-acting gas-lubricated journal bearings 


in mind that the linearized ph solution is still for journal bearings 
of any length. The infinite-length results in Figs. 5, 6, 7, 
and 8 are shown merely for the purpose of comparison with the in- 
finite-length solutions of Katto and Soda [5], Elrod and Burg- 
dorfer [6], and the Sommerfeld incompressible solution. 

Although the comparisons of the infirite-length case are en- 
couraging, the real test of the usefulness of the linearized ph solu- 
tion is how well it compares with experimental data and with com- 
puter solutions for finite-length journal bearings. To this end, 
some test data of Sternlicht and Elwell [7] for b/d = 1.5andA = 
1.3 are plotted and compared with the corresponding linearized 
ph solution in Fig. 9. Except for the one point at 0.82 eccentricity 
ratio, the agreement is excellent. In this kind of comparison it is 
difficult to assess how much of the discrepancy at the high ec- 
centricity ratios is due to approximations in the analytical solu- 
tions and how much is due to experimental error. 

To help clarify the picture, the author requested Dr. B. Stern- 
licht? and Dr. W. A. Gross’ to obtain computer solutions of this 
same case (b/d = 1.5, A = 1.3) for inclusion in Fig. 9. During the 
course of this investigation, the author has been in contact with 
Drs. Sternlicht and Gross and knows that each has good digital- 
computer programs available for this purpose. 

In view of the several approximations made in obtaining the 
linearized ph solution, the agreement between it and the finite- 
difference computer solutions in Fig. 9 is remarkably good, 
especially at low eccentricity ratios. Even at high eccentricity 

? Consulting Engineer, General Engineering Laboratory, General 
Electric Company, Schenectady, N. ¥ 

* Member of Research Staff, Applied Mechanics, IBM Research 
Laboratory, San Jose, Calif. 
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Fig. 5 Comparison of several solutions for an infinitely long self-acting, 
gas-lubricated journal bearing at an eccentricity ratio of 0.8 
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Figs. 6 and 7 Load versus eccentricity-ratio comparisons for infinite speed and for 


zero-speed asymptotes on 











Fig. 8 Attitude angle versus eccentricity comparison for an infinitely 
long self-acting, gas-lubricated journal bearing 


ratios there is a wider discrepancy between the experimental data 
and the computer solutions than there is between the linearized 


ph solution and the computer solutions. 
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DISCUSSION 
W. A. Gross‘ 


Dr. Ausman has shown that, by making three plausible simpli- 
fications, he is able to obtain solutions for the steady self-acting 
gas-lubricated journal bearing which yield good results for both 
small and large eccentricity ratios. We congratulate Dr. Ausman 
for recognizing and employing these approximations. 

Dr. Ausman raises the question of convergence of iterative 
solutions to the nonlinear Reynolds equation. This is certainly a 
fair question to raise, but so is the question involving the justifica- 
tion of the plausible assumptions used in this paper. Convergence 
and, of equal importance, uniqueness of iteration solutions are 
indicated by test. We find that, by beginning our iteration with 
various initial values, both larger than and less than the correct 
solution to a steady gas bearing film example, we converge to 
a solution which is unique to the nymber of decimal places re- 
quired. Furthermore, iteration solutions for small bearing num- 
bers approach the results for an incompressible film, while for 
large bearing numbers the results approach those for purely 
compressible films as theory predicts 
solid evidence of convergence, even though a precise mathematic 


These results provide 


proof is missing. 

It is of interest to compare iteration solutions obtained by be- 
ginning the iteration with ambient pressure over the bearing with 
those solutions obtained by beginning the iteration with ap- 
proximate solutions. We have carried out such investigations in 
co-operation with Dr. Ausman, who supplied us his approximate 
values for journal bearings with eccentricity ratio 0.8, bearing 
number 0.5, and slenderness ratio 1. Using an IBM 650 tape 
unit and an iteration scheme comparable to that described by 
Michael,® we find that 34 minutes are required to obtain a solu- 
tion which is accurate to four places for an 8 X 12 grid when we 
It should be noted 
that an 8 X 12 grid is too coarse for such a problem. 
should be at least 12 X 24. 
for comparison purposes. 


start with ambient pressure over the grid. 
The grid 
The 8 X 12 grid was chosen strictly 
When we with the Ausman 
linearized ph solution, we find that 49 minutes are required to 
When we 
begin with the linearized ph solution with only five instead of 


start 
converge to a solution which is accurate to four places. 
eight digits specified, we 


When we an iteration solution supplied by Dr 
Sternlicht of General Electric, we 


find that 52 minutes are required. 
begin with 
find that, starting with five 
Finally, 
when we begin with our own solution, in which only five digits 
are used for input, we converge to a solution in 3! 


place digits, we converge to a solution in 45 minutes 


» minutes 
For the particular case chosen (€ = 0.8, A = 0.5, L/D = 1 
W’ = W/BLp, = 0.386 attitude angle @ = 

From the preceding, it is clear that the digital computer solu- 
tion is very sensitive to the pressure gradient and, although the 


13 deg. 


pressure profile may be well approximated, there are usually 
angular shifts in pressure maxima and, consequently, pressure 
gradients are significantly in error at many parts of the grid 
The consequence is that the iteration takes longer with the ap- 
proximate solution as an input than it does with purely ambient 
conditions supplied as an input. 


Beno Sternlicht® 


The author should be complime nted for his valuable contribu- 
tion to the theory of gas bearing lubrication. In this paper as 

‘Member of Research Staff, 
Laboratory, San Jose, Calif 
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Fig. 10 


in the previous one (Ref. [7]) the author uses analytical method 


for the solution of the Reynolds equation. These methods even 
though applicable only over a limited range of eccentricity ratios 
provide good physical insight into the problem and consume 
considerably less effort in computations than do the numericas 
methods. 

To add to some of the comparisons that Dr. Ausman uses in 
The 


was chosen for a high value of eccentricity ratio 


his paper, I am taking the liberty of adding two figures. 
first of these 
€ = 0.8 to accentuate the difference between the various methods 
of analysis. Eccentricity ratio of 0.8 is around the limit of 
there is 


closer agreement between the linearized ph and the iterative 


good design practice. For lower eccentricity ratios 


solutions. Note from Fig. 10 that the author was quite correct 
in stating in his title that this is an improved analytical solution 
over the first-order perturbation results. 

In Fig. lla comparison is given ot theoretical and experimental 
results for low eccentricity ratios. 


These eccentricity ratios are 


commonly used in practice. For the theoretical results iterative 
and first-order perturbation solutions are given The linearized 
ph results fall between these two methods of analysis and were 


omitted from the graph to avoid confusion. There are very few 


accurately conducted ¢ xp rimental results available. The ones 
Note that the ex- 
rhis 


points out the need for more accurately conducted experiments 


presented in this figure are among the best 


perimental results fall between the two theoretical results 


in order to see which theory correlates better with experiments 
This comparison is given in order to reaffirm the value of Dr 
Ausman’s contribution 
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Author's Closure 

The author is once again grateful to Dr. Sternlieht and Dr. 
Gross for their constructive remarks and additional eomparative 
data. The convergence time experiments conducted by Dr. 
Gross were carried out to check the presumption that the lin- 
earized ph solution used as an initial starting point might reduce 
the costly computer time required for finite difference iterative 
solutions. Dr. Gross’s example shows that such is not nee- 
essarily the case. In this instance, it actually took longer to 
converge from the analytical approximation than from an initial 
constant pressure grid. The author has had similar experience 
since first writing this paper and agrees with Dr. Gross that there 
is no advantage to be gained in starting a finite difference iteration 
program from the linearized ph solution. 

One of the best uses for the linearized ph solution is for pre- 
liminary design of self-acting gas-lubricated bearings. Steady- 
state load characteristics can be estimated quickly and easily 
from equations (16) and (17) with the aid of Fig. 4. The ac- 
curacy of these estimates is cornparable to the accuracy to which 
the bearing can be manufactured and tested. Dr. Sternlicht’s 
comparisons re-emphasize this point, often overlooked, that even 
the best experimental data to date do not agree exactly with 
iterative computer solutions which presumably are nearly exact 
solutions of Reynolds equation. 

Manufacturing tolerances and experimental error are the most 
likely sources of this apparent discrepancy. 
has a critical effect on bearing performance. Uniform clear- 
ance bearings are difficult to manufacture when the nominal 
clearance itself is about 100 microinches, and accurate measure- 
ment of the minimum clearance of such a bearing loaded and 
operating is also difficult. 

For these reasons one could not afford to design to the ultimate 
load indicated by an exact solution to Reynolds equation even 
if such a solution were available. It would still be necessary 
to include some margin of safety. In this regard Figs. 9, 10, 
and 11 show that the linearized ph solution yields a conservative 
design (predicts less load) in comparison with finite difference 
iterative solutions. 


Bearing clearance 
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An Assessment of the Value of Theory in 


5S. COOPER 


Rolls-Royce Limited, 
Littleover, Derby, England 


Predicting Gas-Bearing Performance 


The object of the paper is to indicate the value of theoretical investigations of hydrody- 
namic finite bearings under steady-state conditions. 


Methods of solution of Reynolds 


equation by both desk and digital computing, and methods of stabilizing the processes of 
solution, are described. The nondimensional data available from the solutions are 
stated. The outcome of an attempted solution of the energy equation is discussed. 


A comparison between some theoretical and experimental results is shown. 
mental methods employed and some difficulties encountered are discussed. 


Expert- 


Some 


theoretical results are given to indicate the effects of the inclusion of slip velocity, stabilis- 
ing slots, and a simple case of whirl. 


Introduction 


Ben object of the work on hydrodynamic gas bear- 
ings was to obtain an understanding of their characteristics and 
potentialities by theoretical and experimental methods. This in- 
cluded the derivation of a system of design data based on theory 
supported by experimental results. 

Various elaborations on the fundamental equations concerning 
the gas film were investigated and experimental techniques were 
improved until a reasonable agreement between the theoretical 
results and actual measurements was obtained. 

The model bearing taken for this work was the plain journal 
bearing, this being the simplest form to define in theory and to 
make in practice. 

The purpose of this paper is to indicate the theoretical methods 
evolved and their value, and the experimental techniques and 
difficulties overcome in order to obtain actual results good 
enough to compare with the theoretical results. 

The theoretical understanding is now being applied to more 
complex types of bearing. 


Theory 


Reynolds Equation. 
used one, whose derivation seems to have been covered adequately 
by others, only the forms used in this work are given for ref- 
erence. 


As the basic equation employed is the well- 





Contributed by the Lubrication Division of THe AMERICAN 
Society or MECHANICAL ENGINEERS and presented at the ASME- 
ASLE Lubrication Conference, Boston, Mass., October 17-19, 1960. 
Manuscript received at ASME Headquarters, July 7, 1960. Paper 





A convenient form of the equation for investigation is 
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Then, if the fluid conditions are isothermal, this may be written 
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It was the solution of this equation, applied to the full journal 
bearing, which gave a pressure distribution and hence fluid forces 
which agreed well with experimental results. 

The Energy Equation. 
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The equation investigated is 
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The derivation of this equation followed that evolved by Cope! 
except that the dilatation term was retained since a compressible 


1W. F. Cope, “The Hydrodynamic Theory of Film Lubrication,” 








No. 60—Lub-2. Proceedings of The Royal Society, series A, vol. 197, 1949, pp. 201-217. 
Nomenclature 
c = radial clearance, in. p = fluid pressure, psi » = fractional eccentricity, e/c 
B= — ( S y nondimensional : * radios of journal, in. , : @ = attitude angle, deg 
Po a U = peripheral velocity of journal, ips \ = molecular mean free path, in. 
e = eccentricity, in. w = load capacity, Ib fluid viscosity, lb-sec/in.* 
h film thickness, in. x = Cartesian co-ordinate in direction a es 
k = aspect ratio, //R of motion of journal surface 6 angular co-ordinate measured in 
1 = half-length of bearing y Cartesian co-ordinate in direction direction of rotation from 
L, = radial component of force due to radial to journal surface point of maximum film thick- 
fluid pressure, Ib z Cartesian co-ordinate in direc- ness, deg 
L, = tangential component of force due tion parallel to journal axis denotes nondimensional quan- 
to fluid pressure, Ib a ratio of whirl speed to journal tity 
N = journal speed, rpm speed denotes ambient condition 
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fluid was being considered. If the second expression in this equa- 


tion be omitted, the equation may be rewritten as Cope’s equation 
5 b . 

The solution of the simultaneous equations (1) and (3) might 
have given distributions of pressure and temperature in the fluid 
film. The solution was attempted by numerical methods [re- 
laxation for equation (1) and Liebmann’s for equation (3)], but 
a convergence could not be achieved. The trouble was that the 
process of solution of the energy equation for In 7 was rapidly 
divergent. Circumferentially, the expected cyclic variation in T 
was negligible but the value of T increased continuously at an in- 
creasing rate which indicated a serious deficiency in the equation. 
On looking back at the derivation of the equation for neglected 
terms which might have prevented the divergence, it was found 
that the conductivity terms were the most significant. It ap- 
peared that the temperature difference, between the fluid and 
bearing surfaces necessary for the dispersion of the energy to allow 
a convergence of the solution, would be small compared with one 
Centigrade degree. 

Hence the energy equation was abandoned and attention was 
reverted to the solution of Reynolds’ equation with temperature 
eliminated by the assumption of isothermal conditions, and with 
constant viscosity. 

This assumption was supported to some extent by an incidental 
piece of evidence from experimental work. It has been found 
that the temperature of a bearing followed that of its journal 
where heat was developed in support bearings and conducted to 
the test journal. The bearing temperature followed that of the 
journal and maintained a near constant safe clearance. 

Fig. 1 shows the variation, with time, of the maximum tem- 
peratures of the nearest support bearing and of the air bearing as 
Two 
arrangements of support bearings were used, one with oil-lubri- 
cated journal bearings and the other with air-oil mist-lubricated 
bal! bearings 


the system reached steady conditions starting from cold. 


The test journal temperatures were estimated from 
a series of measurements after stopping. 

It is concluded that the gas film in a self-acting bearing permits 
a ready transfer of heat not only from the fluid to the bearing 
components but from one component to the other. 

Effect of Fluid Molecular Mean Free Path. The effects of the in- 


SUPPORT BE ARINGS 
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Fig. 1 Variations in temperature of air bearing due to conductivity 


from journal across air film 


clusion of the fluid slip velocity were investigated. The equation 
derived and solved was the same as that derived by Burgdorfer.? 
It was solved by the relaxation method described later. 

p* ] 


The form of the equation solved was 
F re) 
= 12U-p ph (4 
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Table 1 shows the effect on the solution of variations in Ap» for 


constant values of B = 2.594 and n = 0.5. 


Solution of Reynolds Equation 


The methods of solution employed were relaxation for explora- 
tory solutions by desk calculating machine and the Liebmann 
method for routine solutions by computer. 

The process of solution is the iterative improvement of a 
guessed set of values over a network until convergence is achieved 
This process is oscillatory and in addition, for more difficult solu- 
tions, it may be divergent. The difficulty usually came with 
high bearing numbers and high values of eccentricity rati This 
applied to both methods of solution. Special contro! has to 
be applied during the solution in order to damp the oscillatory 
behavior sufficiently to achieve a convergence. 

Relaxation Method. The general equation (2), when applied to 
the plain journal bearing, may be written in the following non 
dimensional form for numerical solution 


re) ra) p \? 
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In this the following relations between variables have been 
used: 


h=¢ (il + 7 cos 6 k=I1/R= aspect ratio of bearing 
z\ = k = — = nondimensional form of 


For ease of discussion ot the method of solution, it is convenient 
now to consider the equation in the form 


of. wt]. 2a _ ow ] 
2 [x xv | 4 © [a az | * 


The solution of this equation by relaxation involves the basic 


m =) (6 


principles described by Christopherson.* However, in the present 


2A. Burgdorfer, ‘‘The Influence of the Molecular Mean Free Path 
on the Performance of Hydrodynamic Gas Lubricated Bearings,” 
JourNaAL oF Basic ENGINEERING, TRANS. ASME, Series D, vol. 81 
1959, pp. 94-100. 

*D. G. Christopherson, ‘‘A New Mathematical Method for the 
Solution of Film Lubrication Problems,”’ Proceedings of The Institution 
of Mechanical Engineers, vol. 146, 1941, pp. 126-135 
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case, the following new features have to be accommodated: The 
solution is for Y = (p/po)?, and ® contains the variable being 
evaluated. This latter feature causes the process to be iterative. 
The method may be summarized as follows: 


(a) A network is chosen which represents the development of 
the bearing surface. The mesh sizes in the z and z-directions 
should be as near equal as is convenient, but inequality is accom- 
modated by the introduction of the term A, the ratio of the mesh 
sides as indicated in Fig. 2 
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Fig. 2 Network details used in residue formula 


b) An: 
of the net 


pproximate numerical value is given to W at each node 
If no better estimate is available, the initial value 
may be unity 


( At each node the value ot ® is calculated as follows: 


The value of 
2r Nu ( R ) p , 
5 p Cc | p 


is calculated for each node using the same values for p/po as were 


7) COs a 


Then the derivative of this function, 
in the 6-direction, is calculated for « 


used for W in the foregoing 
ich point. The differentiation 
formula found convenient for a wide range of solutions was that 
for the center point of five 
d) The values of X 
e) The 


corded on the net 


are calculated for the internodal points 


“residue’’ at each node is then calculated ind re- 


The residue formula is 


l ] 
I = \ y¥ T Yin a A2 Y; y T A2 XivwW 
Y Y \ Y l ‘b> (7 
eee oe 


The subscripts denote the positions of the points on the net re la- 
tive to the point under consideration, as indicated in Fig. 2 

f) The residues are then attenuated, in accordance with a 
system described later, in order to ensure under-relaxation. If 
full relaxation is applied, the process of solution may be divergent 
in addition to being oscillatory and a final solution may never be 
reached 

g) The attenuated residues are then reduced by the applica- 
tion of corrections to the nodal values of W as described in the 
textbooks on relaxation methods. 

(hk) The corrected values of ¥ are then used in the calculation 
of new values of ® and the cycle of events described in paragraphs 
c) to (g) is repeated until a satisfactory convergence of the values 
of W is achieved. 

Stabilization of Solution. The iterative process of solution is stabil- 
ized by reducing the iterative steps and in this case it was done 


by attenuating the residues. However, it was found that, if a 
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constant attenuating factor were applied over the whole net, the 
rate of convergence could be slower than necessary. 

It was found advantageous to vary the attenuating factor over 
the net by making it inversely proportional to the local magnifica- 
The local 


magnification is inversely proportional to the sum of the sur- 


tion of the corrections derived from the residues. 


rounding influence coefficients 
es . : bau: iv, 
ax = X; T Xun T -Xu T > X1v 


Therefore a pattern of attenuating factors was set up as fol- 
lows: Let the attenuating factor at the node having the maximum 
value of 2X, denoted by max2X, be unity: 


point n, 


Then at any other 
where the sum of the influence coefficients is ,2X, the 
attenuating factor would be >> ¢ a + a 

As the solution proceeded, the attenuation was gradually re- 
duced at each iteration. This was done by multiply ing each fac- 
tor in the preceding pattern by a chosen constant but limiting 
the maximum of any new factor at unity. Eventually the pat- 
tern was replaced by a set of factors each equ il to unity 

The multiplying constant was chosen, after each iteration, as 
a result of an inspection of an arithmetic sum of the residues on 
the net. For this, in the case of the journal bearing, it was satis- 
factory to include only the residues on the center line of the net. 
If the sum of the residues reduced steadily this was considered 
satisfactory and the multiplying factor was raised progressively. 
If the rate of fall of the residues decreased, extra care was neces- 
sary as this could be due to either too large or a less than optimum 
change in the attenuation If too rapid a rate of solution were at- 
tempted, the process could become divergent again and this would 
It did appear 
decreased by 


he indicated by an increase in the sum of residues 


generally that the sum of the residues could be 


about 25 per cent per iteration with safety, but each problem had 
to be considered individually and the optimum rate found by 
experience 
No solution 
suitably 


was found to be unstable when this process was 


] 


solutions were still oscillatory 


applied 
part of the network but 


some 


over a 


idequ tely damped Some cases were 
found where it was necessary to use a pattern of attenuating fac- 
tors with the maximum initially less than unity. 

Digital Computing. The solution by relaxation is worth while if 


individual exploratory solutions are required, but where a series 


of solutions is necessary, digital computing should be more ef- 
ficient 

The process of solution employed on the computer was basically 
the “extrapolated Liebmann”’ method. 

As with the relaxation process, this was found to be oscillatory 
The 


accelerating factor of the Liebmann method was replaced by a 


for some problems but it was stabilized in a similar fashion 


pattern of attenuating factors over the network. The attenuating 


factors were calculated in the way described for the relaxation 


process. Of residues do not Liebmann 


method; 


course, appear In the 


each attenuating factor was applied to the correction 
computed for the particular point, and knowledge of the rate of 
convergence was derived from an arithmetic sum of the actual 
corrections applied 

Information Available From the Solutions. The result of the solu- 
tion of the Reynolds equation is the film pressure distribution. 
From this the components of the resultant fluid force on the 


journal are 


radial component = I = 
e 
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and 


tangential component 


2e +k 
=I], = part i) (2) sin 0-dz\-d@ = (9) 
0 —k \Po 


Nondimensional Parameters. It may be seen from an inspection 
of equation (5) and the relations employed in it that any numeri- 
cal solution of the equation is for a particular value of k, the bear- 
ing aspect ratio. Since 


then as z lies between the limits —/ and +/ so z* lies between the 
limits of —k and +k. Hence a value is given to k before a value 
can be given to Az’, equal to the mesh side a, which is necessary 
for a numerical solution to be started 

Also it can be seen from inspection that a solution of the equa- 
tion.is dependent on the value of the nondimensional group 


Nu ( R\? 
Po c 
irrespective of the individual values of its constituents. 


The components of the resultant fluid force on the journal may 
also be expressed nondimensionally as 


= L and LL,’ = = (10) 
Pr Rk? poke? 

whose values are the nondimensional double integrals which ap- 

pear in equations (8) and (9) and which are computed directly 

from the solution of the equation without knowledge of any di- 

mensional data. Similarly, the nondimensional load capacity 

may be 


w 


om ws = bt + 


(11) 


Therefore, for general use in predicting bearing performance, a 
system of curves can be plotted, one curve for each value of 7, 
showing the relation between the nondimensional load and the 
bearing number. Also in similar fashion the radial and tangen- 
tial-force components may be plotted. 

Each system of curves would be for a particular value of the 
bearing aspect ratio k. 

Such a system of curves is similar to that produced from experi- 
mental results by Ford, Harris, and Pantall‘ except that they 
used the load parameter w/polR. 

In conclusion, the simplest essential nondimensional parame- 
ters are 

y 2 
9 <, k = 1/R, — Z (*) , and force/poR? 
c Po c 
which are either used in the solution or are available directly from 
it. 


Experimental Methods and Results 


Methods. Pressure distributions were measured by means of 
manometers connected to tappings in a longitudinal row along 
the bearing which could be rotated under load, thus sweeping the 
whole fluid film. 

The measurement of the position of the bearing center relative 


*G. W. K. Ford, D. M. Harris, and D. Pantall, ‘Principles and 
Applications of Hydrodynamic Type Gas Bearings,”’ Proceedings of 
The Institution of Mechanical Engineers, vol. 171, 1957, pp. 93-113. 
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to the journal center was a much more difficult problem. The 
most consistent results were obtained from a system of four 
capacitor probes built in the central transverse plane of the bear- 
ing. The probes were fixed; the electrodes and dielectric were 
finished as part of the bearing surface. The two probes on one 
axis were connected to separate FM radio channels whose sepa- 
rate outputs were fed as paraphase inputs to further electronic 
equipment for display and measurement purposes. The para- 
phase connection improved linearity and minimized the effects 
of drift in the radio channels. 

The reason for the probes being placed in the central plane of 
the bearing was to eliminate errors due to asymmetry of loading, 
which was achieved. The only datum points available for meas- 
urements were the four points of contact, between the bearing 
and journal, on the two axes. These were used and the system 
designed to give the position of the bearing center, relative to the 
journal center, as co-ordinates, each as a fraction of the available 
diametral clearance. This latter feature was achieved by the 
inclusion in each coaxial connector, at the bearing, of a capacitor 
in series with the electrode. The capacitor limited the output 
on each channel to a finite value at the datum point and improved 
linearity. The values of the capacitors affected the amplitude and 
linearity of response on each axis; the greater the amplitude 
the greater the departure from linearity. On the system finally 
used, the value of each capacitor was 47 pF and the maximum 
calculated deviation from linearity was about 5 per cent of the 
nominal radial clearance. 
culated and applied. 


Corrections for nonlinearity were cal- 


~e——£. MEAD 








Fig. 3 Arrangement of experimental running gear with some detail of 
capacity “pick off” 


Difficulties. Much care had to be taken before consistent results, 
adequate for comparison with theoretical results, could be ob- 
tained. 

Measurements of pressure distributions were difficult for the 
following reasons: The maximum dimensional errors on a bear- 
ing and journal 2 in. diameter by 4 in. long had to be reduced to 
less than 2 X 10-*in. The symmetry of loading had a very serious 
effect on both the axial pressure distribution and that in the cen- 
tral plane. Water vapor was readily captured by the bearing and 
this upset the pressure distribution; traces of vapor which left 
no evidence on dismantling had an effect, and these had to be de- 
tected by checking the insulation resistance of the air film. A 
general understanding of the collection of water vapor and its 
condensation was derived from observation through a glass bear- 
ing. Surface cleanliness was important; a just visible smear on a 
journal surface would degrade pressure measurements. 

The system of measuring eccentricity and attitude angle is good 
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from considerations of drift of electronic equipment and im- 
munity from errors due to asymmetry of loading; however, it 
suffers badly from changes in dielectric constant of the gas film 
due to the capture of vapors. 

No useful results have yet been obtained with journals sup- 
ported on oil-lubricated journal bearings due to temperature 
gradients resulting from the heat developed in the support bear- 
ings. The gas bearing operates satisfactorily under these condi- 
tions but measurements are of poor value. Oil-mist-lubricated 
rolling bearings have been kept cool enough by control on the air 
flow. 
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Fig. 4 Circumferential pressure distributions on center line. Theoretical 
data: B = 0.716, 7 = 0.40; result WS = 1.197, ¢ = 70.0°. Experi- 
mental data: W’ = 1.197,8 = 0.716; result = 0.41, ¢ = 65.0°. 
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Fig. 5 Circumferential pressure distributions on center line. Theoreti- 
cal data: B = 2.594, » = 0.50; result W = 4.408, 6 = 37.1°. Experi- 
mental data: W. = 4.354, B = 2.594; result» = 0.51, 6 = 37.5°. 
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Fig. 6 Circumferential pressure distributions on center line. Theoreti- 
cal data: B = 2.594, = 0.60; result WS = 5.80, 6 = 33.5°. Experi- 
mental data: W’ = 5.850, B = 2.594; result» = 0.58, 6 = 31.7°. 
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Results. The most significant results obtained are shown in 
Figs. 4, 5, and 6. The curves show the theoretical and experi- 
mental pressure distributions circumferentially on the bearing 
center line. 

The theoretical results are plotted relative to @; the measured 
pressure distribution is plotted relative to the load line which is 
drawn in for the theoretical attitude angle. Therefore, this 
method of plotting is not only a comparison of wave forms, it in- 
cludes some check on the attitude angle and the whole pressure 
distribution. 


Application of Theory to Other Conditions 


Slotted Bearing. The methods of deriving theoretical solutions, 
described already, may be applied to other problems with different 
boundary conditions. A simple case of interest is the plain bear- 
ing with slots or feeds of gas at ambient or other pressure. 

In this case the net, representing the bearing surface in the 
solution, has extra boundaries at the feeds where the pressure is 
nct allowed to vary. 

Fig. 7 indicates the modification brought about by the inclu- 
sion of a slot, open to the ambient atmosphere, at a position 
which produces the minimum attitude angle. 

The improvement in the radial component of the fluid force and 
the reduction in the tangential component indicate the advan- 
tages of this feature in reducing the tendency to fluid whip. 

Vertical Bearing With Journal in Whirl. Some idea of the fluid 
forces developed by a film between a plain bearing and a journal 
in circular whirl, with no external forces, may be derived from the 
solution of Reynolds equation set up to include the appropriate 
boundary conditions of velocity at the bearing-component sur- 
faces. 














Fig. 7 Theoretical center-line pressure distributions showing effect of slot 
open to atmosphere 


FACTOR 


LOAD 





/ 
p> ie oe mae 


Fig. 8 Variation in radial and tangential flvid-force components with 
rate of circular whirl, from theoretical solutions 
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The journal is assumed to be whirling in a steady circular orbit 
at a chosen eccentricity and at a chosen speed which is some 
fraction @ of the journal speed. 

The Reynolds equation may be derived in the usual way except 
that the terms representing the fluid-velocity components at the 
surfaces now include terms resulting from the translatory whirl 
at the chosen eccentricity. The resulting equation is 


re) ra) p \? 
(1 + sos 6)3 
3 [orrmers (2)] 
r) m) 2 
oz» oz \ po 
2er N R re) : 
=—-: H( (: + an — C08 0) 1 + n cos @) . 
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ir N R ; 
= .. ( Qn E sin 0-( + = cos 0) (12) 
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This was solved using the relaxation method described. 
results are shown in Fig. 8. 


Some 


These solutions were for the simple case of a bearing number of 
0.716 and an eccentricty ratio of 0.4 for which the nonwhirling 
journal would have run with an attitude angle greater than 45 
deg. Therefore other normally more stable cases were inspected 
to find if any radial restoring force could exist under the condi- 
tions where the whirl exciting force changed sign. These condi- 
tions included one with a bearing number of 0.716 and an ec- 
centricity ratio of 0.6, and a second with a bearing number of 7.16 
and an eccentricity ratio of 0.4. It was found that the radial 
component of force changed sign near a = 0.5 in all cases. 

Therefore, it appears that a plain bearing in a vertical applica- 
tion should be inherently near suicidal since the radial restoring 
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force becomes negative near the point where the whirl excit- 
ing force changes to a damping force. 

However, there have been reports of rotors having been run 
vertically in plain journal bearings so that some feature not in- 
cluded in this investigation must have modified the stability of 
This saving feature may result from the establish- 
ment of some more complex mode of motion than the steady 
circular orbit assumed here. 


the system. 


Conclusions 


The Reynolds equation, set up for a compressible fluid under 
isothermal conditions, provides a good prediction of the fluid 
pressure distribution in a finite journal bearing 

The equation may be solved by numerical methods employing 
desk calculations or digital computing. 

Results from experimental work alone can be misleading; small 
unexpected variations in running conditions can cause significant 
variations in results even for bearings of simple geometry such as 
the plain cylindrical journal type. Previous theoretical investiga- 
tions arouse suspicions and increase alertness in seeking defects 
in subsequent experimental work. 

Design data derived from a theoretical investigation should be 
more reliable and more consistent than those derived entirely 
from experimental results, provided that the theory includes the 
necessary physical factors proved by a smaller amount of good 
experimental work. 
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Depression 
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in Externally Pressurized 


Gas-Lubricated Circular Thrust Bearings 


A theoretical explanation of the experimentally observed depression of the pressure 
profile in externally pressurized gas-lubricated circular thrust bearings is presented, 
based on a concept new to gas lubrication, that of the generation of a shock wave in the 


bearing 
bearing 
several 


between 


bearing 


Introduction 


\. ORDER to gain an ack quate understanding of the 


load capacity and flow characteristics of externally pressurized 
gas-lubricated bearings, it is necessary to study the pressure dis- 


tribution in the clearance region. Many previous investigations 


of pressure distribution have been periorme d, by the author and 


others, for various bearing configurations. In general, the familiar 


equations of viscous compressible flow have shown adequate 


agreement with experimental results However, under some 


operating conditions, notably high supply pressures and large 


clearances, i pressure cle pression etiect has been observed father 
than continually decreasing with distance from the inlet hole, the 
pressure drops rapidly following the inlet, then rises again, and 
finally falls away to atmospheric pressure at the bearing periph- 
The occurrence of this depression in the pressure profile is 


reduces the load capacity and makes the 


ery. 
undesirable, since it 
bearing insufficient in the use of the high-pressure gas supply 

The pressure depression can be observed in the experimental re- 
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clearance space 
pressure distribution and load capacity are determined, and the effects of 
parameters 
the analytical results and available experimental data. 


On the basis of an approximate mathematical model, the 


are discussed. Good qualitative agreement is found 


sults of Kawasaki [1], and of Ohno and Taniguchi [2], for circu- 
lar thrust bearings, although it was not observed in the spherical 
thrust bearings of Kawasaki, nor in the pre ssurized journal bear- 
More recently, the same phenomenon 
Fuller, et al. [5}, 


measurements of the pressure profiles have been made by Gross 


ings of the author [3, 4 
has been observed in circular bearings by and 
and Tang |6) for the circular bearing 

The author previously attempted to explain this depression by 
but 
the theoretical results showed a continual 
Thereafter, 


including inertia terms in the equations of viscous flow [7], 


Ww ithout success, sinc 


decre ase of pressure, @s 1n the purely viscous Case 
the author felt that the pressure depression was due to the flow 
with the rising portion 


It had 


and in- 


becoming supersonic beyond the inlet hole, 
of the curve being a result of transition to subsonic flow 

previously been observed by Sasaki and the author [8, 3], 
ce pendently by Ohno and Taniguchi [2], that a choked condition 
was reached at the entrance to the clearance space as the supply 
pressure was increased, but since they did not envision supersonic 
flow beyond the inlet hole, they lacked an explanation for the 
pressure depression. However, supersonic flow is reasonable with 
a sonic inlet velocity, due to the radially diverging streamlines and 
increasing flow area, analogous to supersonic flow in the diverging 
with sonic throat ve- 


section of a conve rging-diverging nozzle 


locity 


3 Numbers in brackets designate References at en 





Nomenclature 


velocity of sound 


constants ol integration 


specific heat at constant pres- 
sure 

function of r, p in supersonic 
region 

first approximation to F 

second approximation to F 

friction factor density 

function of r in supersonic re- 
gion 

bearing clearance height 

ratio of specific heats 

Mach number Subscripts 


polytropie exponent 0 
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pressure, 
gas constant 

outer-bearing radius 
cylindric 


velocity components 
external bearing load 
absolute 


wall shear stress 

Py P,, pressure ratio 

p,/p*, pressure 
* 

P,/p”, pressure 


bearing inlet hole 


absolute supersonic region 


subsonic region 
shock 


immediately upstream of 


al co-ordinates 


wave 


absolute temperature 


immediately downstre 
shock wave 

viscosity shock-wave position 
ambient 

supply 

average 

ratio 


ratio Subscripts 


° critical condition, M* 
approximate value 


201 


JUNE 1961 





The flow in the clearance region under such conditions may be 
seen to be extremely complex, with radially thickening boundary 
layers interacting with the supersonic flow to finally produce en- 
tirely subsonic flow, the transition being accompanied by genera- 
tion of a series of shock waves, which may contain both normal 
and oblique components. Further, the individual shock waves 
may cause boundary-layer separation, resulting in highly chaotic 
conditions during transition, which would be presently im- 
possible to analyze theoretically. 

Due to the complexity of the problem, a number of simplifying 
assumptions must be introduced in order to perform the theoreti- 
cal analysis. Since this paper represents an initial attack on the 
problem, the objective will be to gain a qualitative understanding 
of the basic phenomenon and of the primary factors involved. 
These results should be of value in minimizing the pressure de- 
pression and the associated undesirable effects; the problem of 
added quantitative precision will be left for the future. 


Assumptions 


In order to make the analysis possible, the physical problem will 
be simplified by the following assumptions: 


1 The bearing is a circular thrust bearing, with a constant 
film thickness and without a recess, as shown in Fig. 1. The bear- 


a 


a ~ 


REGION IL 
P SUBSONIC 


fovocn 6 CT" 
WAVE \ ~ _ 


/ REGION I 
SUPERSONIC 


/ 

/ / 
/ 
i 


s 





p 


CRITICAL 
CONDITION 


Fig. 1 Schematic diagram of circular thrust bearing 
ing is fed by a central supply hole which offers no restriction to 
the flow, from a constant pressure supply. 

2 The clearance region consists of two parts, region I with 
supersonic velocities, and region II with subsonic velocities. 
These regions are separated by a single concentrated normal shock 
wave. 

3 The gas enters region I with sonic velocity and critical pres- 
sure relative to the supply pressure. 

4 The flow in region I is one-dimensional adiabatic flow of a 
perfect gas, with constant fluid properties across the clearance 
space. The viscous drag exerted by the fixed surfaces is charac- 
terized by a friction factor f which is a constant. 

5 The flow in region II is purely viscous, polytropic flow of a 
pertect gas. 


Some additional assumption; and approximations will be made 
in the body of the paper; these will be stated as they are intro- 
duced. In particular, several unwieldy functions are replaced by 
approximate polynomial equations; the 
curred is less than five per cent. 


maximum error in- 


Pressure Distribution 
Using the foregoing assumptions, the pressure distributions 


will be determined in the two regions, and then these dis- 
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tributions will be connected by use of the relationships existing 
across the normal shock wave. 

(a) Region |. In this region, viscosity is assumed to have a 
negligible effect on the velocity distribution, in that the velocity 
is assumed constant across the clearance. However, the shear 
stress exerted on the stream by the walls is considered in the 
momentum equation, 


du 
Oe 


The shear stress 7,, can be expressed as 


pu? . 
ee 


where f is the friction factor for flow in ducts [9]. 
Substituting equation (2) into equation (1), 


e ¢ 


= a 


p dr dr 2h 


1 dp du | f 


in which f is assumed to be a constant. 
The continuity equation reduces to 


d(rpu) 
dr 
For a perfect gas, 
pp = RT 


The energy equation for adiabatic flow in this case is 


2 
c.aT +d (: ) a 
} 9 


In these equations, the boundary conditions to b« 
the entry are 


applied at 


0.528p, 


kp* '/3 
u=a* = : ) 
p 


Combining equations (5) and (6), and using conditions (7 


with the additional relation for a perfect gas 


c k 


~ 
yi v k —- 


the following equation is obtained: 
p k+1 
p 2 

From equations (4) and (7 


1 ‘ 
u ( = ) V kp*p* 
r p 


Substituting equation (9) into equation (8), 


oe) GY G) 


ty + (8 ~ »( 


F(r, p) as 


ae ro \? (p*\? 
F= 1 + (k? — 1) ) ) 
r Pp 
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Defining F = 








the following relations can be obtained by combination of equa- 
tions (10) and (11): 


(12) 


f (F + 1k — 1) f ro (13) 
p* Vir —1\k+1)\r 

Substituting u, p, and p from equations (9), (12), and (13) into 
equation (3), we obtain the following first-order nonlinear dif- 


ferential equation in F and r/ro: 
F—k dF r fro k ’ 
; : —-- —}(F — 1 
(k — 1)(F? — 1) ] d(r/ro) r 2h k-—1 
(14) 


It can be seen that the solution of equation (14), giving the 
variation of F with r/ro together with equation (12), will determine 
the pressure distribution in region I. 
equation (14 


The exact solution of 
is not known; however, a first approximation F, 
can be obtained easily from the frictionless case with f equal to 
zero, since equation (14) becomes 


Fi, -—k dF, ro . 
: = (15 
(k — 1) F\? — 1 d(r/ro) r 


which is separable. Integrating equation (15), 


k when » ro from equation (11), 
(< 2(k—1 (2 m (oS 2k 
7 F;? _- l k — | 
By combining equation (16) with equation (11), there results 
ro \? (; + 1 (? ak ( 2 
r ~ A\k=1 p* k— 


which determines the pressure profile for the case of frictionless 
adiabatic (isentropic) flow. 


and using the 
condition F 


(16) 


A second-order solution /2, in which the friction factor f is 


considered, can be obtained by modifying equation (14) as 


follows: 
F, —k 
(k — 1)(F:? — 1) 


in which F; is given by equation (16 However, due to the 


configuration of equation (16), the 
approximate equation, obtained by 
used for F; in equation (18): 


r ‘ r I/3 
1 — 3.22 -1) + 7.16 a ab 
, 
- @ 100 ( _ i) (19) 
To 


into equation | 18 


l (72 - ‘y" (; — ] y 
In 
Ak — 1 (2 — | FP, — 1 


complicated following 


numerical calculation, is 


FP, - 1 
k-1 


Substituting equation (19 and integrating, 
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where 


ar) = (- - 1) — 2.58 ( - 1) 
To r 
(2 8 (< 2 
+ 4.77 - ) — 0.080 — \) 


The procedure used to obtain F; could be repeated, resulting in 
higher order solutions which would better approximate F, but 
with increasing mathematical complexity. Inasmuch as F; has 
been found to have the qualitative properties of more exact 
solutions, F; will be used to investigate the effects of the parame- 
ter fro/h in an approximate manner. The calculated variation of 
F; with r/ro from equation (20), together with equation (12), will 
determine the desired pressure distribution in region I. 

(b) Region it. In the region after the shock wave, the flow is as- 
sumed purely viscous, with negligible inertia effects. The funda- 
mental equations which will be applied are 
dp o8u : 
— = p— (21 
dr dz? 


from the Navier-Stokes’ equation; the continuity equation 


1 O&rpu) Oo pw) 0 _ 
0 Oz 7 
and pp” const (23 


assuming a polytropic change of state. These are the equations 
ordinarily applied to the analysis of gas-lubricated bearings 
without the existence of a shock wave 

By integration of (21), 
parabolic form is determined, 


1 d 
“l= ( PY ae —h (24) 
2u \ dr 


and the mean velocity is given by 


with u = 0 on both surfaces, the familiar 


—h? dp 
12u dr 


Integrating equation (22 


1 2d "s ; ee 
rpu az = |— pu 
’ or 7 WV 


Substituting u from equation (24 and using equation (23), 


n+1 
dp ® Co 
drs 
n+l 
and >” C In ( 6 


Using the following boundary conditions 
r Vey? Pp - Py 


P = Ps 
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dp —n 


dr (n + 1)rp'™ 


The Shock Wave 


In order to connect the pressure distributions in regions I and 
ll, the conditions existing across the shock wave must be intro- 
duced. These relationships are well known for one-dimensional 
voncentrated normal shocks [9]. Defining 

__ Py 
i= 

Pz 


(30) 


the relations between upstream and downstream density and tem- 
perature, for adiabatic conditions with k = 1.40, are 


Substituting u z from equations (25 


d (29 


Irom equation | 


into equation (31 


l2uro. (R\ Vkp*o* 
— In ‘ 
h? f Pp, 


foregoing equation applies for a general polytropic expansion 


LP, 
The 
in region II As a matter of experience, an isothermal change 
has been found to have adequate agreement with experimental 


Assuming n 1, and eliminating p, by use of equations 


* ) ‘- (*) (= 


' , ro\* ( p* \? 
Fe qi #-0(2) (2) 


By using p, = p,p,/p,forn = 1, and equation (10 


hecomes 


, equation (31 


Om + 1 


p* 
If the shock-wave position r,,/ro and the friction factor f are 
issumed, then a value of F, based on the second-order solution F 
‘an be obtained from equation (20). Then, from equation (33h), 
m can be determined. Next m2, and hence — = m/m, can be 
found from equation (34). For a known ambient pressure p,, the 
value of p, can be determined from equation (33a), for any as- 
sumed value of the clearance h. Finally, p,, p*, and p, can be 
established from the known values of p,, £, and 7 plus the ratio 
p*/p, = 0.528. 
In the foregoing procedure, the supply pressure p, is deter- 
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f = 0, the solution is simpler, since F, 


mined from f, r,,/ro, and A; it is, therefore, possible to correlate 
shock-wave position and supply pressure for known f and h, and 
thus obtain values for r,, in terms of p,, f, and h. For the case of 
is based on F; in equation 


(16), which, on combination with equation (17 


(‘ —_ l 
k-1 


In either of these cases, it is necessary to specify 


, yields 


f and hk in order 


to determine the shock-wave position. As in pipe flow, f can only 


be determined by experiment. However, given /, since h specifies 


y determines the 
tributions, which in turn determines the load-carrying capacity, 


the shock-wave position, and 7 pressure dis- 


there exists a relationship between applied load and shock-wave 
position. It is, therefore, desirable to obtain an « pression for the 
bearing load capacity, since this will permit determination of 1 
without knowledge of h 


Load Capacity 


The load capacity can be calculated by integration of the pres- 


sure distributions in regions I and II. However, it is quite dif- 
ficult to integrate the pressure distributions based on the solution 
The 


rep iced bv a 


F,. Therefore, an approximate evaluation using /, is used 
pressure distribution given by equation (17) is first 


polynomial equation, 


Pp 


p 


Then the 


ipproximate load capacity Wy 


In region II, an approximate solution is also 


For con- 
venience, the pressure distribution is assumed to be that of an in- 


compressible fluid, 


Then W, 


', the approximate load capacity of region I], is given by 


Consequently, the approximate load carried b bearing will 


he 


10) 


Since, as was previously described, P, 's8 obtainable for a given 
clearance h when lox 


(37), (39 


is assumed, it is possible to use equations 


, and (40) to obtain a relationship between r,, and W. 


Comparison of Calculated and Experimental Results 


First, the possible pressure distributions in region I will be in- 


vestigated. The pressure p, based on F2, can be obtained from 
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equations (12) and (20), by using a graphical method, for as- 


sumed values of the parameter fro/h. The results of this calcula- 
tion are shown in Fig. 2. Since the limitation of the pressure dis- 
tribution in the supersonic region is given by the point at which 
the Mach number has decreased to unity, the limitation of region 
I can be determined approximately by 


(9), and (10) to J ield 


combining equations (7 


-_ 


the approximation being that the local velocity of sound is taken 
as a* throughout region I. Setting the left side equal to unity, we 


obtain the condition 


equation iI is plotted us the broken line in lig 2 und, 
from equations (11) and (20), it ean be seen that this corresponds 
to the right side of equation (20) becoming zero 


Thus, friction causes an upward tendency in the pressure dis- 
































tribution, resulting in a minimum point which does not exist 
when f is zero, plus a limitation of the extent of the supersonic 
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Fig. 3 Radial position of minimum pressure and limit of region | versus 
the parameter fr./h 
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region. Fig. 3 shows the position of the minimum pressure and 


the limit of region I as a function of the parameter fro/h. Since 


the shock wave must occur at a Mach number greater than unity, 
the shock-wave position must be within the limit lines of Figs. 2 


> 


and 3. 
In order to calculate the shock-wave position and the various 


pressure ratios, a set of equations including equation (34) must 


be solved, which requires that the ratio p*/p* be suitably deter- 


mined. If the gas is delivered by a supply line from a compressor, 


a reasonable assumption is that the gas is at ambient te mperature, 


corresponding to an isothermal compression Flow from the 


supply pressure to the critical condition at the clearance entry 


may be assumed adiabatic, so that we have altogether the rela- 


tionships 


ind 


Combining these, for air with / 1.40 
p* p* 

1.20 h 
p p 

If equations (34) and (42) are combined with equation (35), whic 

contains the ass imption f 0. the result can be written as 
1+ 
mn? + 6mm — 1.29 1.2m * 0 3 


which determines the necessar relationship between ” und Ui] 


By use of equation 17), the relationship between the pressure 


ratios and the shock-wave position ¢ in be determined, for the case 


of f equal to zero. For the case with friction, the calculation in 


volves equations (20 $a), (336), and (34 is previously indi- 
cated The results of these calculations are shown in Fig } 
To obtain a complete pressure distributior ‘ lation (45a 


must be used to determing p In order to compare the theoreti 


cal pressure distribution with experimental data, the bearing di 


mensions of Gross and Tang [6] are used. row one of Tabk 


Table 1 Experimental bearing dimensions 
R r R/1 Reference 
0.3125 nu 
30.0 mm 
1.500 in 


0 O1L561n 20 6 
2.0 mm 15 4 
0.030 in 


ov 2 




















Fig. 4 Relation between pressure ratios and shock-wave position 
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Since known fixed clearances were used in these experiments, the 
load-clearance relationship need not enter into the calculations. 
The variation of the pressures before and after the shock as a 
function ef supply pressure are shown in Figs. 5(a) and 5(b). The 
recovered pressure p, shows good agreement with the experi- 
mental data except at high supply pressures, but the minimum 
pressure p, preceding the shock wave is much lower than the 
measured values. The curves indicate that the effect of the fric- 
tion parameter on these pressures is small. 

Fig. 6 shows the shock-wave position as a function of supply 
pressure, for various values of fro/h. Since the experimental data 
do not show abrupt discontinuities, the radii of minimum and maxi- 
mum pressures are shown, connected by vertical lines. The value 
of 0.03 for fro/h results in good agreement with the experimental 
values, even at high supply pressures, which leads to a value of f 
of the order of 0.005. It should be noted that increasing the 
parameter fro/h reduces the value of r,,/ro, and hence is beneficial 
in reducing the loss of load capacity of the bearing. Also, for 
low supply pressures with p,/p, less than approximately 6, the 
curve of zero f can be used. 

Figs. 7(a), 7(b), 7(c), and 7(d) show a comparison of theoretical 
and experimental pressure profiles, for two clearances and four 
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Fig.5 Pressure following shock wave versus supply pressure, theoretical 
and experimental 
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Fig. 6 Shock-wave position versus supply pressure, theoretical and 
experimental 
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supply pressures, calculated with the value of fro/h = 0.03. The 
qualitative agreement is seen to be reasonably good in view of 
the simplifying assumption of a single shock wave in the theoreti- 
cal calculations; the large discrepancy in minimum pressures 
shown in Fig. 5(b) is seen to be largely due to this assumption. 
The experimental data of Ohno and Taniguchi [2] can also be 
used for comparison with the present theory. The dimensions of 
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Fig. 7 Theoretical and experimental pressure profiles 
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their bearing are shown in the center row of Table 1. Also, the 
dimensions of the bearing used by Fuller [5], for which results 
have not yet become available, are shown in the bottom row of 
Table 1. Although the outer-bearing radii are nearly equal, the 
inlet-hole radii are not, resulting in a large difference in the ratios 
R/ro. 

It is of interest to compare the effect of the ratio R/rp on the 
theoretical bearing performance. Fig. 8 shows the recovered pres- 
sure as a function of supply pressure for the two values of R/ro, 
for various values of the clearance. Since Fig. 5 indicates a small 
effect due to friction, these curves were calculated for the friction- 
less case. Several results can be For decreasing 
clearances, the region over which p, = p, is increased, indicating 
an absence of a shock wave and pressure depression. In this re- 
gion, the bearing can be treated by the familiar viscous-flow 
theory. This region is also larger for the smaller value of R/ro; 


observed. 


i.e., for the larger inlet radius. For large clearances, the recovered 
pressure becomes essentially independent of the supply pressure 
and drops nearly to ambient pressure. 


The theoretical shock-wave position is shown in Fig. 9, as a 
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Fig. 8 Recovered pressure versus supply pressure and clearance 











Fig. 9 Shock-wave position versus supply pressure and clearance 
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function of the same parameters as in Fig. 8, and is also calculated 
for the frictionless case. Since a value of r,,/To of unity indicates 
no shock wave, the effects of small clearance and large inlet-hole 
radius on shock-wave elimination are similar to those shown in 
Fig. 8. 
clearance and high supply pressure for the smaller inlet radius 
in Fig. 8 can be seen to be due to the shock-wave position ap- 
proaching the outer radius of this bearing in Fig. 9, resulting in 
a very short viscous flow path to atmosphere, and hence a low- 
pressure differential. 


The cause of the lower recovered pressure at large 


The effect of the pressure depression on the approximate load 
capacity, for the bearing of reference [2], can be seen in Fig. 10 
When a shock wave is present, the load capacity is appreciably 
reduced and may become negative for sufficiently large clearance 
and supply pressure. Even when the load capacity is not 
negative, the bearing is inefficient at large clearances. Thus, th« 
maximum load which can be supported by this bearing at a 
clearance of 0.002 in. could be supported with approximately one 
half the supply pressure at a clearance of 0.0015 in. 

A comparison of the approximate theoretical load capacity 
with the experimental data of Ohno and Taniguchi [2] is shown in 
Fig. 11. The chain lines indicating the limit of shock-free opera- 
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Fig. 11 Comparison of theoretical and experimental variation of clear- 
ance with supply pressure and load bearing of [2] 
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tion, and the limit of positive load capacity, were taken from Fig. 
10. The lower region indicates the familiar result that load 
capacity is determined by supply pressure alone, independent of 
clearance (for a bearing with no inlet restrictor), but when a 
shock wave is present, the load capacity is nearly independent of 
supply pressure and varies only with clearance. The quantita- 
tive agreement between the two sets of curves is rather poor, since 
the calculated load capacity is too large, and the theoretical limit 
of shock-free operation is higher than that observed experi- 
mentally. However, the qualitative agreement is quite good, 
since the nearly horizontal portions of the curves are not predicted 
by the usual theory, but do arise with consideration of the 
possibility of shock-wave generation. 


Conclusions and Recommendations 


The general conclusion may be made that the degree of quali- 
tative agreement between theoretical and experimental pressure 
profiles, pressure ratios, and load capacity indicates that the basic 
concept of supersonic flow with shock-wave generation is valid, 
with the quantitative discrepancies being due to the simplifica- 
tions made in the construction of the mathematical model. 

The theoretical considerations proceeded in terms of a first and 
second approximate solution, and specific conclusions can be re- 
ferred to the solution from which they arose. Thus, the first ap- 
proximation, with frictionless flow in the supersonic region, pro- 
vides the information that the pressure depression and loss of load 
capacity can be decreased by reduction of supply pressure, clear- 
ince, and the ratio R/r 

The inclusion of wall friction in the supersonic region leads to 
the dimensionless parameter fro/h, which causes a limitation of the 
supersonic region, and provides the conclusion that an increase of 
the parameter will cause a favorable secondary effect toward 
elimination of the pressure depression. Increasing the parameter 
by increasing ro/h is in agreement with the foregoing conclusions 
However, the friction factor f is not an independent variabie, but 
is some unknown function of other bearing parameters and thus 
can only be varied indirectly. 

It would appear that further theoretical refinements should 
deal with the supersonic and transition regions with more pre- 
cision, removing the unrealistic assumptions of constant f and 
an abrupt pressure discontinuity, although such a solution would 
be difficult. It should also be kept in mind that the usual objec- 
tive will be'to avoid the pressure depression entirely, and there 
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fore efforts should be directed toward determining quantitative 
boundaries within which the designer may operate, which are not 
provided by the present analysis. 
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Extension of the Conducting Sheet Analogy 
to Externally Pressurized Gas Bearings 


L. LICHT Incompressible, viscous flow in narrow passages bounded by paraliel surfaces ytelds the 
Senior Research Engineer, two-dimensional Laplace equation, ¥*P 0. The pressure field, load capacity, and 
The Franklin Institute, ont aill i rt . , , ’ oe 
Philadelphia, Pa. lubricant flow of hydrostatic oil bearings can be readily determined by means of the 

e) oP ) oP 
Assoc. Mem. ASME electric analogy of the conducting sheet. The equation P ) 4 P ) 0 

Ox Ox Oy Oo" 








characterizes laminar, isothermal flow of gas lubricants in otherwise veometrically 
identical bearing It is shown that by means of suitable change of the dependent varia 
° ble this equation can be reduced to the Laplacian form. The ensuing advantage is the 
extension of the conducting sheet analogy to externally pressurized thrust and journal 
guide bearings when the lubricant is a gas 
Introduction region of established, laminar flow If, however, the local 
F Reynolds and Mach numbers are small, which in practical ap- 
QquaTIons of Laplace and Poisson occur frequently plications requires a large perimeter of admission and a very thin 
in almost every field of physi il sciences, with the result that the film, the fore-going effects can be neglected j 
descriptions of certain electromagnetic, heat conduction, fluid 
flow, elastic, and many other phenomena become mathematically, Analysis 
identical. Literature contains numerous references dealing with 
application of membrane, electrolytic tank, and conducting sheet In the absence of relative motion of bearing surfaces and as- 
analogies to solutions of engineering problems whenever analvti- suming 
cal methods or tests on actual models are difficult, cumbersome & = constant 
and expensive The reader is referred to an extensive listing of _—_ ieee 
publications dealing with analog techniques, contained in ref- a 
erences |] and [2| of the bibliograp! f 
In what follows a method is outlined which permits the deter- ( ; ) P/P; l’ondy 
mination of pertormance characteristics of externally pressurize | 
gas bearings having uniform clearance width in which the flow is the Reynolds equation of lubrication for a compressible fluid re 
predominantly viscous and isothermal duces to 
The method consists of reduc ing the equation W hich represents ? 
the pressure field of the gas bearing to the Laplacian form. The ) Pp oP ae p? oP P ' 
latter then represents the pressure distribution for a liquid lubri- Ou 7 dy 
cant and can easily be handled by means of a conducting sheet - 
model and electric potential field plotter [3 rhe boundary conditions are: 
The equation which forms the starting point of the analysis P P, at the inlet perimeter 
cannot possibly account for such entrance effects as se paration 9 
contraction of the effective flow area, or shock. It applies to the a P, at the outlet perimeter 
Numbers in brackets designate References at end of paper. If we set 
Contributed by the Lubrication Division of THe American ‘ n+l 
Society oF MecHantcaL ENGINEERS and presented at the ASME- o aP * Lb 3 
ASLE Lubrication Conference, Boston, Mass., October 17-19, 1960 n-+ 1 
- Manuscript received at ASMI Headquarters, February 1 1960 
Paper No. 60—Lub-i and substitute 
Nomenclature 
” P = pressure, abs I = current in bearing model p densit, 
ra) pressure variable (defined in equa- W mass rate ol flow in gas bearing v1 Viscosit \ 
tions (3) and (7 h film thickness ia gas constant 
E = electrical potential z = hydraulic resistance of unit slot + ratio of specific heats 
F = bearing load r = electric resistance, unit square of n = polytropic exponent 
q = mass rate of flow (liquid) in unit conducting sheet 7 temperature, abs 
slot R = electric resistance of bearing model 
2? = current in unit square of conduct- V = ratio of electric pote ntials Su scripts 
ing sheet s = bearing area = “recess’’ and recess boundary 
Q = mass rate of flow (liquid) in bear- o0 = bearing model area = “atmospheric” or “ambient’’ and to 
ing a = size factor the bearing outer perimeter 
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1 Oo oP 1 Oo oP 
LF . = : a ap? —=; (4) 
a oy oy 
in equation (1), the latter reduces to the Laplacian form: 
d*@ a*%@ 
dz? dy? 





= 0 (5) 


It is reasonable to assume that the flow is isothermal (n = 1). If 
we then arbitrarily assign to the constants a and 6 the values 


2 Pr, 
a= ——; b= ohn (6) 
2 
P, +P. P, +P, 
so that 
Pp? PP. 
¢ = 4 i 
fr. +f P, + ra 
the boundary conditions (2) of equation (1) will also apply to 
equation (5), e.g.: 
@ = P, at the inlet perimeter 


® = P, at the outlet perimeter 


The new variable ¢(z, y) can be interpreted as that pressure 
which would be observed at any point (z, y) on the bearing surface 
if the fluid were incompressible, but otherwise having properties 


identical with the gas. 


Load Capacity 


If the fluid is incompressible, the electric potential field E of 
the conducting sheet model is analogous to the pressure field @ 
of the bearing, both being defined by Laplace’s equation. 
tion (5). ] 


[Equa- 


With 
E -~ E — a 
Y = - —— _ $ (see Fig. 1) 9) 
E, — E, 9, — De 
and 
Qo = V(¢, — Do v ?. = V(P, _ P,) sy P, 
Pp? P,P. 
- + — —a (10) 
oe Pe + Fe 


elimination of ¢ in equation (10) gives: 


P - [ (2: oe 
; an é, - _ V 1) 
pW) ] a 


The load F is given by: 
- 1) ds 


.° Pp 
F = P, oa 
: J P, 
8 
Substitution of equation (11) in 


in which s is the bearing area. 
(12) then gives: 


roan ff WLBT 


in which @ is the size factor and o the conducting sheet model 
area. The integration is approximated by the summation over 
the model area. 


rae Se fyia[(E) ara p an oo 
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Fig. 1 Schematic of field plotter 


in wh'ch Ag is an area element of a suitably selected grid 


Mass Flow 


The mass rate of flow of an incompressible fluid through a slot 
of unit width and unit length corresponds to the electric current 
flowing in a square element of a conducting sheet. (See Fig. 1.) 


ph* © © ) P, r= P. P, P. 15 
on - — / _ = - —- = (15 
eet “ee Mt (2) : , 
phi 
c. os E, > 
2 (16) 
. 


The lubricant rate of flow in the bearing can be expressed by 
means of the line integral of the pressure gradient normal to the 
outer bearing perimeter: 


3 
Q = oe § (22) dl 17) 
l2u On /« 
re) 2P » 
()-e(Z), 
on J, P,+P,\on/, 
ee ( 2P,_ (2°) = 
a o P,+P, f on a 


The current flowing in the conducting sheet model is: 


But 


so that 





gg ~ 2. 
8 20) 


I a 
R 


Since the systems are analogous: 
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Fig. 2 


so that 


or 
. ( oP ) Pp? — P2 
f dl = 23 
on a ( R 


The mass flow rate for a geometrically identical gas bearing is: 


htP, 


oP ; 
12uRT f ( on ) . 
Substituting equation (23) in (24), the following expression is ob- 
tained: 
P.\2 
hep? (*) seh 
e 
a, 


W = (24) 


a 


~ 24uRT 





Discussion and Conclusions 


Applications of the electrolytic tank and conducting sheet 
analogies in the field of lubrication have been largely limited to 
incompressible fluids of constant viscosity. Apart from problems 
of accuracy which, among others, depends on such factors as iso- 
tropic resistivity of the medium, spacing of electrodes, and the 
degree of refinement of sensing circuits and probes, one of the 
major obstacles in applying the analogies is the difficulty of carv- 
ing the bottom of the tank or varying the thickness of the con- 
ducting sheet in order to account for film shape and variable prop- 
erties of the lubricant. 

Although the present analysis is limited to films of constant 
thickness, its merit lies in showing a simple method of obtaining 
the same information for certain types of externally pressurized 
bearings, regardless of whether the lubricant is a liquid or a gas. 

The method lends itself to solutions of flat and conical thrust 
bearings. It can also be applied with reasonable degree of ac- 
curacy to cylindrical and spherical shapes, provided the ec- 
centricity ratio and the ratio of the representative pad length to 
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(a) AVERAGE OF TWO RADIAL 
READINGS ALONG GRAIN OF PAPER 


(bo) AVERAGE OF TWO RADIAL 
READINGS ACROSS GRAIN OF PAPER 


Fig. 3 Pressure profile of a circular thrust plate (resistance paper model) 


the journal or sphere radius are small, in which case effects of film 
divergence and curvature can be neglected. 

Fig. 2 shows isobars for a thrust bearing sector of a turbine ro- 
tor. The radial pressure profiles shown correspond to the incom- 
pressible (@) and compressible (P) solutions obtained by means 
of a simple, potentiometer type field plotter from a resistance 
paper model. Experimental points obtained from an actual model 
for a gap width of =0.001 in., using bottled nitrogen (ambient 


temperature 75 F) are also plotted. The position of points 
closest to the entry perimeter shows a slight pressure drop due to 
entrance effects. The experimental data were obtained by Mr. 
M. Eusepi at The Franklin Institute Laboratories. 

Fig. 3 shows the calculated pressure profile for a circular shape 
for which the analytical solution is known. The plotted points 
were obtained from a model cut from commercially available re- 


sistance paper, known to be anisotropic and subject to resistivity 
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variations up to +10 per cent. This example is merely intended 
to indicate the degree of accuracy which can be achieved without 
recourse to specially treated conducting sheets and elaborate field 
plotting apparatus 

Tests on actual models of externally pressurized gas bearings re- 
quire the manufacture of accurately lapped surfaces and pressure 
scanning devices capable of maintaining the film shape and the 


se ol 


correspondingly sensitive displacement meters to main- 
tain and check the alignment. These and the auxiliary equip- 


ments, such as pressure transducers, flow meters and manom- 
ters, make such tests rather expensive 


It is hoped that by extending the region of applicability of the 


‘onducting sheet analogy to externally pressurized gas bearings 
the author will have rendered a service to designers and in- 


vestigators 
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Theory of Lubrication and Failure of 
B. STERNLICHT Rolling Contacts 


P. LEWIS 
Pp FLYNN The fatigue life of rolling-element bearings has been the subject of numer investiga 


, ’ . 
ttons Vost recently the influence of the lub icant on fatigue failure has been given 
General Engineering Laboratory, 


General Electric Company, as , Te 
Schenectady, N. Y. This paper presents the results of an investigation which 


Assoc. Mem. ASME gain a better understanding of fluid behavior in the contact zone and to determine th 


added emphasis 


was undertaken in order to 


influence of the lubricant on rolline contact fatigue life The investigation had three 
di tinct facets 


(a) An analysts was performed on pressure and temperature distribution within the 
; 


contact zone of rolling disks. In the analysis Reynolds, energy, and elasticity equatior 
were solved simultaneously and fluid properties, such a iscosity dependence o1 


temperature and pressure were included 


b) Dynamic stresses in two contacting cylindrical bodies were measured by means 


i “ 


of phe toe lastic tec hnique s The sé measurement were d ed lo test the alidity of the 
analytically predicted stress distribution 

( High pee l ball hearing fatioue lests were ci nducted with lwe spec tally hle nded 
OUS U hich had the same viscosity at the hearin inte t tempberalure hut widely different 
pressure iscosity characteristics The physical characteristics of the oils were the 
j 


; 


ame as those considered in the ani 








T he paper s ummarizes the work and presents a a pothests for the failure mechanism 


Introduction viscous, while in the other two the effect of 


en pressure On VISCOSILY 

T was considered However as loads increased, it became ipparent 

HE function that a fluid plays in thin-film lubrica- that the rolling elements and gears were more successful than the 

tion of rolling-element bearings, gears, and cams has received foregoing theories predicted them to be This was explained by 

very little attention wher compared with the efforts expended in the fact that deformation was neglected in the analysis The 
improving quality, materials, and design. The only real guide to 


stresses predicted by the analysis were often large enough to de- 
the choice of lubricant has been based upon a nominal viscosity form the surfaces | mounts greater than the predicted minimum 
for a given speed and operating temperature range film thickness 
Some investigators |1, 2, 3]' had in the past hypothesized the Some efforts to include surface deformation but considering the 
existence of a hydrodynamic lubricating film, and performed pre- fluid to be isoviscous were undertaken, [4-7 Additional studies 
liminary analyses to define the parameters which govern such a 


which ineluded viscosity and surface variations with pressure 
Y str e tl luid was considered so- . : 
film In the fir eference the fluid v onsidered to be iso were undertaken [8-10]. and these showed much closer correla- 
Numbers i brackets designate Refe ce it end of paper tion with practice 
Contributed by the Research Committee on Lubrication and pre- It is well known that fluid viscosity is dependent on tempera- 
nted at the Winter I | eeting \ or N November , 
ee es N Ar _ Meeting, New York ’ 2a ture as well as pressure rhus heat generated in operation would 
7-December 2, 1960, of Tue American Society oF MECHANICA! 
I. NGINEERS Manuscript r ved at ASME Headquarter Sey bye expected to alter the viscosity of the lubricant and thus in- 
; t iscrTiy CeIVE ( qué ers eD- 


ber 22, 1960. Paper No. 60-—-WA-286 fluence load-carrying capacity A hydrodynamic study in which 





Nomenclature 





ialf width of Hertzian contact zone ) pressure 


} 7 = shear stress 
anecific heat Re radius 1 — py? 
( compressibilit g onSeReEENH ’ TE 
? / temperature o 
! modulus of elasticity t time, thickness, equation (4 \ Lamé’s constant, equation (15 
coeficient of — frietior materia velocity in the x-direction, tangen- , Poisson's ratio 
fringe value, equation((3 tial velocity n angle [yOP(m)| between y-axis 
tor | velocity in the x-direction, tangen center of disk and pressure point 
( elastic shear modulus tial velocity é angle yOH(é between y-axis 
j Fim thickness | velocity in the y-direction, radial center of disk and deformed point 
H dnRasumation velocity a principal normal stress 
estesilnes ‘Undid Ww load, load per unit length - 
it I tangential co-ordinate system Subscripts 
oe / in direction of film thickness 0 inlet 
f coman a pressure coefficient t volume 
Y length of contact zon 8 temperature coefficient l disk one 
number of sections ¥Y coefficient 2 disk two 
fringe order 6 shear rate min minimum 


\ rpn bu Viscosity max maximum 
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the viscosity was considered to be dependent on pressure and 
temperature but in which surface deformation was neglected is 
described in [11]. 

It has only been in recent years that the importance of the role 
of the lubricant has been realized. For example, it has been 
shown that drastic changes in fatigue life result as a function of 
lubricant choice. Both bulk viscosity and the pressure-viscosity 
exponents have been shown to influence fatigue life of rolling 
element bearings [12, 13, 14]. Likewise it has been shown that 
pitting of gears [15, 16] is influenced by lubricant viscosity, tem- 
perature, and quantity of lubricant. 

Another type of failure common in the contact area of gears is 
that due to wear (scoring, scuffing, galling, and abrasion). This 
mode of failure is generally felt to be governed by the maximum 
temperature in the contact zone. Thus present-day scuffing 
formulas are based on flash temperature. As a result of deforma- 
tion of the two surfaces in contact, combined rolling and sliding 
rather than pure rolling results. With sliding, high shear rates 
are present which increase the friction and thus raise the tem- 
perature in the contact area. This has two detrimental effects: 
a) Increased temperature would be expected to reduce the ma- 
terial strength, while (6) increased friction would impose higher 
shear stresses on the material. 

This would indicate that a rigorous elastohydrodynamic analy- 
This was 
done in this study; the results of the analytical and experimental 


sis should include effects of temperature and pressure. 


program are presented, and based on these, a hypothesis of a 
major role of the lubricant on failure is proposed. 


Discussion 

In the previously presented hydrodynamic theories there were 
conflicting results concerning the pressure distribution; especially 
Some show the maxi- 
mum pressure level to be below, others equal to, and still others 


with regard to maximum pressure level. 
above the Hertzian maximum pressure. In rolling elements there 
is a correlation between the maximum shear stress and fatigue 
life. It is, therefore, important to determine the pressure dis- 
tribution under elastohydrodynamic conditions in order to caleu- 
late the maximum shear stress and in turn the fatigue life. 
Longer fatigue life would be expected if the elastohydrodynamic 
condition produces a lower maximum shear stress than did the 
Hertzian condition, and vice versa. Thus by studying the pres- 
sure distribution as influenced by different lubricants it should be 
possible to at least postulate the comparative performance of 
particular lubricants on fatigue life. 

The investigation to be described was conducted in three dis- 
tinct phases: An analysis of a simplified rolling-contact geometry 
two contacting cylinders), experimental contact-stress deter- 
mination using photoelastic techniques on this simplified rolling 
model, and fatigue testing of ball bearings using especially com- 
pounded oils. 


Elastohydrodynamic Analysis 


This part of the analysis was intended to show the influence of 
various parameters on load-carrying capacity of two rolling disks 
6 in. diameter. The procedure is outlined in Appendix 1. In the 
first analysis, the effect of deformation and viscosity variations 
with temperature and pressure were compared for a specific mini- 
mum film thickness, velocity, and lubricant. 
given in Table 1 


These results are 


Table 1 
Surface rigid Surface deformed 
# = constant W = 140 lb/in. W = 450 l|b/in. 
uw = f(p) W = 320 lb/in. W = 12,000 lb/in. 
uw = f(p, T) W = 232 lb/in. W = 9780 lb/in. 


214 / sune 


1961 


The comparisons in Table 1 are based on hmin = 4 X 10~* in., 
U = 500 fpm, po = 5.4 centipoises for a low VI oil whose charac- 
teristics are given in Appendix 2. From this comparison it is 
apparent that the influence of pressure on viscosity and sur- 
face deformation play a major role on the increase of load- 
carrying capacity while temperature tends to decrease the 
load-carrying capacity somewhat. 

Additional calculations similar to those presented in Table 1 
permit the construction of a curve of film thickness as a function 
of load or Hertzian contact pressure. A characteristic repre- 
sentation of this relationship is shown in Fig. 1. The scales in 
this figure are only for purposes of illustration for quantitative 
insight. Reference to Fig. 1 indicates that rolling elements may 
operate in several distinct regions. In Region I the loads are 
light and the effects of deformation and pressure on viscosity can 
be neglected; the hydrodynamic method of calculation is ap- 
plicable. For the same load the minimum film thickness in- 
creases with increasing velocity. The film thickness would be 
proportional to velocity if it were not for temperature changes 
which in turn affect viscosity. In Region II the loads are suf- 
ficiently high so that surface deformation and pressure and tem- 
perature effects on viscosity can no longer be neglected. The 
pressure distribution is similar to the Hertzian contact pressure 


distribution. The elastohydrodynamic method of analysis ap- 
plies. The minimum film thickness is virtually independent of 


load but is primarily dependent upon viscosity and velocity 
This can be shown by a simplified derivation [2 


NIMUM FILM THICKNE 


M 





MAXIMUM NTACT PRE 


Fig. 1 Three regions of rolling element lubrication 


From hydrodynamic slider-bearing analyses it is known that 


* 
hmin « 2b . (1) 
Vw 
On the other hand, from Hertzian analyses it is known that the 
width of contact zone is proportional to 1/W. Hence, 
/ . 
hmin V ul (2a) 


The same observation was made in Reference [9] where it is shown 
that load has a negligible effect on minimum film thickness while 
the greatest influence is exerted by viscosity and velocity as 
shown in 


113 ([uoo Us + Us)}*)9-™ | 
hn n = W) 0.091 \ ; j / Dh 
2b | R, a R, \ 


In a more detailed elastohydrodynamic analysis it can be shown 
that other factors also influence film thickness as indicated by 


h = f(W, U;, Us, L, b, Tis, U, ¢, E, ¥, C, 3 
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Ww here 


M iP, TT 6, (relaxation time 


With the numerical method employed in this paper it was com- 
paratively easy to include the checked off items in equation (2c) 
in the analyses. 

In Region II the minimum film thickness is still sufficiently 
high and the maximum temperature sufficiently low that thin- 
film lubrication can be maintained. A common mode of failure 
characterizing this region is that of spalling type fatigue of rolling- 
element bearings and pitting of gears. This results from the re- 
versals in elastic-stress levels. The pressure and temperature 
coefficients play a very important role in influencing the fatigue 


failure. This conclusion will be more 


evident when Table 2 is 
discussed, 

fegion III is that of boundary lubrication, where the load or 
the temperature is too high to maintain complete fluid film in the 
contact zone. In this region the energy equation including con- 
duction terms plays the major role in analysis, and maximum or 
flash temperature can be considered as the criterion of failure. 
If the analysis assumes adiabatic conditions the calculated maxi- 
mum oil temperature will yield a safe criterion of failure. The 
inclusion of temperature effects on viscosity are very important 
in the analyses of both Regions IT and III of lubrication. In 
the former, temperature influences thermal stress and in turn 
fatigue while in the latter it results in lubricant breakdown and 
boundary operation with attendant scoring, scuffing, and abrasive 
wear (Reference |17 

In the second analysis, still considering the two disks, the per- 
formance of two oils with identical bulk viscosity at the inlet but 
different 
pared under the same load and speed conditions 


pressure and tempt rature characteristics were com- 
These oils had 
the same bulk viscosity at 95 F, with temperature and pressure 
characteristics as indicated in Appendix 2. For the comparison 
of the two oils the inlet oil temperature into the contact zone was 
held at 95 F, load and speed were held constant and their per- 


formance was analy Zé 1 TI e the ret al analy ses were performed 


for the two 6-in-diameter steel disks rolling at 785 fpm (500 rpm) 
Table 2 gives the results 


Table 2 Surface deformed 


Low VI High VI 
P max 120062 psi Pmax an 120132 psi 
u = Sp, 7) hmin = 10X10-*in. hmin = 7 X 10-% in 
Tox = 320] T... = 392 F 


The calculated theoretical pressure distributions of these two 
oils were found to be almost identical with the Hertzian pressure 
distribution. Only at the inlet and outlet was the pressure dis- 
tribution somewhat different with the fluids (see Fig. 2). The 
temperature distribution with the two oils was considerably 
different. The maximum temperature with the high VI oil was 
392 F as compared to 320 F with the low VI oil. 

Based upon the analyses, the following deductions resulted: 


1 Since the peak pressures were so similar for the two fluids 
in rolling contact, any difference in fatigue life resulting from the 
use of the fluids could not be attributed to the compressive stress 
level 


2 The difference in maximum film temperature implies a role 


we 
\ 
HERTZIAN 
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Fig. 2 Pressure distribution 





Fig. 3 Experimental setup 
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as a coolant for the lubricant. It was logical to suspect that dif- 
ferences in fatigue life using these fluids would be largely in- 
fluenced by the magnitude of the thermal gradients which add to 
the over-all magnitude of the shear stress. Thus a thermal stress 


cycling would be superimposed on the compressive stress cycling 


If the foregoing statements are true, the oil with the lower 
maximum film temperature would be expected to give a longer 
fatigue life in rolling contact. In this instance, the low VI oil 
should result in longer rolling contact fatigue life than the high 
VI oil. 

The experimental portion of the investigation was set up in 
order to confirm or refute the foregoing statements. 


Contact Stresses Using Photoelastic Techniques 


This part of the study was undertaken in order to obtain a 
direct comparison of the stress distribution under dry conditions 
rolling 


contact) with the stress distribution under lubricated 


conditions (rolling and sliding contact ) 

Test Procedure. The experimental setup is shown in Fig. 3. The 
thick) and is 
mounted on a shaft which passes through bearings in the fixed 
Che upper disk is the photoelastic model (6 in. diam, 
Dead- 
weight loads were used to vary the normal force acting between 
the disks 


lower disk is made of steel 


(6 in. diam, #/s in 


crossbars 


| 
in. thick 


and is mounted in the lever loading arm. 


lhe steel disk was driven by a constant-speed motor Under 
dry conditions, the photoelastic disk was driven without slip by 
the steel disk. With lubrication (oil applied to the steel disk by 


f a wick, not shown in Fig. 3), there was some slip between 





(a) Ory, tinax = 11 


Fig. 4 Typical stress patterns, normal force = 
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the two disks, and the amount of slip could be changed by means 
of the variable-speed motor shown at the top of the figure. A 
total of 65 stress patterns were obtained in which normal force 
was varied from 49 to 340 lb and speed from 205 to 493 rpm 
operating under dry and lubricated conditions 

Results and Conclusions. Fig. 4 shows a typical set of stress pat- 
terns which were obtained under both dry and lubricated condi- 
tions. The fringes in these stress patterns are loci of constant 
principal shear ¢ in the plane of the disk. 
law (Reference [18 


From the stress-optic 


) the maximum shear stress is given by 


In Fig. 4, the maximum fringe order nyax, and hence the maximum 


shear stress Tmax, occurs in the interior of the disk just above the 
surface of contact (/ 113 psi/fringe/in. and ¢ ;in.). For 


this example, the maximum fringe order obtained under dry 


conditions is given in Fig. 4(a), whereas, the maximum fringe 
order under lubricated conditions is given in Fig. 4(/ Most of 
With the photographic 
difference vhich can be 

When work- 


differences of 2.5 per cent can be 


the stress patterns repeated very well. 
here, the 
measured is approximately one quarter of a fring: 


techniques ised smallest 


ing at a level of ten fringes, 


measured. There were a number of tests in which the maximum 


fringe orders under dry and lubricated conditions were the same 
which would indicate that the stress pattern was identical within 
2.5 per cent. No difference was noted betweer results ob 
tained with the two oils described in Appendix 2 This was to be 


< xpected based on the comparison of dry and lubric | patterns 





(b) Lubricated, my... = 11+ 


115 Ib, rpm = 493 
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When Fig. 4(b) is compared with Fig. 4(a), it is seen that the 
stress pattern obtained under lubricated conditions is somewhat 
unsymmetrical or “tipped.’’ This tipping of the stress pattern 
and some slippage of the undriven disk was observed throughout 
the lubricated tests. It appears, therefore, that under lubricated 
conditions rolling and sliding exist in the contact zone, the tan- 
gential force developed by sliding produces some tipping of the 
stress pattern with a slight increase in the maximum shear stress 
This 
observation is in agreement with the results of the theoretical 
study reported in Reference [19] 


(about 2'/, per cent for the range of parameters tested). 


In a series of experiments, the amount of slip was varied to 10 
per cent Avain the stress patterns were quite similar, although 
there was some tendency to increase the tipping of the pattern 
For all practical purposes it may be concluded that the dry and 
lubricated pressure patterns are the same, and are not affected 
appreciably by load or speed. Small amounts of slippage were 
not significant in changing the shear stress under lubricated 


conditions. These results are ir 


agreement with the analysis 


Rolling-Element Fatigue Tests 


This experimental portion of the program was conducted to 
rank the two lubricants described in Appendix 2 on the basis of 
rolling contact fatigue life, and to determine whether the low VI 
oil would give a longer fatigue life as postulated from the lower 
maximum film temperature predicted by the analysis. Although 
rolling evlinders were analyzed, ball bearings were used in this 
experimental portion to determine the general applicability of the 
hypotheses 

High-Speed Ball-Bearing Tester. 


ball bearings mounted on a shaft 


This equipment consists of three 
The forward two bearings are 
mounted in fixed housings while the end bearing is in a separate 
floating housing. Loading is applied to this overhung bearing by 
means of an air cylinder. The means of a flat 
belt from the drive motor to a crowned pulley machined integral 


with the shaft 


unit is driven by 


A schematic drawing of this machine is shown in 
Fig. 5. 

Ball-Bearing Fatigue Tests. Two lubricants blended such 
63 ep) at 95 F. The oils 
ind temperature-viscosity coefficients 
ind were designated high VI and low VI 


were 


were 
that their bulk viscosities were the same 
were of different pressure 
The bearings used 
a basic 202 size (15 mm) of ABEC 3 precision, and to the 


best of our knowledge came from the same material lot The 


test conditions were as follows: 


Load: 426.6 lb radial 
Speed: 50,000 rpm 

Oil flow: 8 oz per min 
Oil in: 95 F 


In order to avoid chemical action by deterioration of the 
lubricant, samples were monitored for changes in neutralization 
number, specific gravity, and union color. The lubricant was 


disearded after 100 hr or upon signs ol change 


Fig. 5 Schematic drawing of ball bearing test machine 
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The test data are tabulated in Table 3 and are shown plotted 
on Weibull paper in Fig 6. It might be mentioned that the lines 
were drawn both by “eye’’ and also fitted by least squares with 
no significant difference in fit. The mean life values differ by a 
factor of 1.9 between these oils, with the low VI oil giving the 
better performance. Because of the relatively small sample size 
the confidence level of the life difference was checked by an 


analysis of significant differences, Reference [20 This analysis 
yields a confidence number which depends upon the number of 
degrees of freedom Weibull slopes, and the life 
The confidence was found to be 91 per cent at the mean 


life level. 


sample size), 
ratio. 
Thus the low VI oil which theoretically guve a lower 
maximum temperature for rollers, also gave longer fatigue life in 
ball 
another investigator (Reference [21 


bearings. This is consistent with the observations of 


found that in the 
petroleum family the low VI oils gave longer fatigue life than high 
VI oils of the same bulk viscosity. 


who 


It is also in line with observa- 
tion in Reference [14], which found a fatigue-life correlation with 
the pressure-viscosity index of the fluids evaluated 

As previously mentioned the theoretical analysis and photo- 
elastic techniques predicted only minor differences in compressive- 
stress levels between the two oils. The analysis, however, pre- 
dicted higher temperatures in the lubricant film for the high VI 
oil because of a thinner film 
effect 
difference in bearing fatigue life 


This suggested that a temperature 
of the 
gain more verifica- 
tion for this hy pothe sis, another series of tests was conducted 


in the form of thermal stress might be the cause 


In order te 


In determining the effect of temperature on fatigue life it is 
important to keep the other temperature-dependent properties 
from changing For « xample, the use of the same oil at two dif- 
ferent temperatures would add as a variable the change in vis- 


cosity between the tests. It 


was decided to conduct these ex 
periments with two oils of the same petroleum type but of dif- 
ferent bulk viscosity. The procedure was then to conduct the 
tests at outer-ring temperatures where the bulk viscosities were 
the same. Although it is recognized that the outer-ring tempera- 
ture will differ considerably the maximum contact 


practical 


from tem- 


perature, it does, however, represent a measurement 


which should correlate with the contact temperature by heat- 
transfer relationships. The viscosity temperature characteristics 
for these two petroleum oils are shown in Fig. 7, and the test 


range is marked on each curve. The data are plotted on Weibull 
paper in Fig. 8 and tabulated in Table 4 Both lines fitted by 


Here 


between the tec hniques arises due to our preference to we igh the 


eve and by least squares are shown in Fig. 8 a difference 


higher per cent failure levels more heavily. In any case, a sig- 


nificant life ratio exists between the two with a confidence number 


above 90 per cent. The outer-race temperature differential be 


tween the series of tests was from 20 to 40 deg F while the mean 


life ratio was in the order of 7 to 9, with the lower temperature 


vielding the longer life. Such a temperature effect was also 
noted in Reference [22 
Visual obs rvations ol the raceways used with oils \ und B nm 


the afore-mentioned tests indicated thin film lubrication as con- 
Although a well defined ball 


there was not the surface damage 


trasted with boundary operation 


path was noted which would 


indicate boundary operation 


The appearance ol a b all path 1s 
be the 


of initial run in or low-velocity operation where hydrodynamic 


characteristic in ball-bearing operation. This may result 


films are not yet generated It is worthy of mention that pre- 


vious bearing work using oil B under the same operating condi- 


tions but higher outer-race temperatures showed severely 


worked and pet ned wear track which may correspond to boundary 
operation. This would correspond to Region III in Fig. 1 
However, the experiments indicated that temperature varia 


tion is €a Major consideration in fatigue life 
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Table 3. Results of fatigue tests on 202 size ball bearings with high VI and low VI oils 
Speed: 50,000 rpm 
Load: 426.6 #Radial 


Low VI oil 


Item 


Decimal 
hr 


.58 


High VI oil 
Item 


to 


open 


“1m 


IsIsjsIco we. 


Ure ON Ne wn 


202 SIZE BEARING 
AFT SUPPORT 426.68 RADIAL 
50,000 RPM —--—-+ 
| ——HIGH VI OIL 5 iTEmsPet Vi OL: 
LOW VI OIL 20 ITEMS 
BRG TEMP =(25-135°F 
L INLET TEMP= 95°F 


10 
BEARING | 


5 
> 


FE HOURS 


Fig. 6 Weibull plot with low and high VI lubricants 


Conclusions 


From the simultaneous solution of the Reynolds, energy, and 
elasticity equations for rolling cylinders, it was found that the 
elastohydrodynamic pressure distribution was almost identical 
to the Hertzian pressure distribution. This finding was further 
confirmed by the photoelastic study on contacting cylinders which 
showed the stresses under dry and lubricated conditions to be 
virtually the same. However, the calculated temperature dis- 
tribution was not the same when two lubricants with the same 
bulk viscosity but different temperature and pressure-viscosity 
coefficients were 


considered. The corresponding temperature 
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Decimal 


Median 
Failure order 
LR. 1 
LR. 2 
[.R. 3 
Susp. 
Bal 4. 0. 
IL.R & ball 5.1: 0. 
Susp. 
Susp. 
Susp. 
Susp. 
Ball 
Susp. 
LR. 
Susp. 
Bal 
LR. 
Susp. 
Susp. 
Susp. 
Susp. 


Median 
rank 

.0341 

0831 


1322 


0 
0 
0 


1841 
2361 


Median 
Failure order 
IR. 1 
LR. 
L.R. 
LR. 
Ball 
Ball 
Susp 
Susp. 
Susp. 
Susp. 


Media 
rank 

0.0452 
0.1101 
0.1751 
0.2401 
0.3051 
0.3700 


2 
3 
4 
5 


Susp. 
Susp. 
Susp. 
Susp. 
Susp. 


TEMPPRATURE DEGREES FAHRENHEIT 


Fig. 7 Viscosity-temperature characteristics of petroleum oils A and B 


gradients produce thermal stresses which must be considered in 
conjunction with the normal pressure distribution in order to de- 
termine maximum shear stress. Based upon these observations 
it is hypothesized that the lubricant which produces lower thermal 
gradients within the contact zone will be the one which will yield 
the longer fatigue life in rolling contact. Using the method of 
analysis presented, it would appear to be possible to rank lubri- 
cants for specific operating conditions on a fatigue-life basis 
The fatigue data on rolling elements confirm this premise. There- 
fore a new criterion for rolling-element fatigue which depends on 
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Table 4 Results of fatigue tests on 202 size ball bearings with petroleum oil A and B 
Speed: 50,000 rpm 
Load: 426.6 #Radial 
Petroleum Oil A 
Decimal Median Median 
Item Hr Min hr Failure order rank 
6 40 6.67 I.R. 0.0670 
14 40 14.67 Ball 7 0.1632 
29 29.17 I.R. 0.2594 
52 i 52.09 Susp. 
55 4 55.75 Ball 4.: 0.3650 
64 : 64.33 Susp. 
64 2° 64.4 Susp. 
Ss 64 4 64.75 Susp. 
9 64 Dé 64.9 Susp. 
10 66 ‘ 66.5 Susp. 
Bearing Temperature Range 95 to 102 deg F 


Petroleum Oil B 

Decimal Median Median 
hr Failure order rank 
2: Ball 0.0561 

Ball . 0.1368 

Ball ; 0.2175 

LR. 0. 2982 


—_ 
— 
3 


Item 


~ a 
“I Oo Go bo 


LR. i 0.3789 
I.R. & Ball 0.4596 
Ball 0.5404 
LR. 0.6211 


Shh COW 


58 


9 : , Ball 0.7018 
10 39 : L.R. 0.7825 


WOO F&F OwWe 


11 65 5 LR 0. 8632 
12 76 2! >: Ball 0.9439 
Searing Temperature Range 120 to 135 deg F 


maximum local contact-zone temperature is proposed. Elasto- 
hydrodynamic analysis in which viscosity is a function of pres 
sure, temperature, shear rate, and compressibility is possible for 
purpose of qualitatively ranking lubricants. Since such an 
analysis yields lubricant temperature it may also be very useful 
for qualitative ranking of flash temperature or lubricant break- 
down which influences scoring and scuffing 

It is recognized that other factors such as chemical stability, 
surface chemistry, corrosive action nonhomogeneity of materials, 
surface finish, and so on, also have a major influence on fatigue 
life. In a number of cases these factors may be the governing 
ones However, this investigation verifies the existence of an 
elastohydrodynamic film and establishes a very important func- 
tion for the lubricant in rolling elements. It also provides an 


, analytical method for ranking of lubricants 
BEARING LIFE HOUR 


: ‘ 1 Three distinct regions of lubrication are possible with rolling 
Fig. oma ae oF tent senate —s pete om Aass elements: Hydrody namic, ¢ lastohydrody namic, and boundary, 
Fig. 1. 

2 In the elastohydrodynamic region, the pressure distribu- 
tion is very similar to that obtained by Hertzian theory. The 
magnitude of the maximum pressure analyzed by the elasto- 
hydrodynamic and the Hertzian theories are almost identical. 
3 Under heavy load (>2000 psi) the deformation and pres- 

sure and temperature effects on viscosity must be included in 
analysis. 
4 The lubricant which will produce lower maximum tempera- 
ture is expected to give longer fatigue life 
5 Since cooling plays such a very important role, the oil inlet 
temperature should be as low as practical, and provisions should 
be made to keep the rolling element cool. A major function of 
the lubricant may be considered to be that of a coolant 
6 Fatigue life appears to be inversely proportional to viscosity 
index with petroleum lubricants. Since the low VI oils tend to 
TEMPERATURE. DEGREES FAHRENHEIT P have a higher pressure viscosity coefficient than the high VI 
Fig. 9 Viscosity-temperature pressure characteristics of low and high VI oils, low VI oils produce a higher minimum film thickness and 
oils lower temperature for the same load and speed condition 
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Recommendations for Future Work 

1 Obtain additional physical properties of lubricants; e.g., 
effect of shear on viscosity at high ambient pressures, relaxation 
time, and so on. 
2 Derive equations which describe the phy sical properties of 
lubricants (these equations should employ as few constants as 
possible 

} Perform similar analyses on ball-bearing configurations as 
the ones presented in this paper for contacting cylinders. 

t Extend the analysis to include other lubricants, speeds, 
oads, and geometries 

5 Determine the effect of inlet temperature on maximum 
temperature within the contact zone. 

6 Include heat conduction and radiation in the analysis 


7 Determine the effect of squeeze-film velocity, fluid shear, 


relaxation time, and compressibility? on elastohydrodynamic 
iubrication 
8 Establish the stress generated by the thermal gradients in 


the contact zone. (Fig. 10 shows schematically the temperature 
listribution within the contact zone depending upon the specific 


issumptions made in the analysis 


THERMA 
- > - 

4 ABL 
aes ADIABAT MPRE N NEGLECTE 
- b 

ADIABATIC 

a AD! ABAT IMPRESSION INCL € 
HEAT CONDUCTION NEGLECTE 
Tig 
- . o 
ADIABATIC 
ADIABAT IMPRESSION INCLUDE 
HEAT CONDUCTION INCLUDEL 
* fll 
T x 
- > - 


Fig. 10 Schematic of temperature distribution within contact zone 


% Establish quantitative data on fatigue as a function of load, 
speed, and temperature. 

10 Obtain closer correlation between theory and experiment 
especially with regard to minimum film thickness. 
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APPENDIX 1 


From the Navier-Stokes equation neglecting inertia, side leak- 


age, and temperature variation across the film we have: 


dp du 
Me, 
lz dy? 
Equation (4) was solved for pressure distribution of rolling ele- 
ment [1] where isoviscous lubricant and rigid surfaces were as- 
sumed giving 





: V 2Rhmin f a sin 2a 1 
p 6u(U, + Ue) ' 4 . 
h*,.. n ' 2 { } 
_| da OW sin 2a sin 4a 1) 7 
“KIS 16 1 32 |f °° 


where 


ee hain 4 | 
2h», n 
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xz Equation (12) can be reduced to a difference equation and solved 
tana = —| : 
V/2Rhimin numerically a . 
For the boundary condition it was assumed that the oil tem- 
and K is a constant depending upon the boundary condition. perature along the inlet edge is equal to T) and that a positive 
Choosing K so as to maximize the load carried it was found [1] Slope exists. 





W 2.448u(U,; + U2)R 3 Viscosity Relationship 
= (6) 
huis ’ 8 YP 
pe pater? (14) 
and 
Ur + Uy) bag The following procedure was followed in the solution of pressure 
Pmax = 0.76 oon ene V 2Rhmis (7) and temperature distribution. 
2 
‘min . es ° ° 
1 The contact region was divided into m sections each Az 
: ; Pee - long. 
Assuming next that the viscosity is a function of pressure and 2 Values of To, (U, Rha, hui Cu» po, &, B, and ¥ were 
that it may be expressed as u = svce*? Equation (4) can be re- 
written se selected. 
3 The film thickness was calculated at the beginning, middle, 
dp du and end of each section. [For rigid surface the following relation 
Fs e~ oP = pio dy? (8) was used: (2R — h + hmio\(h — hmin) = 2%] 


4 In the first iteration zero pressure was assumed in the field 
and viscosity was calculated from Equation (14). 


which yields . istributi 2 ‘ing ion: a9 ; é “ P 
yields for the pressure distribution the following relation: 5 Using results obtained in steps 3 and 4, Equation (11) was 





1— — _ 6pol U; + U;) /2 —— solved for pressure in the middle of every section. 
a ati ~~ 2Rhmie 6 Using results from step 5, Equation (13) was solved for new 
temperature field. 
J a sin 2a clea: yell K [%2 _ on A sin 2a 4 sin se] t 7 New viscosity was now calculated using Equation (14). 
{2 - 4 4 \ 16 4 39 ( 8 New pressures were then calculated. 
(9) 9 This process was repeated until the pressures and tempera- 


tures converged within a prescribed limit of error. 





these results indicate that pmax Will be infinite when 0.76apo(U; The next step in complexity is to include surface deformation 

+ U2)/hmin* V 2Rhmin reaches unity. The total load is still finite under the load. For this condition the Reynolds, energy, and 

under this condition. We know, however, that infinite pressure elasticity equations have to be solved simultaneously. The de- 

cannot be maintained and that surface deformation will result. formation [24] may be expressed as 
If we further assume that viscosity is a function of pressure and 

temperature, then both Reynolds and energy equations have to H(.) = (k + DR i Sin tan l 

be solved simultaneously [23] and an expression of viscosity as a \ o | 

function of both pressure and temperature must be employed 

[11]. We, therefore, get the three equations: 


\(n + £)| 


1 | 
+ In tan = |(n — £)| + 2 cosy cos £ 
1 R i , 
eynolds Equation Ss sin (9 + £) ) sai io 
0 /h'o dh *? I te — 2 — 
(* BY) = 6s + U) (10) ands) lin f 
Or \ uw Oz dr 
For a known pressure distribution equation (15) can be solved 
Equation (10) may be reduced to a difference equation and numerically to yield deformation at every point. 
solved numerically The procedure followed in calculations of pressure, temperature, 
h* h?| 
Pi +1 + py — 1 — OCU, + U2) Ax(hj41/2 — hj-1/2) 
DP; = - ee —— (11) 


hi hs) 





= 
Mlj+1/2 9M lj-1/2 


For the boundary condition it is assumed that the pressureon the and deformation was quite similar to the one outlined earlier 


trailing edge reaches the value zero with zero slope. (steps 1 to 9) except that iteration procedure had to be used to 


2 nergy Cquation determine film thickness. A brief outline of the procedure fol- 

‘ lows: 
2 ce ° h® Op| oT a . . ne ‘ . 
pc,| (U; + Us) - — — - = -(U; — U,)* 1 The contact region was divided into m sections each Az 
2 12y Or} Oz h 

long. 

hs (22)" (12) 2 Values of T¢ (U, R, k, Aji2, Amin, C., Mo, &, 8, and y were 

l2u \dzr ” selected. 
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3 The film thickness was calculated at the beginning, middle, 
and end of each section assuming that the surfaces were rigid. 

4 The viscosity was calculated from Equation (14) assuming 
p; = 0. 

5 Using results obtained in steps 3 and 4, Equation (11) was 
solved for pressure in the middle of every section. 

6 Using results from step 5, Equation (13) was solved for new 
temperature field. 

7 New viscosity was now calculated using Equation (14). 

8 With the pressures obtained in step 5, deformation was 
calculated using Equation (15). 

9 New film thickness was calculated by Equation (16). 


x? 


2R 


ho = hmin + — H(&é) (16) 


10 New pressures were then recalculated using viscosity from 
step 7 and film thickness from step 9. 

11 This process was repeated until the pressures, tempera- 
tures, and deformations converged within a prescribed limit of 
error 

In this analysis the maximum prescribed error was specified to 
be less than 0.1 per cent. The 


k k-1 


Ms: 


ee 


1 

m 

2 | Pi 
ate 


After some study of the effect of mesh size on error and time for 
convergence we set m = 


~ 


— < 0.001 (7 


50 for these calculations and it took 
approximately forty-five iterations k ~ 45 before convergence to 
the prescribed error occurred. Inspection of pressure distribution 
at the k and k — 1 iteration showed maximum pressure variation 
at any point to be less than 2 per cent 

Using the foregoing equations and the low VI oil characteristics 
given in Appendix 2, Table 1 was calculated. Likewise, using 
the elastohydrodynamic analysis outlined in steps 1 to 11 com- 
parison or performance with the low and high VI oils was made 
and is given in Table 2. The characteristics of the low and 
high VI oils are given in Appendix 2. In the numerical analysis 
a table of “look up’’ obtained from Fig. 9 was used for the viscosity 
calculations rather than Equation (14 
to obtain higher accuracy 


This was done in order 


APPENDIX 2 
Properties of the Blended Oils 


Pressure High VI Low VI 
psig Viscosity in Centipoises 
Temp. — 100° F 210° F 100° F 210° F 
0 57.1 6.83 56 5.4 
2000 83 9 84 7 
4000 110 ll 120 9 
6000 150 14 174 11 
S000 200 17 252 14 
10,000 257 21 370 18 
20,000 970 51 2520 57 
40,000 11,100 250 1.1 «Kk 10°) 6570 
60,000 13K 105 = =1060 4x 10° 5400 
80,000 15x 10* 4110 1.6 * 10° 43,000 
100,000 17x10’ 15,400 67x 10° 3.2 x 105 
VI 102 15 


Density at 76°F 0.85 gm/cem* 0.90 gm/cm?* 

Acknowledgment. These oils were blended and supplied for this 
program with the foregoing data by Mr. H. A. Hartung of the 
Atlantic Refining Company. 
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DISCUSSION 
H. Poritsky® 


This paper considers (for the first time so far as I know) rolling 
contact between cylinders, including effect of change of viscosity 
with both pressure and temperature, as well as the effect of deforma- 
tion contact surfaces. It is, therefore, in my opinion, a more 
complete treatment than has been hitherto available. Calcula- 
tions of this kind will eventually enable engineers to choose a 
lubricant most suitable for any design of gears, cylindrical 
rollers, or cams, purely from the physical characteristics of the 
lubricant and the load, speed, and other features of the mechani- 
cal design. 

The effect of temperature is calculated on the assumption that 
all the heat developed is taken up by the oil film. An estimate 
should be made of the effect of heat conductivity, since it is cer- 
tainly true that the contacting surfaces absorb heat, and in the 
process of heating up will keep the film temperature down. 

If possible, a comparison should be made between the rate of 
heat flow into the lubricant and the power losses in the lubricant 
in a gear set, as obtained, for instance, by D. W. Dudley of the 
General Electric Company. 

The finite difference equation which replaces Equation (10), 
namely, Equations (12, 13), is solved, along with the integral re- 
lation (15), by a successive approximation process, outlined in 
steps (1-11) on pages 221, 222. It would be of interest to describe 
the calculation in more detail, stating how many points on the 
contact strip are used, how many repetitions were necessary to 
secure convergence, how accurate the final value may be, etc. 

I take particular exception to the use of Equation (15) for the 
calculation of the deformation of the surface due to a given pres- 
sure distribution. No mention is made of what the relation be- 
tween £ and z is, nor is any calculation of the displacement beyond 
the pressure area given. Equation (15) must be based on con- 
formal mapping of the half plane on a semi-infinite strip, with 
the pressure interval going into the edge of the strip. A method 
which lends itself to greater accuracy is described in Poritsky, 
reference [8], in which the displacement due to the Hertz effect 
is obtained analytically (both inside and outside the Hertz area) 
and the added deformations due to the “‘tails’’ of the pressure 
distribution are computed by a numerical method which is much 
simpler than the one used by the authors. Finally, I am surprised 
that no linear term A + Bz has been added to the film thickness 
corresponding to a small relative rotation of the contacting mem- 
bers, since a rigid displacement may also be added to any solu- 
tion of an elastic problem. 

Incidentally, the same paper (Poritsky, reference [8]) gives a 
proof of the Hertzian nature of the load distribution which can 
be easily carried over to the case where both the pressure and tem- 
perature vary. This proof is based on the fact that the function 


Pp = ft 
Lu 


reaches a nearly constant value for the high-pressure areas; this 
integral remains nearly constant even when the viscosity varies 
both with temperature and pressure, just so long as the viscosits 
is large. One thus does not have to depend upon the complicated 
numerical integrations of the equations mentioned to reach the 
conclusion that the pressure distribution is nearly Hertzian over 
the major part of the contact area. 

The curves of Fig. 4 give photoelastic constant-shear curves for 
both dry and wet lubrication. These curves might be compared 
with the curves computed by H. Poritsky in “Stresses and De- 
flections of Cylindrical Bodies in Contact With Application to Con- 


* Consulting Engineer, General Electric Company, Schenectady, 
N. Y. Mem. ASMF., 
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tact of Gears and of Locomotive Wheels,” Journal of Applied 
Mechanics, vol. 17, 1950, pp. 191-201. Figs. 10 and 12, in which 
are computed curves of constant shear for a Hertzian load ac- 
companied by a shearing load which is proportional to it. 

Finally, since ball-bearing tests are used to confirm the theory, 
it is surprising that the differences between the contact stresses, 
displacements, and fluid flow between balls and races, and rolling 
cylinders is never mentioned. 


R. Rhoads Stephenson‘ 
Part 1 


The theoretical work in this paper is quite remarkable in that 
an energy equation has been solved in conjunction with the 
elastohydrodynamic problem. The energy equation gives an 
approximation to the temperature field in the lubricant film and 
thus allows the effect of viscosity variations with temperature 
to be included. The authors make some assumptions, however, 
which do not appear to be valid in the cases studied. For pur- 
poses of discussion, it will be useful to present a brief derivation 
of the energy equation in the form used in the paper. 

Making the usual assumptions of lubrication theory, the 


energy equation in differential form may be shown to be [25]: 


du \? oT . oT 
Mb = pc.u — kK - 18) 
Oy Or oy* 


thermal conductivity, c 


where K 
volume, p 


specific heat at constant 
= mass density, and the other symbols are the same as 
defined in the paper. The left-hand side of this equation repre- 
sents the heat generated due to viscous dissipation and the terms 
on the right represent the convection of heat along the film and 
the conduction of heat across the film, respectively. 

For the moment I will asswme, as the authors did, that the tem- 
perature is uniform across the film so that the last term in (18) is 
zero. (This assumption implies an adiabatic situation. However, 
assuming adiabatic conditions only requires that the temperature 
gradient is zero at the surfaces and it is possible to have large 
temperature variations across the film. For 
[26].) 


The velocity distribution within the film is given by 


h? d J 2 y 
p (“*) $(2) -(¥) i ea oo 
2u dr ' h h { h 


where U; is the velocity of the upper surface and U, is the velocity 
Note that the first two 
terms correspond to the velocity distribution that would occur in 


an example, see 


of the lower surface in the +2 direction 
Poiseuille flow and the remaining terms represent that which 
would occur in Couette flow. into the 


and integrating across the film 


Substituting equation (19 
simplified form of equation (18 
vields the energy equation: 


he dp \? mv h dp 
eee 
l2u \dzr } I2u \dzr 


(U2 + Uj) dT 
+ da a * 20 
2 dz 


Again the terms on the left represent the heat generated due 
to viscous dissipation. 
Poiseuille flow 


The first term may be associated with 
Under the 
condition of pure rolling studied in the paper, U; = U,, and the 
Couette term vanishes 


and the second with Couette flow. 


* Graduate Student, Department of Mechanical Engineering, Car- 
negie Institute of Technology, Pittsburgh, Pa. 

’ Numbers 25 to 29 in brackets designate 
discussion. 
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Part 2 


The foregoing equation has been based on the assumption that 
there are no temperature variations across the film. It is doubt- 
ful, however, whether this assumption is valid for heavily loaded 
contacts. An approximate analysis has been developed which 
allows the assumption of adiabatic surfaces (and hence uniform 
temperature across the film) to be checked. When applied to the 
physical situation studied in the paper, it is found that a con- 
siderable amount of heat will be conducted across the film and 
that the assumption is not valid. 

The method is as follows: 


(1) We assume that the surfaces are adiabatic, solve the re- 
sulting equations, and find the lubricant temperature at the sur- 
face as a function of z 

(2) We make use of the fact that the adiabatic condition im- 
plies that the surface temperature of the metal must be the same 
of the lubricant. Therefore surface, 
traveling through the contact region, will experience a known 


as that a point on the 
temperature rise. 

(3) The amount of heat required to raise the surface tempera- 
ture at the known rate is determined 

(4) This quantity of heat is compared with the total heat 
generated within the contact region. If it is large compared with 
the total heat generated, then the surfaces cannot possibly be 


adiabatic. If it is small, then the adiabatic assumption is justified 


Step 3 is a difficult problem and an approximate analysis is use- 
ful in determining this quantity of heat. Consider a thin slice of 


material cut from the roller (or gear tooth) as shown in Fig. 11. 





Fig. 11 Co-ordinate system on the roller 


This slice extends to infinity in the 
direction 


+2 directions and in the +y 
this is a new co-ordinate system set up on the slice 
The thickness in the z direction, 2w, is taken very thin, and the 


planes z = +w are assumed to be insulated. As the slice moves 
through the contact region its surface is subjected to a known 
temperature rise. Knowing the surface velocity, the surface tem- 
perature can be specified as a function of time. Therefore the 
temperature in the slice is only a function of y and the time 7 


The differential equation governing this situation is 


09 =§=.11 08 


(21) 
oy? a OT 


where @ is the thermal diffusivity and @ is the difference between 
the actual temperature and the initial temperature. The initial 
temperature is assumed to be uniform. This is reasonable since 
this material has been out of the contact region for the longest 
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possible time and the temperature variations probably have had 
a chance to die out. The boundary conditions are: 


@6=0 at r=0 for y>0 (22a) 
O6=f(r) at y=0 for r>0 (22b) 
6—0 as yoo (22c) 


It is consistent with the adiabatic assumption to consider the 
lubricant and the surface to be at the same temperature before 
entering the contact region. Hence f(0) = 0. 

The differential equation (21) subject to the boundary condi- 
tions (22) can be solved once f(r) is specified. Detailed informa- 
tion on the temperature distribution is not available for the solu- 
tion presented in the paper so a linear variation is assumed, e.g., 
f(r) =ar. For this function the temperature distribution is given 
by 


Oy, rT) =a (+ + r) erfe (; =) -y (=)" e tart 





(23) 
and the heat flux at the surface is 

06 ( T y 

ae «Kk — = 2Ka| — (24) 
e =i =0 wa 
The total heat added during the contact time 7, is 
4K 4 

Qr =r ah (25) 


™ 30a) 


The foregoing solution depends on the assumption that the slices 
are insulated from one another so that there is no heat conduction 
in the z direction. This is a conservative assumption in the sense 
that conduction in the z direction would counteract large surface- 
temperature gradients and would tend to make the surfaces less 
adiabatic (more isothermal). The amount of heat required to 
raise the surface temperature will thus be underestimated. 

This method will now be applied to the case for the high VI oil 
shown in Table 2 of the paper. For steel disks K = 6.95 k 107? 
Btu/ft sec deg F and a = 1.26 X 10~‘* ft?/sec. The temperature 
increase of approximately 300 deg F will be assumed to take place 
over the width of the Hertzian contact region, 2b. Based on the 
maximum pressure of 120,000 psi we find that 2b = 7.35 x 10-3 
feet. The surface speed of 785 ft/min gives a contact time 7» of 
5.65 X 10~‘ seconds. Therefore we find that a = 5.3 x 10° deg 
F/sec and using equation (25) we find that 


Qr = 3.3 Btu/ft® 


For comparison purposes, the total amount of heat generated 
in the lubricant will be calculated. Nearly all of the viscous 
dissipation takes place within the Hertzian region, so it is con- 


sistent to use 
Q’ if #(¢ as 
2b J—p 12pu\ dz 


Since detailed information for the viscosity variation, film 
thickness, and pressure distribution is not presented in the paper, 
Q’ will be estimated by using typical values to evaluate the 
integrand. In the elastohydrodynamic problem, h is nearly 
constant over the contact region and is about 25 per cent greater 
than the minimum film thickness. Hence h will be considered 
to be 10-* inches. The kinematic viscosity will be taken as 100 
centistokes and p = 1.7 slugs/ft*. The pressure gradient will be 
approximated by Pmax/b. Using these values, it is found that 


Q’ = 0.76 Btu/ft? sec 


(24a) 


During the contact time the total amount of heat generated is 
Qr’ = 4.5 X 10~* Btu /ft? (25a) 
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The calculation of Q;’ is admittediy very approximate (es- 
pecially in taking the average of the square of the pressure 
gradient). Perhaps the authors would numerically evaluate 
equation (24a) so as to provide a more accurate result. It is 
hard to believe, however, that the estimate would be off by 4 
orders of magnitude. Hence it may be concluded that there is 
not enough heat available to raise the surface temperature as 
fast as was anticipated. Therefore a large amount of the heat 
generated in the film will be conducted across the film to the 
walls rather than convected along the film. In this case the com- 
plete energy equation (18) should be used. 

On the other hand, if Q;’ was much greater than Q7, it would 
probably be valid to neglect the conduction term in equation 
(18), although it would be wise to check the effect of conduction 
in the z direction in the metal. 

One may ask if the assumption that the slice extends to infinity 
in the y direction is valid. Using equation (23) it can be shown 
that at the end of the contact time the temperature is just be- 
ginning to be felt at a depth of about 0.01 in. Hence all of the 
temperature variations take place in a very thin surface layer. 


Part 3 


It is interesting that a deformation equation for finite cylinders 
was used in the elastohydrodynamic calculations. A develop- 
ment of equation (15) can be found in reference [27]. Equation 
(15) is based upon the assumption that the pressure distribu- 
tion is symmetric about the line 7 = 0. This is true for the 
Hertzian contact problem but it is not true for elastohydrody- 
namic lubrication. This equation implies that the deformations 
are also symmetric about the line 7 = 0, which does not agree 
with previous solutions [28, 29]. 

The method of reference [27] can be used to give a deformation 
equation for any pressure distribution. The combined deforma- 
tion of both surfaces for cylinders of the same material and radius 
is 


cos 


om /s 
H(§) = Keds at | ‘in tan > |n — t+in| 


mE cos - 


—r/2 2 


1, ‘] 
gin-& 
‘Y 
: 


n+ 





+ cos 7 cos et penn (26) 


where the integration is carried out over the entire pressure region. 
It is easily shown that for large values of R, and hence small 
angles of contact, equation (26) reduces to 


2(1 — v?*) 


a@) = TE 


f In (x — s)? P(s)ds + constant (27) 


which is the relation normally used for the deformation of in- 
finite half spaces [29]. 
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Authors’ Closure 


We wish to thank Dr. Poritsky and Mr. Stephenson for their 
prepared discussions. It has been most gratifying to see the 
amount of interest that a number of other investigators have 
recently shown in our studies. We sincerely hope that others 
will attack related aspects of this problem for we feel that valua- 
ble contributions can be made in this virgin field of thin film 
lubrication and its effect on failure of machine elements. : 

Both discussers bring up the point of heat conduction. We 
have clearly stated that heat conduction has been neglected in 
the presented study. In fact our sixth recommendation suggests 
that future investigations should include heat conduction. Our 
eighth recommendation goes further and suggests that thermal 
stresses and thermal deformations caused by thermal gradients 
in the metal be considered in future analysis. 

Our criterion for rolling-element fatigue suggests that thermal 
stresses caused by thermal gradients within the metal play a 
major role on fatigue for different lubricants. We also recom- 
mend the establishment of quantitative data on fatigue as a func- 
tion of load, speed, and temperature. 

It must be recognized, however, that the amount of conduction 
will vary in different applications. In gear applications where 
sliding is considerably higher than in rolling elements the tem- 
perature rise is considerably greater. We have made some esti- 
mates between the heat flow into the lubricant and the power loss 
in a gear set as reported by D. W. Dudley of General Electric and 
found that the comparison is remarkably good. 

Mr. Stephenson introduced tremendous errors in his evalua- 
tion of equation (24a) by making the following two assumptions 


dp Dimax 
— = and 


100 centistokes. 
dx b ; 


“= constant = 


The pressure gradients are considerably higher than p,../b on 
both the leading and trailing edges of the contact zone. as seen 
from Fig. 2. Numerical integration of equation (24a) with only 
six dz increments gives a value of Q’ = 1972 Btu/ft* sec rather 
than the Q’ = 0.76 Btu/ft* sec computed by Mr. Stephenson. 

Recent measurements, performed by Dr. D. R. Whitney of 
General Motorg Research Laboratory, of the average fluid film 
temperature within the contact zone agree well with our calcu- 
lated values. If anything, the experimental results are on the 
high side. (The technique is based on the British work of Dr. 
Crook where the product of RC is calculated from the measure- 
ments of total resistance and capacitance. This procedure 
cancels out the effect of geometry and RC is proportional to tem- 
perature. For an order of magnitude change in RC there is ap- 
proximately 100 deg F change in temperature.) These results 
indicate that the lubricant remains virtually adiabatic and that 
little heat conduction takes place during the short contact time. 
The question of conduction deserves considerably more attention 
along both theoretical and experimental lines. In our present 
program we are concentrating on this problem. 

With reference to the question raised by Dr. Poritsky on nu- 
merical analysis we used approximately 50 mesh points and the 
spacing between them was not always equal. It takes some- 
where between thirty and sixty iterations for the results to con- 
verge. The number of iterations increases with load and speed. 
We set the limit of accuracy to within 0.1 per cent in the total 
pressure variation between successive iterations. We expect 
that more points will be required when heat conduction and 
heavier loads are considered. 
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With reference to the elastic equation the last term of equation 
(15) considers the deformation caused by antisymmetric pres- 
sure. This makes the comment by Mr. Stephenson invalid. 

The comments raised by Dr. Poritsky are discussed next. 


(1) The relation between £ and z as seen from Fig. 12isz = R 
sin &. 
(2) Calculation beyond the pressure area. 


It should be noted that equation (15) results from 
1 


k + 1 Te T% 
adH(é) = +s E a” + In | 
1 
+ —— [(cos 26, — cos 26.) + (cos 26, — cos 24,)] 
4Ar 


2k — 1) , y 1h y k+1 res 
as | —eeamcians pile J | i 
aA cos (7) R { P\(n)ds + { aA D —, 


(cos 20; — cos 20, 
i‘ anemia 


(k+1) 


(cos 26, — cos alt 
- Pin)ds (28) 
(k +1) — 





The first term corresponds to the symmetric case and the last to 
antisymmetric. For Q,(R, &) where & < 7 it is evident from 
Fig. 12 that 





r = 2sin '/x(n — &) 

rr = 2 cos '/(n + &) 

ry = 2sin '/(m + &) 

re = 2 cos '/(n — &) 

2,=r+n+€ 

20, = n—é (29) 
2, ="7-n-€& | 

24 =n+é 

ae = cost 


ds = Rdn } 

Substituting the above relations into equation (28) we obtain 
equation (15). For the case of & > 7 (outside the load P(7) ds) 
we obtain from Fig. 12 the following 
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2 sin '/x & — 7) 


re = 2cos '/AE + m) 
r, = 2sin'/,(—& + n) 
> 30) 
f = 2cos! «AE n) 
| 
} 


—2 cos 7 cos € | 


cos 20, — cos 20, = —2 cos n cos 


cos 20; - oa 20, = 


Substituting these relations into equation (28) we obtain the 
same form exactly as equation (15). Thus this equation is valid 
inside and outside the pressure region. 

3) The derivation of equation (15) is based on a direct ap- 
plication of the Cauchy Integrals to the first fundamental prob- 
lem of elasticity for the case of a circle. Naturally, complex 
representation was employed in formulating this boundary-value 
problem. Other techniques may be used in deriving the above 
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How - 
ever, it is doubtful if a conformal mapping of the half space 
problem with a concentrated load at the free surface to a semi- 
infinite strip will be of any use to this problem. 

(4) We question the basis for the statement, ““A method which 
lends itself to greater accuracy is described in Poritsky’s reference 
[8] . On the 
other hand if numerical method is employed to ease the computa- 
tion it should be no less accurate than the numerical method used 
to compute the deformation due to the “tails” of the pressure 
profile used in Ref. [8]. 

(5) The linear term can be added quite readily to the compu- 
tations of film thickness but thus far we did not find it necessary 
We might add that other investigators which have studied the 
elasto-hydrodynamic problem under isothermal conditions have 
not added it either. 


results, such as conformal mapping, infinite series, etc. 


,”’ since equation (15) can be solved analytically. 


We wish to thank once again the discussers for the interest they 
have shown in studying our paper. 
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Inertia Effects in Hydrostatic Thrust Bearings 


This paper includes the predominant inertia terms in an analysis of hydrostatic thrust 
bearings. The influence of centripetal accelerations on the distribution of pressure is 
found to be considerable. For parallel surface bearings of constant film thickness the 
inertia effects are found to be detrimental to load capacity. Ina stepped bearing how- 
ever correct location of the step can result in an increased load capacity at speed. No 
increase in load capacity can result from inertia effects if the step radius is less than 
0.4508 of the bearing radius. A consequence of the inclusion of inertia terms in the 
analysis is the existence of a velocity component in the axial direction. Even in the 
parallel surface tearing considered a fluid element is found to move toward the rotating 
surface as tt spirals through the clearance space. 


D. DOWSON 


Lecturer in Mechanical Engineering, 
The University of Leeds, Leeds, 
England. Assoc. Mem. ASME 


Introduction 


0... of the customary assumptions made in the 
theory of lubrication is that the influence of inertia terms in 
the equations of motion is negligible compared with the effect 
of the viscous terms. This assumption is clearly valid if the ap- 
propriate Reynolds number Re <1. Brand [1]! carried out an 
order-of-magnitude analysis of two of the equations of motion 
involved in thrust bearings and he concluded that the Reynolds 
number condition could be written in the form pQh?/n = 1. 

An investigation of the relative importance of pressures pro- 
duced by centrifugal inertia effects and normal hydrodynamic 
action in tapered thrust pads was carried out by Kingsbury [2] 
on his electrolytic tank. For the bearing geometry considered 
Kingsbury found that the ratio of the two pressures was about 
1/800 at a rotational speed of 1000 rpm. 

In recent years the question of inertia effects has again been 
Most of 
the work has been concerned with journal bearings employing 
liquid and gaseous lubricants 


raised owing to the increase in bearing operating speeds. 


By averaging the inertia terms 
across the oil film Osterle, Chou. and Saibel [3] were able to cal- 
culate the modified pressures in journal bearings. They found 
that even at the limiting condition for stable laminar flow inertia 
effects would only modify the pressures by about 4 per cent. 
The investigations by Kingsbury and Osterle, Chou, and Saibel 
were concerned with inertia produced modifications to hydrody- 
namic pressure distributions which are in turn speed dependent. 
For this reason the percentage change in pressure due to inertia 


1 Numbers in brackets designate References at end of paper. 
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effects may still be small at high speeds while the actual modifica- 
tion to the pressure may be considerable. 

Shaw and Strang [4] have suggested that inertia-induced pres- 
sures may account for the observed improvement in the per- 
formance of parallel surface bearings at high speeds. 

This paper is concerned with inertia effects in hydrostatic thrust 
bearings. In this type of bearing the pressure distribution pre- 
dicted in the absence of inertia effects is independent of the sur- 
face speeds of the bearing components. Consequently the rela- 
tive importance of inertia effects can be much greater than in hy- 
drodynamic bearings. 


General Analysis 
If body forces are neglected the Navier-Stokes equations of 
motion for an incompressible isoviscous fluid in cylindrical co- 


ordinates take the form, 
; 3 u 2 dt 
+n) Vu — 2 7 OO 


Du py? Op 
Pl Dt or 


Th , we 1 Op C 2 Ou t | 
Pl py 7S ies bk. r? 26 : 
Du op c 
= — + yw. 
Dt oz ’ 


For problems possessing axial symmetry the steady-state 


representation of the foregoing equations is, 


ou ou v? 
+w _ 
dt iy or Oz r 








Nomenclature 
h = minimum oil film thickness Q = volume flow rate p’ = pressure ratio (p/po) 
Th hh S = inertia parameter p = mean pressure across the oil 
Re = Reynolds number | p ed 3 RQ . 
n fi mn p film 
r, 8, z = cylindrical co-ordinates , ef Po P a = film thickness ratio 
. i _= re » , > ts 4 . . . 
ro = radius of lubricant supply ams b ocity — ae oe Ff film thickness in recess 
hole z directions — ——— 
wn U,V, W = representative velocities minimum film thickness 
r radius of step 2 aa > ‘ pes ; ; 
; ‘ _u’,v',w’ = velocity ratios (u/U, v/V, p = density of lubricant 
R outside radius of bearing w/W) 4 
r’ = radius ratio (r/R) > = pressure n = viscosity of lubricant 
P = total load capacity Po = representative pressure Q = rotational speed 
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The continuity equation for an incompressible fluid in cylindri- 
cal co-ordinates is, 
ow 


> 


For axial symmetry and the steady state this reduces to, 


1 Our ow 
_ — mat 
- & 


Now the equations can be written in dimensionless form by 
writing, 
v=v'V 


z= 2’h 


w= w’W 
P = P'Po 


u=u’'U 
r=r'R 
where the representative quantities U, R, po, etc., are selected 
such that the primed variables are always < 1. 
The equations now become 
[Sy My Might ee 
CE OO a wok 
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W ow = 0 (1) 
h dz’ 


The primed quantities are all of the same order of magnitude, 
and if only the predominant viscous terms are retained the equa- 


tions of motion are, 
(F .. 
U r’ 
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where the Reynolds number Re = p . (2). With the equa- 


tions of motion in this form the order of magnitude of the inertia 
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terms can readily be estimated for either stationary or rotating 
surfaces. 

In the case of stationary surfaces and pure radial flow the 
inertia and viscous terms will be of equal importance when Re = 
1. In this case the representative radial velocity U could be taken 
as Q/(2rroh). 

For rotating surfaces the last inertia term in the first equation 
of motion may well predominate, and in this case inertia and 
viscous terms will be equally important when Re(V/U)? = 1. It 
should be noted that if RQ is taken as the representative velocity 
in the radial and circumferential directions this condition re- 
duces to Brand’s result of pQh?/n = 1. 

In general the Reynolds number Re will be considerably less 
than unity in hydrostatic thrust bearings since U is usually small 
andh< R. Also, since W/U = 0(h/R) from equation (1) all the 
inertia terms in the second and third equations of motion can be 
neglected. Similarly, two inertia terms in the first equation of 
motion can be discounted and we finally obtain, 


du | 
1 Oe | 


se op 
a or 


0 


beiegilete sd 
de 138 | 


The second of equations (3) can be integrated directly, and 
with the boundary conditions z = 0, v = Oand z = h,v = rQ we 


find, 
o= (2) (4) 


If the third equation of motion is integrated twice we obtain, 


JS pdz = nw + A-2+B (5) 


where A and B are functions of r only. When z = 0 the integral 
in equation (5) and w are both zero, and hence B = 0. Since w 
is also zero when z = h we have, 


1 fh 
A == {i pie =p 


where f can be considered as the mean pressure across the oil film. 
Clearly is a function of r only. 

On differentiating (5) with respect to z and introducing the 
foregoing expression for A we obtain, 


ow 
p=pt+n— (6) 
oz 
From equation (6) it will be noted that the pressure at any point 
in the oil film will differ from the mean pressure by an amount 
which is dependent upon the local axial velocity gradient. For 
radial flow between stationary parallel surfaces dw/dz is zero 
everywhere, but it will be shown that this is not true if inertia 
effects are considered in the case of rotating surfaces. 
If the result expressed in equation (4) is introduced into the 
first of equations (3) and the expression for p in equation (6) is 
used to eliminate dp/dr, we find, 


op O*u *w z\? 
—=7 —-— —— | + prQ? - 
or dz? ordz h 
The second viscous term in this equation can be written in 
terms of u and r from the continuity equation to give, 
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op o*u 0 /1 our - (:) 
or "| 3 + 2 (? nt) | + ort h 
In this form it can be seen that the first viscous term is of order 
(R/h)* times the second, and since R >>h the second term may 


be neglected. 
Thus 


2 
-_ n ofu + prMt (2) (7) 
or oz? h 
The derivation of this equation does not preclude the existence of 
pressure gradients and hence velocities in the axial direction. 
Since p is a function of r only, equation (7) can be integrated 
directly with respect to z. When the boundary conditions z = 0, 
u = 0,and z = h, u = O are introduced the following expression 
the radial velocity is obtained 


z(h — 2) op 
2n or 


rQz(h* — 2) 
12nh? 


(8) 


Now since w = 0 when z = h we see from the continuity equa- 


tion that, 
Al 
| es 


and hence by substituting for u from equation (8) 


d/( d\ _3 
dr (2) =; (9) 


The general form of the pressure distribution which is ob- 
tained from equation (9) before boundary conditions are applied 
is, 


= 0 


p= 3 or + C log.r + D 


20 (10) 


where C and D are integration constants. 
The volume rate of flow, of lubricant through the bearing can 
be obtained by evaluating the integral, 


A 
Q = 2x rudz. 
0 


It is found that Q is related to C by the expression 
Th®C 


<--> 


(11) 


























Fig. 1 Hydrostatic step bearing 


3 
p= an pr*Q? + C, log, r + D, 


3 
B= 55 prvi? + Cz log, r + Ds R2r2n 


For the boundary values let p = fp when r = ry and p = 0 when 
r=R. For the first condition p» will be the supply pressure if r, 
is small compared with R. 

The additional conditions needed to determine C,, C2, D,, and 
D; are obtained from the requirements of flow and pressure con- 
tinuity at the step. The expressions obtained are, 


_Poli+ 5G = 0%) 


Ci meat” ie 
(a? — 1) log, ri’ + log, ro’ 


_ + SQ — ro’?)] 
(a* — 1) log, r:’ + log, ro’ 





C; = a*Do 





Ds = 


_ pol(a* — 1) log, r:' — log, R] — Spol[ro’*(a* — 1) log, ri’ + log, ro’ + (1 — ro”*)log, R} 


(a? — 1) log, r;’ + log, ro’ 


—aho log, R — Spo [(a* — 1) log, ri’ + log, ro’ + a*(1 — ro"*) log, R)) 





Solution for the Stepped Parallel Surface 
Hydrostatic Thrust Bearing 

Pressure Distribution. Fora bearing of the form shown in Fig. 1 
we need expressions for the pressure distribution on either side of 
the step. 

Let 
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(a* — 1) log rn’ + log ro’ 


where 


3 RW 


20 ? De 


The pressure distributions take the form, 
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log, r’ + (a* — 1) log, ni’ 


a? — 1) log, rn’ + log, ro’ 


S[(a? — 1)(r"? — ro'*) log, ri’ + (1 — ro’*) log, r’ — (1 — r’?) log, ro’} 





(a — 1) log, ri’ + log, ro’ 


r; 2 r > To 
a® log r’ 


(a? — 1) log, ri’ + log, ro’ 


a® — 1) log, ri’ + log, ro’ 





R2r2n 





Lead Capacity. The load-carrying capacity of the bearing P 
in be evaluated from equations (12) and the relationship, 


nr R 
P = Tro*pr + an ff rpdr + an ff rpdr 


rhe result is, 


the bearing can be found by substituting the appropriate value of 
(in equation (11). 


‘ 3 pRXY : 
1+ — —— (1 — re") 
6nQ 20 po 
= —a - ; a (14) 
th *Po (a? — 1) log, nr’ log, To’ 
Calculations 


The pressure distributions represented by equations (12) 
The first group of terms in 


each equation gives the pressure distribution which is obtained 


clearly contain two components. 


when the bearing surfaces are stationary, while the second group 


S| ai(l — ro’*) log, r’ — (1 — ri (a? — i) log, ri’ + log, ro’} | 





represents the modification to the pressure caused by rotation. 
In Fig. 2 the pressure distributions for a stationary bearing are 
shown for various film thickness ratios a. The bearing con- 


sidered has a lubricant supply hole of radius '/» of the bearing 


radius. The solution for parallel surfaces with a constant film 
r ae — 1)(r,'? — ro?) — a? (1 — 7?) thickness (@ = 1) reduces to 
TR 2[(a@? — 1) log, ri’ + log, ro’) 
S[ { (a? — 1) log, ri’ + log, ro} (1 + re’) + (ri'? — ro’) + a1 — 112) | (ro? — 1) 13) 
2{(a@? — 1) log, ri’ + log, ro’) ; 
Lubricant Flow Rate. The volume rate of flowof lubricant through ; ; 
p og r 


Po log ro’ 


The pressure distributions as modified by the rotation of one of 
the bearing components have been calculated for a step bearing 
a = 5) and a constant film thickness bearing (a 1). 
results are shown in Fig. 3(a) and Fig. 3(b 
The way in which the load carrying capacity varies with the 


These 


), respectively . 


speed of rotation is dependent upon the radius of the step for a 

Values of P 
for a film thick- 
ness ratio of 5. The values obtained are plotted against the step 


bearing of given lubricant supply hole radius. 
(rwR*po) have been computed from equation (13 
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Fig. 2. Pressure distribution in a stationary hydrostatic step bearing (r,' = 0.05) 
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Fig. 3(c) 


0.7 0.8 


Pressure distribution in a hydrostatic step bearing (a = 5, ry)’ = 0.05, r,' = 0.5) 

















Fig. 3(b) 


location parameter r,’ for various values of the inertia parameter S 
in Fig. 4. The relationship between P/(#R*%p)) and S is linear 
for a bearing of given geometry. Both bearings have been as- 
sumed to have a lubricant supply hole of radius '/2 of the bearing 
radius. For the stationary constant film thickness bearing equa- 
tion (13) becomes 

P 


wR*p, 2 log ry’ 


This result has been presented by Fuller [5}. 

It can be seen from Fig. 4 that if the step is located such that 
r,' = 0.465 the load capacity of the bearing is independent of 
If r,’ < 0.465 the load capacity will decrease as the speed 
increases, but if r,’ > 0.465 the reverse effect occurs. The value 
of r,’ required to maintain a constant load capacity at all speeds 
is dependent upon the film thickness ratio @ and ry’. These null 
values of r,’ are shown for various values of a and ro’ in Fig. 5. 


speed. 
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Pressure distribution in a constant film thickness hydrostatic bearing (a = 1, r) = 0.05) 


The flow rate parameter 6nQ 
equation (14). 


th*p,) has been computed from 
The results are plotted against the inertia pa- 
rameter S for various values of a in Fig. 6. The particular values 
of ro’ and r;’ selected for this calculation were again 0.05 and 0.5, 
respectively. 


Discussion of Results 


Most hydrostatic thrust bearings are of the step kind shown in 
Fig. 1. The radius of the recess is often appreciable to enable the 
For such 
a bearing it is customary to assume that the pressure at the 
lubricant supply hole extends to the step. The validity of this 
assumption is confirmed by the results presented in Fig. 2. Even 
for a modest film thickness ratio of 5 the pressure at the step only 
falls below the supply pressure by about 2.6 per cent for the 
geometry considered. 


static supply pressure to separate the bearing elements 
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Fig. 5 Contours of ro’ for 
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Perhaps the most outstanding feature of the pressure curves 
shown in Figs. 3(a) and 3(b) is the considerable modification 
which is introduced by inertia effects. For example, when mr’ = 
0.05, r:’ = 0.5, and a = 5, avalue of unity for S causes the pres- 
sure at the step to rise by 22.8 per cent above the pressure ob- 
tained with stationary surfaces. A value of unity for the inertia 
parameter can be obtained in a 6 in. radius bearing supplied with 
oil at a pressure of 100 lb/in.* at a rotational speed of about 4500 
rpm. 

Although the pressure rise in the region of the step is considera- 
ble for the bearing geometry on which Fig. 3(a) is based, the load 
carrying capacity is not greatly affected. The reason for this is 
that the pressure falls slightly below the values obtained in the 
absence of rotation at a radius ratio greater than about 0.68. 
These reduced pressures do of course act over a large proportion 
of the bearing area. 
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Sen. 
pacity af all speeds 


For a constant film thickness bearing (@ = 1) rotation always 
lowers the pressures. An interesting feature of Fig. 3(b) is that 
the pressure in the fluid film falls below the ambient pressure at 
comparatively small values of the inertia parameter. If these 
subambient pressures exist in the fluid then the load carrying 
capacity of such a bearing can rapidly be reduced to zero. The 
pressure may fall below the saturation pressure to a small extent 
without the fluid film rupturing due to the emergence of air from 
solution. However, due to cavitation, the subambient pressures 
which would be needed to reduce the load capacity to zero are 
unlikely to exist. 

Even if subambient pressures are presumed to exist to such 
an extent that the load carrying capacity of the bearing considered 
in Fig. 3(b) is reduced to zero, the radial velocity of the fluid is 
not reversed. It is instructive to see the velocity profiles at 
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various radial positions with and without rotation in the constant 
film thickness bearing. 

The velocity distribution can be obtained by substituting 
dp/dr from equations (12) into equation (8). The resulting ex- 
pression can be written as, 


2nRu ss z"(z’ — 1) + 8\ 2%’ nde § 
ee a Oe ~ 1)22, 
Poh* —r’ log, 70" snl \ 


‘aa nh 
r’ log ro’ 


_ ee - 
_ ° set — vy | (15) 


Now with ro’ = 0.05 zero load capacity would be achieved with 
S = 0.4986. The velocity profiles under these conditions are 
shown in Fig. 7. As expected, the greatest distortion of the 
parabolic profile associated with stationary surfaces occurs at 
large values of the radius. In this region the radial velocity of the 





























peat 


Fig. 6 Variation ¢f flow rate parameter with inertia parameter (r.’ = 
0.05, r;' = 0.5) > 


fluid is decreased near the stationary surface. 
r’ = 1 the velocity is never directed inward. 

Apart from the radial and circumferential velocity components 
there is a velocity in the axial (z) direction when one of the bear- 
ing elements is rotating. In lubrication theory the existence of 
fluid velocities across the oil film is normally associated with 
problems in which at least one of the bounding solids has a 
velocity in the z direction. However, in this case, transverse 
velocities exist even though the surfaces are parallel and the film 
thickness constant. 

The continuity equation can be written as, 


However, even at 


ow i 
oz r or 


When equation (15) is multiplied by r and differentiated with 
respect to r the first term on the right-hand side vanishes. Thus, 
if the second term is also reduced to zero by considering stationary 
surfaces, we see that dw/dz = 0. Since w is zero at the boundaries 
it is also zero everywhere. Hence, for a static parallel surface 
thrust bearing the flow is entirely radial. 


With rotation the second term does not vanish and hence we 
find 


heQ? 
= = ae [5z’"* — 92’? + 42’) 


307 , , 
ee ae as 


(16) 

It will be noted that this expression is independent of the ra- 
dius. The form of w is shown in Fig. 8. Owing to the axial 
velocity components a fluid element will move toward the 
moving surface as it spirals through the bearing. 

Returning now to the stepped bearing, we see from Fig. 4 that 
the nature of the change in load carrying capacity is dependent 
upon the location of the step. Since it is desirable to ensure that 
the load capacity of any particular bearing does not decrease as 
the speed rises, a more comprehensive diagram has been presented 
in Fig. 5. The notable result which is obtained from the analysis 
on which Fig. 5 is based is that inertia effects cannot increase the 
load carrying capacity of any stepped bearing of the form con- 
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Fig. 7 Radial velocity profiles in a 
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Fig. 8 Axial velocity distribution in a hydrostatic thrust bearing 


sidered if the step is located at a radius less than 0.4508 of the 
bearing radius, 

For a bearing having a value of r,’ of 0.0125 an increase in load 
capacity will occur as the speed rises if the step location r,’ and 
film thickness ratio @ are selected such that the point lies in the 
Outside this region the load capacity will 
For different values of ro’ the shaded portion of Fig. 5 
Although the 
contours shown in Fig. 5 extend to large values of ro’ it should be 
remembered that the analysis assumes the existence of a constant 
This condition is unlikely to hold at large 
Along each contour the load capacity is constant at 
all speeds and it is given by the relationship, 


shaded part of Fig. 5. 
be reduced. 
should be extended to the appropriate contour. 


pressure out tor’ = ry’. 


values of rp’. 


P 1 + ro’? 


TR*Do 4 2 


In the region to the left of the boundary shown in Fig. 5 the load 
This result 
does not depend on the radius of the lubricant supply hole. 
Most step bearings operate with a film thickness ratio greater 
than 5 and it is clear from Figs. 4 and 5 that the greatest benefit 
can be obtained from inertia effects only if r;' is made considerably 


capacity is always reduced as the speed increases. 


greater than 0.5. The practical limitation on this requirement is 
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of course that the static load of the rotating machinery has to 
The theoretical limita- 
As r;’ approaches unity the load 


be carried on the annular bearing surface. 
tion can be seen in Fig. 4. 
capacity starts to fall back toward the constant film-thickness 
value. The theoretical optimum for r;’ will have to be deter- 
mined with regard to 19’. 

All the results have so far been discussed with a constant supply 
The bearing performance cannot, however, be 
Without de- 


tailed consideration of any particular lubricant supply system 


pressure in mind. 
divorced from the lubricant supply arrangement 


it is possible to see how inertia effects may be responsible for a 
reduction in oil film thickness as the speed of a hydrostatic bear- 
ing is increased. 

Consider a step bearing with the step located in a position which, 
at high speed, results in a decreased load capacity based on a con- 
stant supply pressure. As the speed increases equilibrium of the 
loaded rotating member will be lost if the supply pressure re- 
The rotating member will therefore move 
film 


thickness caused by this movement will reduce the flow of lubri- 


mains constant. 


toward the stationary bearing surface. The decrease in 
cant through the bearing and if the oil pump delivery pressure re- 
mains constant this will enable the pressure at entry to the bearing 
to rise. This process will continue until the increased supply 
pressure can restore the initial load carrying capacity, but the 
This 


argument can also be applied to show that correct positioning of 


bearing surfaces will now be separated by a smaller gap. 


the step will produce an increase in film thickness as the speed 
increases. 

The analysis has shown that inertia considerations can con- 
siderably influence the prediction of hydrostatic thrust bearing 
performance. 
constant film thickness bearings but they may be advantageous 


The inertia effects are detrimental in the case of 
in the case of a stepped bearing if the step is correctly located 
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Air-Hammer Instability in 
Pressurized-Journal Gas Bearings 


LAZAR LICHT 


Senior Research Engineer, The Franklin 
Institute Laboratories, Philadelphia, Pa. 


A stability analysis is developed for gas journal bearings having externally pressurized 
pads, symmetrically spaced along the circumference. 
made and equations of flow and motion are stated in terms of perturbation quantities. 


Simplifying assumptions are 


The case considered is when the journal, initially in an eccentric equilibrium position, 
begins to move in an arbitrary direction under the influences of a small, random dis- 


turbance. 


Methods of factorizing and simplifying the characteristic determinants are 


shown, with the objective of reducing the work of examining the roots of characteristic 


equations. 


Special cases, such as the bidirectional thrust bearing and that of the 
journal initially in concentric position are discussed. 


Numerical and semiexpert- 


mental procedures of determining the coefficients of characteristic equations are outlined. 


Stability tests are suggested 


Introduction 


DIAGRAMMATIC representation of a four-pad bearing 
is shown in Fig. 1. The journal, when acted upon by a steady 
load, assumes an eccentric position. This causes a change in the 
local clearances and pressures in the individual pads. The action 
of a stable bearing is to return the journal to the eccentric equi- 
librium position when it is displaced by an external disturbance. 
In an unstable bearing, however, there will be a tendency for the 
ensuing motion to grow instead of to decay. 

Whereas geometry, circumferential spacing of pads, nozzle 
diameters, and supply pressures need not be identical, the bearing 
in Figs. 1 and 2 has identical, symmetrically spaced, quasi-rectan- 
gular, recessed pressure pads. Those are separated by axial vent- 
ing grooves,' each pad being fed from a common supply pressure 
source through identical nozzle restrictors. The purpose of this 
paper is to investigate the stability of such symmetrical, multipad 
bearings. The linearization techniques employed by Richardson, 
{1, 2}? Licht, Fuller, and Sternlicht [3], Licht and Elrod [4] and 


' These are usually antiwhirl devices which tend to suppress hydro- 
dynamically induced, unstabilizing forces of rotating journals. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Lubrication Division and presented at the 
Winter Annual Meeting, New York, N. Y., November 27—December 2, 
1960, of THe American Socrety or MeEcHANICAL ENGINEERS. 
Manuscript received at ASME Headquarters, February 23, 1960. 
Paper No. 60—WA-10. 


Nomenclature 


Bearing parameters affecting stability are discussed. 


others are also used in the present approach. Unlike Richardson, 
however, who considers a journal in an essentially concentric 
equilibrium position and limits the motion of the journal center 
to a single direction only, an attempt is made here to extend the 
analysis to a loaded journal the center of which, initially in an 
eccentric equilibrium position along the load line, will follow a 
curvilinear path. 


Analysis 


Assumptions and Simplifications. 
simplifications will be used: 


The following assumptions and 


1 The gas flow in the bearing clearance is taken to be pre- 
dominantly viscous and laminar, while isothermal conditions in 
the bearing interspace are assumed everywhere and at all times. 

2 Deviations from the equilibrium mass content and flow rate 
are expressed in terms of lumped parameters; that is, the mass 
continuity is expressed for each pad region as a whole. 

3 The pressure distribution is assumed to vary quasi-stati- 
cally, so that the history of motion is ignored. The change in the 
applied force exerted by each pad on the journal is stated in terms 
of the product A,p; where A; is the “equivalent area’”’ and p,; the 
deviation in recess pressure. This force is assumed to act at the 
center of pressure corresponding to the equilibrium condition. 
The perturbation displacement, h,, is referred to the equilibrium 





Linear and Angular Terms 


= D = diameter of bearing 


; cos 0; 

diametral clearance i 

; } sin 6; 

length of bearing and bearing 
pad, axial 


angle subtended by center of 


ith pad 


eccentricity P 


Pressures 


i. supply pressure 

r. recess pressure 

Ps atmospheric (ambient) pressure 
P(@, z) = pressure in pad annulus 


length of pad recess, axial 
depth of recess 

depth of groove 
supply-nozzle diameter 


angle, clockwise from loadline 
and minimum clearance 


angle subtended by center of 
pressure of ith pad 
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perturbation displacement of 
journal center 

vertical and horizontal com- 
ponents of 6 

c — eocos 8 = local gap width, 
equilibrium 

(Ho — H),; = perturbation of 
H at center of pressure, ith 
pad 

Cartesian co-ordinates 


P; (P, — Pw») = perturbation of P,, 
ith recess 


Other Quantities 


PF’; force exerted by ith pad on 
journal, equilibrium 
n 
l,F; = equilibrium load in 
t=] 
positive direction of z-axis 


Continued on nert page) 
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Fig. 1 Schematic of journal motion 
clearance width, Hj», at the center of pressure, CP. The change 
in position of the center of pressure associated with p; and h; is 
neglected. 

4 Effects of rotation, external damping, and misalignment are 
not considered in this analysis. 


Motion in Terms of Perturbation Quantities.* Referring to Fig. 1 
and the bibliography, we can write the equations of motion in 
terms of perturbation quantities as follows: 


1 n 
= >, A, 008 8, = 


t=1 


1 
— 2) Amik (1) 


t=1 


1 n 
— Dy Amik 


t=1 


1, 


, 1 ' 
, = my , A,p, sin 6, = 


t=1 


(2) 


and the equation of continuity for the ith pad: 
(As + As) Pi + (Aa) hy (As) :D; + (Ax) say = 0 (3) 


* For a more detailed derivation of these and similar equations the 
reader is referred to [1-4]. His attention is directed to the fact that 
analyses based on the linearization of pertinent equations yield neces- 
sary conditions for instability, but not sufficient conditions for sta- 
bility of the system. 
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Fig. 2 Schematic of pressure forces acting on journal 


In the foregoing equations 5, and 5, are the components of 4, 
the perturbation displacement of the journal center, A; is the 
equivalent area, p,; the deviation from the equilibrium value of the 
recess pressure, 0; the angle measured clockwise from the load line 
to the center of pressure of the ith pad at which A,p,, the pertur- 
bation force, is assumed to act. Also 


h; = 6. cos 6; + 5, sin 0; = 6.1; + 5k; (4) 


is a small change in gap width referred to @;. The coefficients A 
represent the following partial derivatives, evaluated at an equi- 
librium operating point: 


oM oWia 
(Aa); = (= ) (Aa); = -(2 ). 


oM OWour 
00. = (35), = PSF"), 








Nomenclature 
Wi. = mass flow rate of gas into pad, R = gas constant 
equilibrium uw = dynamic viscosity of gas 
Wout = mass flow rate of gas out of pad, t = time 
equilibrium 8 = complex variable 
M = mass content of pad, equilibrium nm = number of pads 
m = effective mass of journal CP = center of pressure 
o@ = area of pad surface 
= f aioe ee 
- : ¢ P a = atmospheric (ambient 
“equivalent area” 7 tee 
Au,Aa 8 = supply 
..As = mass content and flow coeffi- i = ith pad and center of pressure of 
cients, equations (5) and (38) ith pad 
T = gas temperature, absolute 0 = equilibrium condition 
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(-) = differentiation with respect to 
time 
(’) = ith pad center 
(—) = dimensionless quantity, also La- 
place transform 

Note: Subscripts i and 0 are omitted 
whenever the point or condition referred to 
is self-evident. Thus 


(2%) | (r=) |; 
oP, Jp, oP, /p, ° 
(x) (2m) 
- ae thr~sas : ee. 
Oe Pr Oe Pr 
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Fig. 3 Schematic of mass content and flow characteristics 
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Fig. 4 Schematic of stability characteristics 


The evaluation of these coefficients is discussed in the section 
following the analysis and their graphical interpretation is given 
schematically in Fig. 3. 

The objective of the stability analysis is to determine the limit- 
ing magnitudes of coefficients A and A which, in turn, depend on 
the geometrical and flow parameters of the bearing (see Fig. 4). 
It is convenient to apply the Laplace transformation to the set of 
differential equations. For a bearing having n-pads this leads to 
a characteristic equation represented by an n X n determinant, 
elements of which contain the complex variable s and the co- 
efficients \ and A. The location of roots in the complex plane of 
this characteristic equation determines the stability of the bearing. 

Using equation (4) to eliminate h, and h, in equation (3), we 
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then apply the Laplace transformation to equations (1), (2), and 
(3). Assuming initial rest conditions and denoting the transforms 
of 6 and p by é and 9, the following expressions are obtained: 


1 
é, = sagt (AiPil + Aapale +... + Aly +--+ AnPale) (6) 


1 
= wot (AuPiki + Asfake +... 


+ A pik, Ter T A,P,k,) 
(7) 
and 
(As + As + 8X2), Pi + (Ae + #As)ilid, + Oa + odadkd, = 0 
(8) 


Substitution of (6) and (7) in (8) results in a set of n homogene- 
ous equations of the following type: 





(kk + Lhi)Aip~r + (kiko + ll)Acofa +... 


ms? As + As + 8: 
+i —i— —— 1|A se 
iz ( A, + 8A ) : | ae (9) 


wee + (kk, +4L)A.p, = 0 
i= 1,2,3...0" 











Stability of Symmetric, Multipad Bearings. The characteristic de- 
terminant |A| = 0 which corresponds to the foregoing set of equa- 
tions is centrosymmetric. This implies that elements symmetric 
about the principal as well as the secondary diagonal are equal; 
e.g., 

















a, = Qi = Ainsti-i)y (nti-7) (10) 
The diagonal elements are 
Ki (* + As + *) ] 
a; = = ——_— +1 
A, vi + sr, ‘ (11) 
t=j 
and other elements are given by 
a;; = (kk, + 41,) = cos (0, — 8,) 
(12) 
om | 








For a journal initially in a concentric position, which cor- 
responds to the case of a vertical or lightly loaded bearing journal 
|e ~ 0], the diagonal terms of the characteristic determinant are 
equal. In this case the center of pressure coincides with the cen- 


ter of the pad 
[2 = 0! = 0) + »] 
n 


and all pad film thicknesses are uniform and equal to c. 

Reduction to Case of Bidirectional Thrust Bearing. If the motion is 
restricted to one degree of freedom and takes place along the load 
line, which is an axis of symmetry, the sine terms will vanish in 
all equations. The elements of the characteristic determinant 
then become 


mst (M+ det ade). ,]. 
ou [SF (BERE*), +e} 


a,; = ll; = cos 6; cos 0;; & #5 


=j (13) 


(14) 


This, of course, is a very unrealistic case for a multipad journal 
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Fig. 5 Schematic of bidirectional thrust bearing 


bearing which has no restraints that would limit its motion to one 
direction only, nor is it likely that all external disturbances would 
act along the load line. The cage, however, merits special at- 
tention since it is directly applicable to bidirectional thrust bear- 
ings. If we consider a journal which is thus restrained and has 
two pads only, one, at 6,‘ = 0 and the other at @,’ = 2, the prob- 
lem reduces to the bidirectional thrust bearing shown schemati- 
rally in Fig. 5. The restraint in this case would be provided by 
other gas journal bearings along the shaft the resisting moment 
of which, as well as that of the individual thrust pads, would tend 
to minimize cocking. The surfaces, if parallel initially, would 
maintain this attitude and the shaft would be limited to axial mo- 
tion only. 

In this case the terms of the “two-by-two” determinant are 
given by either equations (11) and (12), or by equations (13) and 


(14). The determinant can be expanded as follows: 

ay —1 
A:| = = (QnQ2 — 1) 

—| an 

ms?* (™ + Xs + **) SS —1 

= A Aa + 8X 1 
, ms? (* Tr As - *) , 
Ao MN » 2 sv; 2 


" 


(As + Ash + (As + As)e 
oe > - a? + 
(Az): (Az)2 


(As + As)i(As + As)2 + 


The characteristic equation is a quartic for which the stability 
conditions are 


s* + Ass* + Ags? + Ays + Ay = 0 


(a) All coefficients A > 0 (16) 


(b) A, Ag! 3> A;? + As?Ao 


The A’s represent the coefficients of equation (15), with sub- 
scripts corresponding to the exponents of s. Condition (a) is 
generally satisfied because the \’s and hence the A’s are usually 
positive. 

In the central position a,;, = @2 = a, so that the determinant 
and the corresponding quartic reduce to 


a -—l 
|| = = (a? — 1) 
central, — 1 Qa 


( A; 3 *) ( A; a As 2A vi a) 
= 8’ + — s? + sg? oe s+ = 0 
Az Ae mXz mXz 


(17) 


Here an additional advantage is gained because the quartic 
factors. Since the root of the lesser factor is a real, negative num- 
ber and hence, in the left half of the complex plane, it is sufficient 
to examine the roots of the cubic, that is the other factor. For the 
cubic, the stability conditions are, in addition to (a) in (16), that 
AsA; > Ao. 


In this case the inequality reduces to 


Ay - As 


Ae : As + A 


Notice that this is identical with the condition for a unidirec- 
tional thrust bearing. 
erence [4].) 
Factorization of Characteristic Determinants. (Consider now the four- 
pad bearing in Fig. 1 when the journal is in the concentric position. 
This is the condition in guide bearings of vertical shafts or nearly 
so in horizontal machines having relatively light rotors. In this 


case 
T l 
4 2 


and Qj = Qz2... = @, so that the characteristic determinant 
reduces to 


(See Appendix 2 and discussion in ref- 


As|\ central = = (a? —l1)=090 (18 


0 al | 0 a 
This result, though not surprising, is very interesting. Com- 
paring (17) and (18), we note at once that in the central position 
the stability of both, bidirectional thrust and four-pad journal 
bearings, can be determined from the same equation. Essentially 





(Ai): (A2)2 + (Aa): (Ar)o 


m 


3? 
(Az): (A2)2 


A A 
[(Aa)i(As + As)2 + (Ar)i(As + As)2] 4+ — [(Az)i(Asl2 + (As + As)i(Aade 
m F m 
(Az): (A2)2 r 
A A 
: (Aa)i(As + As)2 + - : (As + As)i(Aa)e 
m 
+ = (15) 


238 


JUNE 1961 


(Az): (Az)2 


Transactions of the ASME 





It is sufficient to ex- 
amine the roots of one of the identical factors. The factor is a 
quartic and it was shown that it suffices, in turn, to examine the 
This reduces the case to that of a 


(18) is an octic which is a perfect square 


roots of one subfactor, a cubic. 
unidirectional thrust bearing.‘ 

In order to make such results somewhat more general, use will 
be made of certain properties of centrosymmetric matrices and de- 
terminants [6]. If [A] is a centrosymmetric matrix a;; = aj; = 
Qn+i-j.n41 of order 2m K 2m, n = 


matrix [A] as follows: 


[A] B) 
het = 
[JBJ] [JAJ] 
where [A] and [B] are submatrices of the top left and top right 


quadrants of [A], while [J] is a matrix of same order as [A] and 
{B] which has units along the secondary diagonal and zeros else- 


2m, we can partition the 


(19) 


where. The property of [J] is to reverse rows in matrix premulti- 
plication and to reverse columns in matrix postmultiplication. 
The determinant of [A 


Ai = 


can then be factored as follows: 


[A] + [BJ (JAJ] — [JB] (20) 


As an example we apply this result to the case of the four-pad 


bearing, initially in an eccentric position. The 4 X 4 centrosym- 
metric determinant is 
a a a Os, 
[A [B] a a a ay 
4 ‘ = 
JIBJ JAJ} a a Qe as 
Ay a a a 
AQ, + Ay A+a Qiss — a Qn, — a 
= ' 
Qn + a Qe + a Ay — a Ay — Ay 
= (Qi + Au hae + a — (QA + Ay )?) 
X [(Qn — n)(Q2 — Ar) — (A — A@y)?] = 0 (21) 
Because of symmetry cos 6. = cos 4;; sin 6. = —sin 63; cos 0, = 
cos 4; sin 0; = —sin 6, (see Fig. 2 
With 
3 ms’ (* + A; + BA 
a = | + = + ] 1=) 
A; Ay + 8rd; P 
where the numerator of §;; is of degree s*, and 
a;; = cos (0; — 0 tj 
we list the following useful identities: 
Qn + Ay = 2 cos 6, cos 8; = 2.l; 
Qn — Ay = 2 sin & sin 6, = 2kek 
(22 
Ose = cos 20, = 1 — 2sin ? 0, = 1 — 2k,? 
Ae = cos 20, = 1 — 2 sin? 0; = 1 — 2k,? 


The following further reduction of (21) is now possible: 
Ay) = [(au + Ote1)(Qte2 + G32) — (Qn + yn )?] 
xX au — — ax )*) 


= { (Bi + (1 + cos 26,)} [Bx 


Qin (Oe — 2) — (Or 
+ (1 + cos 20,)) 
— (1 + 2 cos 6,)(1 + 2 cos @)} 
* {[Bun + 2 sind, ][Bx» + 2 sin? 6] — (4 sin? 0, sin* 8,)} 
= (Bu Ba + 28ul3 + 2Bxl7) 
X (BuBes + 2Buk> + 2Bek?) = 0 


(23) 


‘See references [1, 3], and Appendix 2 in reference [4]. 
‘A similar expression can be given for n = odd integer (see ref- 
erence [6]). 
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The determinant |A,), 
gree in s, was factored into two sixtics, each sixtic being in turn 
reduced to a quartic because of the form of 8 


essentially a polynomial of twelfth de- 


, For the con- 
centric position the quartics are identical and further factoriza- 
tion shows one root to be real and negative, so that it is sufficient 
to examine the roots of the remaining cubic. Similar factors will 
exist for polynomials corresponding to bearings having 6, 8, or 
more pads, with additional reductions and simplifications for the 
concentric Therein the 


tion (20). As the number of pockets increases, the error in taking 


case lies great usefulness of equa- 
6; = 6,’ becomes small, especially for moderate values of ec- 
centricity. Under those conditions the determinant will possess 
additional symmetries, so that elements on lines parallel and 
symmetric with respect to the principal diagonal will be equal. 
This will introduce further simplifications 

The main difficulty, therefore, is concentrated in the method of 
determining the coefficient A and A which appear in the charac- 
teristic equation 


problem. 


The next section deals with this specific 


Evaluation of Coefficients of the Characteristic Equation 


Numerical Method. By numerical method are understood com- 
puter solutions of differential equations, numerical or graphical 
integrations and differentiations, calculations, and any operations 
involved in the evaluation of coefficients which appear in the 
elements of the characteristic determinant. In order that these 
coefficients be determined, it is necessary to know the pressure 
field, the mass content, and the mass flow of each pad for a range 
of steady-state, equilbrium points. For a given bearing con- 
figuration and size of supply restrictor, these are dictated by the 
load’ and supply pressure. In what follows the subscript 0 is 
omitted, with the understanding that all quantities involved are 
The method is 


general, but for simplicity we may refer to schematics of four-pad 


taken with reference to equilibrium conditions 


bearings in Figs. 1 and 2 


In this case it becomes rather apparent 
that, in obtaining the required characteristics of one pad within 
the eccentricity limits of —e < € +-¢, the characteristics of the 
remaining three pads are determined at the same time 

The starting point is the solution of Reynolds equation which 
for the geometry considered here, isothermal flow conditions, and 


in the absence of relative motion of boundaries reduces to 


L 
P(24; 2) = P(2,; 2) = P(:; + =) = P 
P(z,; z) = P(x; z) = P («, + - ) = P, 
. 
H, = ¢ — ecos 6,; k = A,a,b, B 
If we set 
z=r0; H =cI = c(l — € cos 6 
z=zrf; P = PI (25) 
Cc = €€ 
® Since s* appears outside the bracket in the numerator of 6;, the 


highest power in each factor of equation (23), after clearing fractions, 
is 8‘, 

7If the load is due to gravity only, 
not appear as a separate parameter in determining the stability of a 


bearing 


the effective bearing mass will 
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the dimensionless form of (24) is 


so (T* =) 3(e =)" oe 


11(6,; £) = 11 (63; ¢) = I (0; =) =} 


! > (26) 
1(6,; ¢) = 14; ¢) = (@; + +) 


- (5) -3 


lr, = 1 — € cos 0,; k = A,a,b,B 











4 


The parameters involved are the eccentricity ratio € and the 
pressure ratio P,/P, = II,'/*. Computer solutions for an ade- 
quate number of points in the eII,-plane are required for a speci- 
fied range of these parameters. The integrations of equations 
(26) give the forces exerted by the pads on the journal, locations 
of centers of pressure and the corresponding gap widths, equiva- 
lent areas, the bearing load, and the pad mass contents. Writing 
in this order the dimensionless expressions for the foregoing quan- 


tities, we have 
F 6s L/D 
P= —* -2f f (VI — 140d = (27) 
r P, 64 0 


én L’/D 
f (VII — 1)6d0 at (28) 
Py = 1 — € 0088, (29) 
> P. 
4; -= —* = or 30 
= vil sy (30) 
(31) 





t=1 


—_ . MRT ve ° 
aie 3 iim yu vil 6,) 
+(£) ih ” Wy "rie (32) 


(64; ) and —~— 


The derivatives 


2 (2a 
or " 2 
obtained in the process of solving numerically equation (26), can 


be utilized in evaluating the mass outflow from each pad by means 
of the line integral taken around the pad periphery: 


Wout = Wout (. = =) (4) 
cP, ) \P, 
Os 
= 1/4 if rs 2 ¢ <) dé 
64 of 
+ roy fo 3 


+1405) fae a Ss rar | (33) 


a (Osi $) 


5 (O43 $)at 


The corresponding inflow through the nozzle restrictor is given, 
in dimensionless form, by 
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ma = Wa (oe) (F) : 
el") Nal’ -c)* 


(34) 


Equations (33) and (34) can be solved for II,'’/* = P,/P, at all 
points of the eII,-plane for which solutions of the boundary prob- 
lem (26) are obtained. 
Having at our disposal the following quantities in tabular (or 
graphical) form: 
M = M(e; I,) 
Wea = Woule; II,) and 


Win = W,.(II,; II,) 





e = e(I’;; II,) (35) 


the coefficients \ of the characteristic equations can be obtained 
by numerical differentiation. A graphical interpretation of the 
coefficients \ is shown in Fig. 3. 

Semiexperimental Method. The schematic in Fig. 6 shows a test 
apparatus capable of scanning the pressure field at any point on 
the journal surface. The test journal is firmly wedged between 
two conical centers, but angular positioning is made possible. 
Two pressure taps, located at the journal quarter points, are in- 
tended to connect to pressure transducers, the output of which 
can be translated into deflection of the recorder pen. The journal 
and centers are mounted on a slider which can be traversed along 
the bearing axis. The angular displacement of the recorder drum 
can be made proportional to the distance traversed by the slide. 
The slide table, in turn, permits the journal to be set in any de- 
sired eccentric position along the load line. The load can be 
registered by means of strain gages on the bearing-support 
column. Alignment of the journal and bearing axes as well as 
the eccentricity can be determined by means of eight gages of 
the pneumatic, capacitive, or inductive type, mounted in pairs 
and at right angles on each end of the bearing shell. In addition, 
the mass flow through each pad can be measured independently 
by means of individual flowmeters or calibrated orifices. The 
pressure profile in any plane passing through the journal axis can 
thus be determined for any desired equilibrium operating point. 

It is obvious that this experimental procedure is intended as an 
alternative in determining the pressure field which, in the purely 
numerical approach, would have to be obtained from solutions of 
equation (26) on a digital computer. From this point onward 
the procedure is almost identical in both cases, except that the 
flow is a measured quantity in the semiexperimental method and 
the load can be measured, possibly as a secondary check on the 
integration of the pressure field and location of the centers of 
pressure. 


Suggested Experiments 


Having obtained the static characteristics of a bearing by 
either method outlined, the same bearing, or rather one having 
the same configuration, would be subjected to a stability test. 
For a given bearing size and geometry the tests could be con- 
ducted in two ways. Keeping the load constant, the supply pres- 
sure could be varied and the eccentricity measured. The critical 
values on the threshold of instability could thus be determined. 
Alternatively, the supply pressure could be kept constant for a 
given run; the load would then be varied and the eccentricity 
measured. Again the critical values of the two variables at the 
point of incipient vibrations could be established. 

In order to keep the number of independent parameters at a 
minimum it is suggested that the load be applied by means of 
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Fig.6 Schematic of pressure scanner 


weights concentric with the bearing, so that variations of load 
would correspond to changes of mass. Fig. 7 shows a schematic 
of a stability test rig, one of numerous, possible arrangements. 
Placing the pressure pads on the journal has obvious advantages, 
both from the manufacturing and experimental points of view. 
The schematic shows actually two rows of pressure pads on the 
journal, separated by a venting groove. Bidirectional thrust 
bearings, one of which is shown in the schematic, are intended to 
limit the motion of the test bearing to a plane perpendicular to its 
axis. Four capacitive type pickups on each side of the bearing 
serve as both alignment and vibration-detecting devices. Addi- 
tional units are placed in positions perpendicular to the face of 
the concentric loading disk, their purpose being to detect any 
motion about axes perpendicular to the bearing axis.* The 
hollow journal also serves as the supply reservoir. The schematic 
plainly suggests that a rigid and accurate machine-tool table, 
headstock, and tailstock could be adapted to and incorporated 
into the test setup. 

The final objective is, of course, the correlation of calculated 
and experimental results. The type of curves obtained in both 
cases is shown schematically in Fig. 4. The supply pressure P, 
is plotted against the eccentricity e for several values of con- 
stant load W = mg. The points of intersection with the broken 
lines, the latter representing parametric variations of either 
the recess depth d, or the supply nozzle diameter dy, give the 
critical values of supply pressure and eccentricity. If sufficient 
data are obtained, that part of the P, versus e plane which is 
of interest can be divided into stable and unstable regions as 
illustrated in the schematic of Fig. 4. 


Discussion 


The analysis presented in this paper constitutes a supplement 
as well as an extension of work previously reported in references 
[1-4]. Parameters which determine the stability of unidirectional 
and bidirectional thrust bearings will influence the behavior of 
externally pressurized journal bearings in very much the same 
manner. One can conclude, therefore, that stability will be af- 
fected by bearing geometry, clearance, type and size of supply 


* This motion must be negligible in comparison with that actually 
being measured if any significance is to be attached to test results. 
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restrictor, load, and mass, all considered in conjunction with the 
supply pressure (and temperature), viscosity, as well as the 
thermodynamic process of gas flow in the bearing interspace. 
The qualitative effect of these variables on stability is known and 
it is not intended to repeat here what already has been discussed 
thoroughly in the references. Quantitative results for externally 
pressurized journal bearings, with the exception of Richardson’s 
[1, 2] work, are not available. It is proposed, therefore, that the 
suggested calculations and experimental work be carried out in 
order to verify or disprove the validity of the analysis. 

The present analysis has certain inherent shortcomings [4] be- 
cause quantitative agreement with experimental results will de- 
pend on the validity of assumptions which constitute the basis for 
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the evaluation of coefficients A and A. It is known, for example, 
that a large recess volume is probably the main cause of instabil- 
ity. This volume can always be reduced when the recess is re- 
placed by a groove along its circumference, while the central area 
remains at the same elevation as the bearing surface. The 
static pressure fields of such grooved and recessed pads are identi- 
cal, but the degree of validity of the assumption that the pressure 
profile changes quasi-statically will depend on the geometry of 
the pad, which is known, and the motion of the journal, which is 
unknown. Experimental verification of an analysis based on a 
distributed parameter approach [4], is being presently conducted 
by the author. It is hoped that this work will point to a method of 
“improving” the coefficients of the characteristic equations for 
cases where the present assumptions may be deficient. 

The use of perturbation techniques may be justified if 
the nonlinearities involved are of the “slowly varying” 
kind [5]. The method is still relatively simple in comparison 
with computer solutions of Reynolds equation in which the term 
(0/dt)(PH) is retained and boundary conditions are time de- 
pendent. 

While it may appear that the sole purpose of the preliminary 
work would be directed toward the evaluation of coefficients re- 
quired in stability analyses, very little (and often enough nothing) 
is known about the static characteristics of externally pressurized 
journal bearings. The “preliminary” work, therefore, while 
furnishing the means of performing simplified stability analyses, 
represents a task worth while undertaking in itself, be it merely by 
virtue of the fact that determination of such static characteristics 
as load-carrying capacity, local stiffness, air, and power consump- 
tion cannot be accomplished by assuming linear pressure-gradient 
approximations 
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DISCUSSION 
D. F. Hays® 


In this paper the author has investigated the stability of ex- 
ternally pressurized symmetric multipad journal bearings and 
has shown that it is possible to factor the characteristic equation, 
and, hence, to reduce the degree of the equation whose roots 
must be investigated. The question which arises is whether or 
not the assumption which resulted in this centro-symmetric 
matrix and the factorable form of the characteristic equation are 
realistic, and, therefore, whether the stability criterion is meaning- 
ful in the range of operating parameters considered. In raising 
this question the author has indicated two possible techniques 
which could corroborate his stability analysis. In the first of 
these, the Reynolds equation would be solved for a series of 
geometries. In so doing, the boundary conditions of Equation 
(24) of the paper must be altered such that the recess pressure P, 
extends only along the recess periphery and not entirely across 


the bearing width; thus 
; l 
P(x,; 2) = P(z; 2) = P\z; + , P 
l l 
-, S9S+3. asz<sb 


Since the stability coefficients are obtained from numerical dif- 
ferentiation of the computed pressure and mass flow profiles, an 
extremely small grid size would be indicated along the recess 
boundary if much accuracy is desired. There are several tech- 
niques which will assist in stabilizing the process of numerical 
differentiation. Such a numerical investigation would certainly 
be of interest and of value. 

The experimental procedure for pressure and flow measure- 
ment would be an absolute check on the validity of the assump- 
tions used in this lumped parameter stability analysis and in the 
solution of Reynolds equation. There are questions, though, as 
to the accuracy of results obtained from the apparatus shown in 
Fig. 6 if conical pivots are used. Upon loosening the pivots for 
rotation of the journal, the subsequent tightening of them may 
not return the apparatus to the fixed eccentricity due to metallic 
contact and small clearances. The use of a liquid externally pres- 
surized bearing would allow both greater freedom of movement 
and accuracy. A similar comment applies to Fig. 7 where a head 
and tailstock are used to hold the fixture. Such methods would 
surely create deflections of the journal which would invalidate the 
data obtained. If the validity of the analysis is to be judged upon 
the experimental data, then extreme care must be exercised in 
maintaining accurate geometries. 

Stability curves similar to Fig. 4 could result from this en- 
deavor and such curves would be of value. Could the author 
comment on the occurrence of two critical points on the curves of 
constant mass m? 

In closing the author alludes to experimental work being done 
in verification of a distributed parameter approach to stability. 
Is work also currently being done in line with the suggested ex- 
perimental program of this paper and, if so, are data available? 


Author's Closure 


Dr. Hays is quite right with regard to the ovcission in equation 
*Senior Research Engineer, Research 
Motors Corporation, Warren, Mich. 
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Fig. 8 Stability locus of externally pressurized, air-lubricated thrust bearing 


24). The correction also applies to the dimensionless equation 
26), in which —1/D < § < + 1/D; 6, < 6 < 0, must be added 
to complete the statement of the boundary condition for the recess 
(or inner groove) perimeter. 

The author did not intend to minimize the difficulties involved 
in numerical and experimental techniques for obtaining accurate 
data of pressure distribution, mass flow-rate, and all that is re- 
quired for the determination of the stability coefficients and 
bearing characteristics in general. It may be more convenient 
to carry out the integration in equation (33) along the outer pad 
perimeter instead of along the recess perimeter. One may also 
consider the feasibility of solving this type of Reynolds equation 
by means of the electrolytic tank analogy as an alternative to the 
digital computer. In suggesting an experimental method for the 
measurement of pressure and flow, it has not been anticipated 
that the schematic diagrams in Figs. 6 and 7 would be interpreted 
as anything else but as schematic diagrams. The author appre- 
ciates the helpful suggestions offered by Dr. Hays and wishes to 
assure him that he has also considered many additional refine- 
ments which one would have to incorporate in the proposed 
apparatus. 

Quite frequently, having defined a given set of quantities and 
parameters, the author is content to state the end results of his 
analysis in most general terms and delegate to others the task of 
their interpretation. This writer believes that the suggested de- 
terminations of important characteristics of externally pressur- 
ized bearings represent a logical supplement to the stability 
analysis, but that the essential contribution and main subject of 
this paper is the method of simplifying the characteristic equation. 
This fact is not reflected in Dr. Hays’s discussion. 

In reply to Dr. Hays’s first question, our experience indicates 
that there may be more than one “critical point’’ for externally 
pressurized, gas-lubricated journal and thrust bearings. A rotor 
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supported in multi-pad journal bearings was stable at low values 
of the supply pressure. An increase of the supply pressure was 
accompanied by a self-sustaining oscillation, but at a relatively 
high value of the supply pressure the rotor became stable again. 
The evaluation of the coefficients \ and A represents no special 
difficulty in the case of a simple geometry, bidirectional, parallel- 
and (16 
to obtain stability loci similar to those shown schematically in 
Fig. 4. The appended Fig. 8 shows an experimentally de- 
termined stability 


surface thrust bearing. Equations (15 may be used 


unidirectional, circular thrust 
bearing, with a centrally located recess. In this case the variable 
parameters were the load and the supply pressure. The lower- 


right branch of the locus, which corresponds to relatively high 


locus for a 


values of supply pressure and of gap width, indicates a nonlinear 
behavior. In this region, for a given supply pressure and in the 
absence of large disturbances, it is possible to attain a relatively 


The load 
must then be reduced by a considerable amount before the bearing 


high load value before the onset of auto-oscillation 
becomes stable again. This “hysteresis’’ phenomenon does not 
occur on the entire upper and on the lower-left branch of the 
locus. 

In reply to Dr. Hays’s second question in reference to the dis- 
tributed parameter approach to stability, this has been reported 
in “An Analytical and Experimental Study of the Stability of Ex- 
ternally-Pressurized, Gas-Lubricated Thrust Bearings,’ by L. 
Licht and H. G. Elrod, Jr., Franklin Institute Report I-A2049-12, 
prepared for the Office of Naval Research, Contract Nonr-2342- 
(00), Task NR 061-113, February, 1961. 
the experimental phase of this work is in the process of prepara- 
tion. Unfortunately, there are, as of this time, no research funds 
available to this investigator with which to carry out an experi- 


A paper summarizing 


mental program and the associated numerical work along lines 
suggested in this paper. 
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On the Dynamics of Steam Liquid 


ARVID HEMPEL 


Research Physicist, Chr. Michelsen Institute, 


Department of Applied Physics, 
Bergen, Norway 


Heat Exchangers 


The aim of the present work has been to present relatively simple transfer functions for 
steam/liquid heat exchangers, relating outlet liquid temperature to variations in, respec- 


tively, the steam temperature, the liquid velocity, and the inlet liquid temperature. The 
transfer functions are first obtained from the partial differential equations of the system 


and then simplified. 


From the simplified expressions the transient response can 


readily be obtained and, in addition, they are of a form easily simulated on an analog 
computer. Experimental frequency response data are provided. An analog computer 
proved useful in analyzing phase lag and amplitude ratio in the frequency response 


measurement. 


Introduction 


= dynamic behavior of heat exchangers is described 
by partial differential equations. Several authors have given 
solutions of these equations, in the form of the frequency re- 
sponse [1, 2],! and also including complete solution of the 
transient response [3]. The expressions, however, are rather 
complicated and not well suited for practical use. Nothing has 
been found in the literature where liquid velocity variations have 
been studied. 

In this paper the transfer functions relating the exit liquid tem- 
perature to, respectively, steam temperature, liquid velocity, and 
inlet liquid temperature of a condensing steam/liquid heat ex- 
changer, are calculated, and it is shown how these transfer func- 
tions may be simplified into expressions which are readily inverse 
transformed to give the transient response. 

In addition, the simplified transfer functions are easily simu- 
lated on an analog computer if a time delay unit is available. 
Experimental frequency response data are provided to show the 
agreement with the theoretical results. To obtain the experi- 
mental frequency response curves, signals from the measuring 
equipment were fed directly into an analog computer and 
analyzed to give a more precise readout of the attenuation and 
phase lag. 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Instruments & Regulators Division and pre- 
sented at the Winter Annual Meeting, November 27—December 2, 
1960, of Tae American Socrety or MeEcHANICAL ENGINEERS. 
Manuscript received at ASME Headquarters, July 27, 1960. Paper 
No. 60—WA-110. 


Nomenclature 


To check the transient response the actual input signal to the 
process was used as input signal in the simulated process, and the 
outputs of the real and simulated process were compared. 

In the theoretical treatment, the heat-transfer coefficient is 
assumed to vary with the liquid velocity, but to be independent of 
the steam temperature. Experiments show, however, that, for 
the liquid velocity and the steam temperature variations used in 
the dynamic measurements, the velocity was of no more impor- 
tance than the steam temperature. In comparing theoretical and 
experimental frequency response data, the variation of the heat- 
transfer coefficient with velocity is also neglected. 


Theoretical Treatment 


Assumptions. In deriving the transfer functions of the heat ex- 
changers, the following assumptions are made: 


1 Thesteam is saturated and there is no temperature gradient 
within the shell. 

2 The temperature and velocity are uniform over any cross 
section normal to the flow within the liquid and the tube wall. 

3 The liquid is incompressible. 

4 Axial heat conduction is negligible. 

5 The physical properties of the materials do not vary with 
the temperature. 

6 The heat-transfer coefficient is constant with respect to 
steam temperature, but dependent of the liquid velocity. 


The former five assumptions seem to be generally accepted in 
the literature. The last part of point 6 is of special importance, as 
in this paper also liquid velocity variations are studied. Varia- 





A, A, = cross-sectional area of liquid 
and tube, respectively, m? 


Laplace transform of f(t) 
a time function 


heat-transfer coefficient be- 
tween the tube and the 
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a = constant, explained in the 


b 


text 

constant, explained in the 
text 

specific heat capacity of liquid 
and tube material, respec- 
tively, joule/m* deg C 

constant, explained in the 
text 

function, defined in eq. (30), 
dl 

base of natural logarithms, dl 
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over-all heat-transfer conduc- 
tance per unit length of the 
heat exchanger, watt/m 
deg C 


= Pih, — heat-transfer conduc- 


tance per unit length of the 
heat exchanger between the 
tube and the liquid, 
watt/m deg C 
heat-transfer coefficient be- 
tween the tube and the 
liquid, watt/m?* deg C 


steam, watt/m* deg C 

(-1) 

constant, defined by eq. (20a) 

constant, appearing in eq. (8), 
dl 

length of the heat exchanger, 
m 

Laplace operator 

inside periphery of the tube, m 

outside periphery of the tube, 
m 


(Continued on next page) 
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tions in liquid velocity affect the heat-transfer coefficient and this 
is taken into account in the theoretical treatment, to be further 
discussed later. 

Equations. The equations are derived from the heat balance in 
a small element, dz, of the heat exchanger. This is shown in Fig. 
1. Using the symbols listed, the equations arrived at will be: 
For the tube wall 


26 
PeA, — 


+ (Pik, + Pha)6, = PhO + PO, (1) 
For the liquid 
00 06 
pcA = + peA-v =~ + PhO = PhO, 


For simplicity the following symbols are introduced 


Piha 


Pyhy 
a= —,. Gq 
PeA, pcA 


Pihy 


a, = , 
PeA, 


and @& = a + Qs 
(3) 
The equations may then be written 


00 
7 + af, = a6 + a6, 


06 26 
or a + BO = 66, 


The boundary condition is 


ox ——____» 


RQVRnnnnnn» » > 
STEAM 6, 
Liddle 














LIQUID 





Wilt, 
STEAM 86, 
RT ____ |; HA 


i 

















Fig. 1 An element of the heat exchanger 


Nomenclature 


6=06; for z=0 (6) 
In these equations @,, @;, and v are functions of time. The de- 
sired solution is an expression for @ for given functions 8,, 6,, and v 
Only small variations of @,, 0;, and v are considered, thus the 
equations may be linearized. The variables are split in a time 
dependent and a time independent term as follows. 


6(t) = 04 + Ad,(t) 
O(t) = Oy + AO<t) 


v(t) vo + Av(t) 


Ox, t) = A(z) + AWKz, t) 


6 (x, t) = Oo(z) + Adz, t) 


The coefficients a, and 8 vary with the velocity and, for small 
variations of the velocity, linear dependence is assumed, thus 


ay = ay (1 + #2) and p= A (1+%2) (8) 
V9 Vo 


where k is a constant. a is not influenced by the liquid velocity. 

Only the time dependent terms are of interest in this paper. 
The equations describing their behavior are obtained by insert- 
ing the expressions (7) and (8) in eqs. (4) and (5), neglecting the 
second-order terms, and subtracting the equations describing 
the stationary behavior. The latter equations are solved for 4)(z) 
and 6(z) and the solutions are inserted in the dynamic equations 
to give the final equations describing the dynamics. These are 


a L 
8—— Ap 
@wv . 


Vo 


+ a@A@ + a,A6, (9) 


oAé 
— a ad, =k 


Ale 


(Bio — One 


2A0 


Ad 2d8 
ot 


eat Av 
Vo — @ © esaa= 
oz 


Vo 


+ BAO = (1 — kB * (Bio — Dale 


+ BA@, (10) 
with the boundary conditions 
Aé = 0 fort = 0 for all values of z 
Aé = A@; for z = 0 for all values of t 
The subscript 0 is omitted on the coefficients a; and 8. 
Transfer Functions. The equations (9) and (10) are Laplace- 


transformed with respect to time and then solved for the outlet 
liquid temperature variation A@,. The result is 





function of w, defined in eq. 
(32), dl sec 

function of w, defined in eq. 
(31), dl 

complex 
sec™! 


Laplace variable, 


Pik 
peA ‘ 
Pry 


PicA, 
Pi, 


constants, defined in eq. (22), 
sec™! : 

time, sec 

unit step function, dl 

liquid velocity, m/sec 

distance from the liquid inlet, 
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defined in eq. (24) and (25), 


explained in the text, sec 
a, + a, sec™! 


——, seo" 
pcA 


symbol indicating deviation 
m from a mean value 


temperature, respectively, 
liquid, tube, and steam, 
deg C 

density of liquid and of tube, 
kg/m* 

constant, sec 

phase lag, radians 

angular frequency, rad/sec 


-~ 


g, Fi, 


Subscripts 
t refers to the inlet 
L refers to the outlet 
0 indicates mean value or stationary 
value 
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ay 


8 (1 = BB ~ Ba) [s+ + 
Didi) 0 ante errngypeen 


apres a 


_*t8, . a6 L] 4, 
" Hs] a 
Vo 


k 
1-—k 





—e ve 


a8 


(s+ a\s+B)—a@ 


— 


‘s s+, as L 
F if Grae we |-8, 
8 


t+ 28 L 


' &ta vo 


_*téa 


+AOe ” (12) 


In this expression A@,, A@;, and Av are the Laplace transforms 
of the time functions applied. 

From eq. (12) the transfer functions A@,/Av, A@,/A@,, and 
A@,/A8é, are readily obtained by in turn putting two of the three 
driving functions equal to zero. Thus 


8 a 


U% a 


Ad, 
= = — ——— 


(s +als+B)-— a8 


(15) 


It is a common feature of steam /liquid heat exchangers that the 
heat-transfer coefficient at the steam side is much larger than the 
one at the liquid side. 

This means that the ratio a:/a is approximately equal to 
unity. Using this approximation, the transfer functions may be 
simplified. This is shown in the Appendix. The simplified func- 


tions 
-s + k 
l — kB — Oude : strat Qa 


are 


AG, 


Ar s(s + a@ 


(18) 
From the transfer functions (16), (17), and (18) the frequency 
responses are relatively simple to calculate because the function 


1 — Be~?*" 


is tabulated for different values of the constant B [5]. 
Transient Response. Inverse transformations of the transfer 
functions are straightforward, when using the relation 


L— [F(s)le— 74] = U(t — r)f(t — r) (19) 
where U(t — rT) is the unit step function. Because of the unit 
step function which appears in the expression for the transient 
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response, the solution has different form in two domains of time. 
To find the response of the outlet liquid temperature after a step 
disturbance in the velocity, the transfer function (16) is multiplied 
by Av /s, which is the Laplace transform of the step function, and 
then inverse transformed. The result is 


/ 


a+a — 
ay, k —_ + i aah = 
a?i1— RS a 


a, k 


— Ay for 0< 
at i-k 


for t> 


where the constant K is 


B (1 — k\(Oo — ad% vo 
Vo 


K = (20a) 
For t = L/v) these two expressions have the same value. The 
slope in this point, however, is different, and the difference is 
equal to the constant K. This means that there is a discontinuity 
fort = L/v. 

If a step disturbance is applied in the steam temperature, the 
response of the outlet liquid temperature is found in the same 


way from eq. (17). It is found to be 


8s 
E = er — 
L 


82 ‘ 
. ent Aé 
82 —_ 8) So - 8 


0 « 


—(%+8) — L 
l—-e 7 e” Abo t> 


Vo 
8, and s; are the roots of the denominator in eq. (17) given by 


8, \ —(a + B)  [(a + B)* — 40.8 
sof 2 
They are negative for all positive values of a», a, and 8. 
In eq. (21) there is no discontinuity fort = L/v. Both the 
value and the slope of the two expressions are equal for = L/v 
The transfer function eq. (18) contains a pure transportation 
lag, and inverse transformation to get the step response at once 
gives: 


(23) 


Vo 


L 
L —p 
) e ° « Abin 


A@,(t) = U (: 7 


The value of these analytical expressions for the transient re- 
sponses is perhaps limited because of the difficulties involved in 
treating functions given in this way. The experimental work is 
mainly concerned with the measurement of the frequency re- 
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sponse. This is described in the following. However, a few meas- 
urements of static characteristics of the heat exchanger are pre- 
sented first. 


Experimental Apparatus and Procedure 

The heat exchanger used in the experiments consisted of two 
concentric tubes of 3 m length. 
and with inner diameter 2.1 


The inner tube is made of brass 
em and outer diameter 2.7 cm 
The outer tube is a drawn steel pipe with inner diameter 6.5 em 
and outer diameter 7.5cm. The heat exchanger is isolated with a 
2.5 em thick layer of glass cloth. 

The experiments are all carried out with water flowing through 
the tube at a mean velocity of 0.48 m/sec which equals a flow 
rate of 101/min. Steam temperature has been about 103 deg C 
and inlet liquid temperature about 4 deg C, except when measur- 
ing the response to inlet temperature variations when no steam was 
supplied and the mean inlet temperature varied between 30 and 
35 deg C. 

For measuring the temperature in the steam and liquid, re- 
sistance thermometers were used. These were made by winding 
0.1-mm copper wire on small glass tubes. The time constant of 
these elements was about 1 second. During the static measure- 
ments the temperature difference between the inner tube wall 
and the steam was measured at five points along the tube by iron- 
constantan thermocouples. 
bored holes in the tube wall 

The steam pressure was measured by a Statham strain-gage 
pressure transducer. This was also used to measure the pressure 
difference over an orifice for measuring the liquid flow rate. For 
stationary flow, however, a variable area flowmeter was used. 


These were placed in tangentially 


For all the dynamic measurements a Sanborn multichannel 
recorder was used. 


Static Measurements. The assumptions of condensing steam 
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Fig. 2(c) The over-all heat-transfer conductance. 
conductance between tube and liquid. 

(Both shown as a function of the liquid flow rate with the steam tempercture 
as o porameter.) 
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(b) The heat-transfer 
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and no temperature gradients within the shell were checked by 
measuring the steam temperature and the steam pressure simul- 
taneously at several points along the inside of the shell. No 
measurable deviation from these assumptions could be detected. 
From measured values of inlet and outlet liquid temperature 
and tube wall temperature, the heat-transfer coefficients were cal- 
culated for different steam temperatures and liquid flow rates. 
The results of these measurements are shown in Figs. 2 and 3. 
The ordinate axis shows the heat-transfer conductance per unit 
length, which is proportional to the heat-transfer coefficient. Fig 
2(a and b) show, respectively, the over-all heat-transfer conduct- 
ance and the liquid /metal heat-transfer conductance versus flow 
rate. Fig. 3(a and b) 
temperature. 


show the same quantities versus steam 


When measuring the frequency response the steam temperature 
was varied between about 100 and 107 deg C, and the liquid flow 
rate between about 8 1/min and 12 1/min. In these ranges the 
heat-transfer conductance varies even less with the flow rate than 
with the steam temperature. 

This may be explained by the fact that viscosity of water is 
much influenced by the temperature. Increasing the flow rate at 
constant steam temperature, the outlet liquid temperature will 
decrease and thus the viscosity also increases. 

This is contrary to the assumption of constant heat-transfer co- 
The results from 
dynamic measurements on heat exchangers shown so far seem, 


efficient with respect to steam temperature. 


however, to indicate that the necessary accuracy is obtained with 
this simplifying assumption. As the heat-transfer coefficient is 
no more influenced by the liquid flow rate than of the steam tem- 
perature during the dynamic measurements, it was felt that, in this 
case, the heat-transfer coefficient could be considered independent 





400 


. Z 





350 





300 


20 I/min 


15 t/min 


ae \ 10 nin 





250 

















200 





T 
120 Oc. 
STEAM TEMPERATURE 


105 no 5 





350 
@® 





300 
—4 


—_— 
a 





250 20 \/min—— 


PA 


15 (/min 
10 /min 


200 





G, WATT/m°C 


7 


150 
105 0 5 120 @5 °C 


STEAM TEMPERATURE 


(b) The heat-trans 




















Fig. 3(a) The over-all heat-transfer conductance. 
fer conductance between tube and liquid. 

(Both shown as a function of the steam temperature with the liquid flow 
rate as o parameter.) 
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of the liquid flow rate too. This means that the constant k in the 
equations can be put equal to zero. 

Frequency Resp Measurements. In analyzing the frequency 
response of the heat exchanger an analog computer was used. A 
sine wave signal was generated by means of the analog computer. 
This was used to operate the input variable on the heat exchanger. 
The measured signals of both the input and the output variables 
were compared with the generated sine wave to determine the 
phase lag and the attenuation. The method is shown in the follow- 
ing: 

A sine wave, a sin wt, and a cosine signal, a cos wt, are used to 
determine the phase lag and amplitude ratio of the two signals 
from the process. These may be written: 





Input signal: b sin (wt — ¢) 
Output signal: d sin (wt — ¢) 
The following quantities are formed on the analog computer 


t 
Zn = ab f, sin wt-sin (wt — ¢,)dt (24) 


t 
22 = ab f, cos wt-sin (wt — ¢,)dt 
The resulting functions of ¢ are 


ab 
ues t cos ¢, + periodic functions (26) 


ab... — , 
a- -= t sin ¢,; + periodic functions (27) 
If 2, and 2. are fed to the z and y-axis of an z-y-recorder, a 
line, on which a periodic function is superimposed, will occur. 
The slope of this line is a direct measure of the phase lag, ¢,. A 
tracing of such a graph is shown in Fig. 4 for two frequencies. 
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Fig. 4 Tracing of a graph from the x-y recorder. 
termined by the difference between ¢: and ¢). 


The phase lag is de- 
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Even for the higher one, where the disturbance is destroying the 
regular form of the graph, the mean slope is fairly precisely deter- 
mined. 

If z,; or 2;2 are recorded as time functions, the periodic functions 
may be neglected, and the mean value of 2,,/t or z2:/¢ may be taken 
from the graph. Therefore if g, is determined and a is known, 
the amplitude b may be calculated by either equation (26) or 
(27). 

In the same way 22, and Zz: may be formed by using d sin (wt — 
¢) instrad of b sin (wt — ¢) in the eq. (24) and (25). With the 
same procedure then, d and ¢ are determined. The phase lag ¢ 
between output and input signals is then given by 

er a 
and the amplitude ratio is d/b. 

A tracing of the graphs from the time chart recorder is shown 
in Fig. 5. Fig. 6 shows a block diagram of the functions per- 
formed by the analog computer. The equipment used on the 
process is shown in Fig. 7(a, b, c). 

When varying the steam temperature the sine wave signal from 
the computer was used directly to vary the set point on an elec- 
tronic pressure controller as shown in Fig. 7(a). 

For varying the flow rate, the electric signal from the computer 
was fed to an electric-pneumatic converter, the output controlling 
& pneumatic valve in the liquid supply tube. The pressure con- 
troller was maintained to keep constant steam pressure. The 
block diagram is shown in Fig. 7(6). 

The inlet liquid temperature was varied by introducing a con- 
trolled amount of steam into the liquid flow. This was done as 
shown in the Fig. 7(c). No steam was supplied to the shell in 
this case. 


Measured and Theoretical Results 


In the Figs. 8, 9, and 10, measured and calculated frequency 
response curves are shown together. Fig. 8 shows the case where 
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Fig. 5 Tracing of a chart from the time recorder, w = 0.13 rad/sec. 
The amplitude ratio is determined by the mean slope of 2; and zn. 
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Fig. 9 Measured and theoretical frequency response. Sinusoidal varia- 
tions in the liquid velocity. 
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The 
theoretical values are obtained from eq. (17) by replacing s by 
jw. It is seen that the agreement between the theoretical and 
experimental results are quite good for the lower frequencies. Al- 
though deviations occur at the higher frequencies, the minimum 
and maximum of the two curves appear at about the same fre- 
quencies. 

Fig. 9 shows the result when the liquid velocity is varied sinu- 
soidally. The theoretical values are taken from eq. (16). The 
value of the constant k is put equal to zero, which means that the 
heat-transfer coefficient is considered independent of the liquid 
velocity variations. When this is done, eq. 
in the form 


the sinusoidal variations occur in the steam temperature. 


(16) may be written 


ms (s) = — - 28) 
Av °° - 


It is interesting to note that the only parameter which deter- 
mines the dynamics in this case is L/vp which is the average time 
for a liquid particle to traverse the heat exchanger. This may 
perhaps throw light on the suggestion made by H. Thal-Larsen 
(6] that this parameter is sufficient to describe the dynamics of 
heat exchangers. 

The experimental data shown in Fig. 9 have positive values for 
the attenuation about the frequency 0.2 rad/sec. This is not the 
case with the theoretical curve, even if the eq. (16) is used with 
the correct value of k. Except for this deviation the theoretical 
curve fits well with the experiment and especially the phase lag 
shows very clearly the abrupt changes predicted by the theoretical 
transfer function. 

The response obtained by varying the inlet temperature is 
shown in Fig. 10. The measured attenuation points are very 
scattered. This may be due to the fact that the mean inlet tem- 
perature varied from one frequency to another. 

As the 
temperature, this causes the amplitude ratio to vary 
18) the amplitude ratio is given by 


heat-transfer coefficient varies considerably with the 
From eq. 
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Figs. 11 and 12 Transient response of the real and simulated process, 
and the input (steam temperature) signal. The crosses shown on the 
signal from the real process are the corresponding valves from the 
simulated process, normalized to give the same stationary value. 


and @ is proportional to the heat-transfer coefficient 
ation data in Fig. 10, therefore, are of little value. The phase 
lag, however, is not influenced by this variation and the theoreti- 
cal curve fits favorably with the experimental data 


Phe attenu- 


Altogether the simplified transfer functions seem to describe 
the dynamic behavior of the heat exchanger fairly well. Al- 
though the heat-transfer coefficient varies considerably with the 
steam temperature and also with the velocity of the liquid, the 
dynamics is described quite well by considering constant heat- 
transfer coefficient. 


The Transient Response 

Practical difficulties make it impossible to produce a real step 
variation in the steam temperature. Therefore the real input 
signal was fed into the simulated process and the response of this 
compared with the response of the actual process. Both the input 
signal (the steam temperature) and the output of the simulated 
and real processes are shown in Figs. 11 and 12. The crosses shown 
on the response curve of the real process are the corresponding 
These are normalized to give 
the same stationary value as the real process. The 


values from the simulated process. 
simulated 
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process is seen to describe the transient response of the heat 
exchanger quite well. 

The step in the system temperature was about 4 deg C causing 
the output to vary about 8 deg C. This large output variation is 
due to the varying heat-transfer coefficient. However, apart 
from the stationary values, the dynamics is well described by as- 
suming constant heat-transfer coefficients. 


Further Experiments Needed on Heat-Exchanger Dynamics 


So far most papers describing measurements of the dynamics of 
steam-liquid heat exchangers have been concerned with the re- 
sponse to variations in steam temperature. In this paper also 
the response to variations in liquid velocity has been measured, 
and, with less success, the response to inlet liquid temperature. 
While varying one of these, however, the steam pressure (and 
temperature) is kept constant by a pressure controller. It may 
therefore be said that it is the heat-exchange process which is 
studied, more than the heat exchanger as a system. 

The interaction between inlet liquid temperature or liquid 
velocity and steam pressure or temperature is an important fea- 
ture of a heat exchanger, and should be investigated in future 
work on heat-exchanger dynamics 

In that case also the steam valve and upstream steam pressure 
must be taken into account. The actual way of varying the 
steam temperature is to manipulate the steam valve, and there- 
fore the transfer function between the liquid outlet temperature 
and the valve stem position is of importance. 


Conclusion 
The main results of the work described in this paper are: 


1 The transfer functions of a heat exchanger are derived. The 
influence of liquid velocity on the heat-transfer coefficient is taken 
into account. 

2 Itis shown that the heat-transfer coefficient varies as much 
with the steam temperature as with the liquid velocity in the 
range where measurements were carried out 

3 The results from the dynamic measurements, however, seem 
to confirm the apparently common opinion that the heat-transfer 
coefficient may be regarded independently of the steam tempera- 
ture in dynamic calculations when relatively small variations are 
considered. In accordance with point 2 above, then, the dynamic 
measurements also seem to indicate that the variation of the heat- 
transfer coefficient with respect to liquid velocity may be neg- 
lected in dynamic calculations. 

The gain of the transfer functions which is not taken into ac- 
count in this paper may, however, be affected by the varying 
heat-transfer coefficient 

3 If the heat-transfer coefficient on the liquid side is ap- 
proximately equal to the over-all heat-transfer coefficient, it is 
shown how the transfer functions derived may be simplified. The 
simplified transfer functions are readily inverse transformed to 
give the transient response. They are also easily simulated 
on an analog computer with the use of a distance velocity lag 
simulator 

1 If the heat-transfer coefficient is considered independent 
also of the liquid velocity, the response of the outlet liquid tem- 
perature to variations in liquid velocity or inlet liquid tempera- 
ture is fully described by the residence time of the liquid and is 
not influenced by the heat-transfer coefficient. 

5 The use of an analog computer for analyzing the frequency 
response proved quite useful, especially the measuring of phase 
lag is facilitated 
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APPENDIX 


If s is replaced by jw in the expression 
(30) 


the real and imaginary part of the exponent may be separated and 
written in the form R — jQ where R and Q is given by 


L w+ a’? — ma 


R=-8 


v w+ a?’ 
w+ a®?+a,8 
w? + a? 


Q 


Remembering that a = a; + a, it is seen that the expression 


w? + a? — ma 


(33 
w? + a? 


varies from a,/a for w = 0 to unity when w tends to infinity. As 
a/a approximately equals unity, the expression (33) also ap- 
proximately equals unity, for all values of w 

The expression 


varies from 


for w 0 


usually a, < a@ and 


Therefore R and Q 


to unity as w tends to infinity. Because 
B < am, 


may be approximated by 


the term a,8/a? may be neglected 


and D(s) may be written 
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DISCUSSION 
W. H. Abraham? 


Mr. Hempel is particularly to be thanked for obtaining experi- 
mental data to back up his theoretical analysis of steam liquid 
heat exchanger dynamics, and for his attempt to provide simpli- 
fied transfer functions which might be amenable to engineering 
calculations. 

The discusser feels, however, that in one case the theoretical 
transfer function was not correctly simplified to apply to the 
present experimental data. In the case of outlet temperature re- 
sponse to inlet liquid temperature, the experimental data (Fig. 10) 
show a decreased amplitude of response at frequencies above 
about 0.2 radians/second. The author ascribes this to variation 
of the heat-transfer coefficients with temperature. Unless there 
is a misunderstanding about the way in which the experiments 
were performed, it seems more reasonable to ascribe the de- 
creased amplitude of response to the effect of thermal capacity of 
the brass (inner) pipe. It is stated in the text that no steam was 
supplied to the shell during the tests of response to inlet liquid 
temperature variation. Under this condition there would have 
been little or no heat conduction across the shell side of the inner 
pipe. Accordingly, the author’s approximation of a very high 
steam-side heat-transfer coefficient is invalid. If instead we set 
the steam-side heat-transfer coefficient equal to zero, and carry 
out the same sort of analysis indicated by the author, the result 
shows that the ratio of outlet to inlet temperature variations is 
1/1 at low frequencies, decreasing to e~®4/* at high frequencies. 
The break frequency is of the order of a, radian/unit time, where 
a, is the ratio of conductance between liquid and pipe wall to the 
thermal capacity of the pipe. 

A second point about this paper is the clever way used to cancel 
experimental measurement dynamics errors. Similar resistance 
thermometers were used for measuring both the input and output 
variations in temperature. However, for the case of variations in 
liquid velocity, and more especially for the case of transient re- 
sponse measurements, the cancellation was not possible and 
temperature measurement errors are quite significant. In the 
case of the transient response measurements, the signals are 
heavily masked by measurement dynamics. Using the author’s 
estimate of a one-second time constant for a resistance thermome- 
ter, the rounding of the input signal (steam temperature) curves 
in Figs. 11 and 12 is almost entirely attributable to measurement 
lag. The actual change in steam temperature was apparently 
quite close to a true step. Similarly, the four output curves shown 
in Figs. 11 and 12 include one measurement lag in each case and 
are strongly shaped by the measurement lag. It appears, there- 
fore, that the measurement of transient response of liquid outlet 
temperature to steam temperature does little to prove or disprove 
the theoretical analysis, which, however, the author has ade- 
quately demonstrated by frequency response measurements. 
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The author wishes to thank Mr. Abraham for his interest in 
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The author agrees with Mr. Abraham that the simplification 
of the transfer function given in eq. (15) is not valid in the case 
where no steam is applied to the shell, at least not without 
further examination. The discusser points out that the unsim- 
plified transfer function predicts a decreasing amplitude ratio at 
higher frequencies, and he proposes that this will explain the 
decrease, shown in the experimental results in Fig. 10. However, 
assuming @, = 0, the theoretical result, as given by eq. (15), 
only shows a decrease of 2.8 db by increasing frequency. The 
experimental result therefore cannot fully be explained in this 
way. The author therefore still believes that the variation in 
the mean inlet temperature during the experiment has had much 
influence on the experimental result. This also explains why 
the points does not fit well to a smooth curve. 

As also stated in the text, the measured attenuation does little 
or nothing to prove or disprove the theory. The reason why 
Fig. 10 is given is that the phase lag is very little influenced by 
the mean temperature variation and can therefore be used for 
this purpose. Even the simplified transfer function (eq. 18), 
shown in Fig. 10, gives good agreement with the experimental 
result. Using the unsimplified transfer function (eq. 15) the 
agreement is even better. A few values calculated from eq. (15) 
with a, = 0 are given in Table 1 and demonstrate this. 


Table 1 Phase lag calculated from eq. (15) with a, = 0 
w, rad /sec 0.1 0.2 0.4 1.0 
Phase lag 51° 93° 161° 365° 


For the specific heat exchanger tested, the errors introduced 
by the simplified transfer function (eq. 18) are not very impor- 
tant even if a, = 0 which is contrary to the assumption used 
for the simplification. This, in fact, means that the heat capac- 
ity pr. unit length of the tube wall is negligible compared with 


that of the liquid. This does not necessarily imply, however, 
that it is negligible with respect to the other transfer functions 
derived. 

Concerning the second point mentioned by the discusser, the 
author agrees that the rounding of the input signals (steam 
temperature) shown in Figs. 11 and 12 is partly due to measure- 


ment lag. However, for the comparison of the actual process 
and the model this is of no importance. The output curve of 
the actual process is formed by the heat exchanger dynamics 
and the thermal lag between the actual liquid temperature and 
the recorder. Concerning the model, the output curve is formed 
by the thermal lag of the thermometer measuring the steam 
temperature and the dynamics of the simulated process. Since 
the systems are linear it does not matter where the lag is placed 
in the system. The author therefore agrees that the four output 
curves shown in Figs. 11 and 12 are shaped by one measurement 
lag. This lag is the same for output of the model and for the out- 
put of the actual process. Unless the lag completely dominates, 
and this is certainly not the case, the two curves may be com- 
pared directly. Any difference in the response will then be due 
to different behavior of the simulated process (the theory) and 
the actual heat exchanger. 


Transactions of the ASME 





Dynamic Behavior of a Simple 


D. H. TSAI 


Aeronautical Research Engineer 


E. C. CASSIDY 


Physicist, Equation of State Section: 
Heat Division, National Bureau of Standards, 
Washington, D. C. 


reducer. 


analysts 


Pneumatic Pressure Reducer 


This paper presents an analysis of the dynamic behavior of a simple pneumatic pressure 
Both the nonlinear and the linearized problems were studied. 
mental results also were obtained on a working reducer model to check the validity of the 
The agreement between the nonlinear solutions and the experimental results 


Some experi- 


was satisfactory. The nonlinear and the linearized solutions were compared in detail 


so as to bring out the essential features of the dynamic behavior in both cases. 


The stabil- 


ity problem was studied also, and a set of stability criteria for the linearized case was 
formulated in terms of the design and operating parameters of the reducer. In the few 
sample cases studied, these criteria gave correct qualitative predictions of the stability 


of the reducer in both the linearized case and the nonlinear case. 


The flow forces on 


three typical flowmetering valves were determined by experimental measurements (A p- 


pendix 2). 


Introduction 


PRESSURE reducer is an automatic fluid-mechanical 
device for reducing the pressure of the working fluid, either hy- 
draulic or pneumatic, from a higher level to a preselected lower 
level over a wide range of flow rates and upstream pressures. 
This type of device is used in many fluid-control and fluid-power 
systems, ranging from the simple domestic water line to the 
highly sophisticated servomotor control systems in modern air- 
craft and missiles. 

The control of pressure is usually accomplished by a sensing 
element which senses the change in the regulated pressure, and 
automatically adjusts the flow rate so as to maintain the desired 
pressure. In its simple form, a reducer may contain a single 
sensing element acting directly on a flowmetering valve. In the 
more elaborate designs, a reducer may contain two or three sens- 
ing elements and metering valves, cascaded into two or three 
stages, so as to achieve the desired characteristics in pressure 
regulation. Whether the design is simple or complex, the opera- 
tion of these reducers under static or steady-state conditions is 


1 The work reported in this paper was carried out under the sponsor- 
ship of the Airborne Equipment Division of the Bureau of Aero- 
nautics (now Bureau of Naval Weapons) Department of the Navy— 
Reference NAer 01826, NAer 01880, NAer 01881. 

Contributed by the Instruments and Regulators Division and 
presented at the Winter Annual Meeting, New York, N. Y., 
November 27-December 2, 1960, of Tue American Society oF 
MECHANICAL ENctneers. Manuscript received at ASME Head- 
quarters, August 11, 1960. Paper No. 60—WA-186. 


Nomenclature 


These results were used in the analytical part of the paper. 
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Fig. 1 Schematic diagram of a simple pressure reducer 


fairly simple in principle. If information is available on the flow- 
rate and flow-force characteristics of the metering valve, the 
analysis of the pressure-flow characteristics of the reducer under 
steady-state conditions is straightforward [1].* 

In actual service, however, a reducer seldom operates under 
purely steady-state conditions. Also, the vibrations of the mount- 


? Numbers in brackets designate References at end of paper. 





Dimensional Terms: 


@, @, @, = orifice areas, sq in., Fig. 1 
o seating area of metering valve, sq in. 
a, piston area, sq in., Fig. 1 
G, 04, Ae sonic velocities corresponding to T,, 7;, and 7», re- 
spectively, ips 
viscous damping constant, Ibp-sec/in. (lbp = pound 
force) 
specific heat of gas at constant pressure, Btu/Iby- 
deg R (ilby = pound mass) 
specific heat of gas at constant volume, Btu/Iby- 
deg R 


flow force on metering valve, lbg 
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gravitational constant conversion factor 
384 Iby-in/Ibp-sec? 
mechanical equivalent of heat = 778 ft-lbe/Btu 
spring constant, lby/in. 
lift of metering valve from seat, in. 
mass of gas contained in volume pv, Iby 
mass of metering valve assembly (metering valve, 
valve rod, piston, and so on), lby 
mi, Me, mass rate of flow of gas through a, @:, 43, respec- 
ms tively, Ilby/sec 
Ma, Mya, isentropic mass rate of flow through 4), 2, @:, respec- 
Mos tively, lby/sec 


(Continued on next page) 
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ing structure may induce undesirable oscillations in the reducer. 
To obtain a complete picture of its performance, one must there- 
fore investigate the dynamic characteristics of the reducer and 
analyze the problems of its natural frequency and stability. This 
is difficult to do, even in the case of a simple reducer, because of 
the rather complex interaction between the fluid and the mechani- 
eal parts. If the fluid is compressible, additional difficulty is 
introduced. Perhaps because of these difficulties there is very 
little analytical work on this subject in the open literature. In 
the few published articles (see, for example, [2, 3]) the analyses, 
for the most part, have been handicapped by the rather drastic 
simplifying assumptions, and the results have been incomplete, 
especially in the study of the various nonlinear effects in the re- 
ducer system. In so far as the authors are aware, there has been 
no systematic study of the reducer-stability problem as affected 
by the various design and operating parameters. The design and 
manufacture of pressure reducers, therefore, have been carried 
out largely on a trial-and-error basis. 
promises only uncertain results. 

This paper presents an analysis of the dynamic behavior of a 
simple pneumatic pressure reducer with a view to clarifying some 
of the problems brought out in the foregoing discussion. Both 
the nonlinear and the linearized problems were studied. Some 
experimental results were also obtained on a working reducer 
model to check the validity of the analysis. The nonlinear and 
the linearized solutions were compared in detail so as to bring out 
the essential features of the dynamic behavior in both cases. The 
stability problem was also studied in the linearized case, and a set 
of stability criteria was formulated in terms of the design and 
operating parameters of the reducer. 
compared with experimental results. 


This is expensive, and 


These results were also 


In the analytical work, the upstream pressure was assumed to 
be steady, and the regulated pressure downstream of the flow- 
metering valve was assumed to be uniform at each instant of 
time. Thus the dynamic effects of the conduits upstream and 


downstream of the reducer were neglected. Except for these 





effects, an effort was made to keep the simplifying assumptions 
to a minimum. For example, proper account was taken of the 
flow forces on the metering valve. To do this, it was necessary 
to obtain first-hand experimental measurements, because of the 
lack of information in the literature. The results of the flow-force 
measurements on several typical valves are summarized in Ap- 
pendix 2. 

Despite these efforts, the analysis, of course, remains limited by 
the very simplicity of the reducer model. To gain a more com- 
plete concept, similar analyses should be carried out to study the 
effects of conduit dynamics mentioned earlier, the interaction be- 
tween stages in a multistage pressure reducer, the transmission 
and attenuation of large-amplitude pressure waves, and other 
related problems. Clearly, the effective use of pressure reducers, 
and indeed of all fluid-control and fluid-power systems, depends 
on an understanding of all these various problems 


Analysis 


The analysis was made for the case of a simple pressure re- 
ducer shown in Fig. 1. In steady-state operation, the mass rate 
of flow through the metering valve is equal to that through the 
control valve, so that p = const = p., and the metering-valve 
assembly is stationary. This equilbrium position is maintained 
by the balance of forces on the metering-valve assembly. On 
one side (the bottom side in Fig. 1) the piston is acted on by a 
reference-spring force obtained from compression of the spring. 
On the other side the piston is acted on by pressure ps. The 
metering valve is also acted on by a flow force due to the pressure 
forces (and viscous forces) integrated over the face of the valve. 
There also may be some friction forces between the metering- 
valve assembly and the casing. But under steady-state or slowly 
varying conditions, the inertia force is either absent or negligible. 


*A common configuration of the poppet valve is the “balanced” 
valve shown by the dashed outline in Fig. 1. The flow force on the 
balanced valve is different from that on an unbalanced valve, but 
there is no basic difference in the method of analysis 





Nomenclature 

P, Pi, = pressures referred to in Fig. 1, psia 
Pr, P 

Pp, = pressure in pneumatic spring chamber, psia 

R = gas constant = 53.3 lbp-ft/lby-deg R for air 

t = time, sec 
I’, T;, = temperatures corresponding to p, pi, Ps, ps, respec- 
T:, T3 tively, deg R, Fig. 1 


volumes, cu in., Fig. | 


,» = volume of pneumatic spring chamber, cu in. 
¥, ¥y = positions of piston in rg, in., Fig. | 
4 max 


Reference Terms 


& = reference area, sq in., Fig. 1 

a = reference sonic velocity in gas in v when reducer is in 
reference steady-state operation, ips 

dy = reference diameter, in., Fig. 1 

f, = flow force on metering valve at zero lift, lbg 


mo = reference mass of gas in v at po, To, Ibu 


Po = reference pressure in v when reducer is in reference steady- 
state operation, psia 

T,> = reference temperature in » corresponding to ao, deg R 

Us» = reference volume of v2, when a; = 0, cu in. 

Yo = position of piston during reference steady-state operation, 
in. 

Ve = Yr + Ymax, in., Fig. 1 

@o = reference value of w, radians/Z 


Dimensionless Terms 
A, Ao, As = @;/@, 2/8, @:/a, respectively 
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Q@, @;, @2 = a/ao, a,/ao, A2/ao, respectively 
C;, C2, C, = discharge coefficients of a), a, a, respec- 
tively; C; = m,/ma, and so on 
F, = fo/ao(p: — p) = &/a, Appendix 2 
F, = f/fo, Appendix 2 
L = I/do = (y,/do)(¥ max ) 
P, P;, Pz, Ps = p/po, pi/po, P2/Po, Ps/ Po, respectively 
R,, Re, Ro, Rs = p/pi, p2/p, p/ Pr, ps/p, respectively 
J = vit 
J e = U2/Va 
VY, ¥ 5, Vmax, Yo = Y/Yrr Ye/Yrr Ymax/Yrr Yo/Y,, Tespectively 
Z = dimensionless time = dal 
Y = ratio of specific heats = ¢,/c, = 1.4 for air 
¢ = damping coefficient 
= ¢,qv/MAe@o 
6, (2 = damping ratios of pressure reducer in linear- 
ized solution (associated with natural fre- 
quencies &,,; and w,., respectively) 
n = force coefficient for a 
= (g/myy,)(v/aoao)*e,p 
& = force coefficient for a 
= (g/mj,y,)(0/ doa )*aop 
w = natural frequency (radians/Z) of spring- 
mass system in reducer 
= (kg/m,)' 2(n / eGo 
Wri, Wa = natural frequencies (radians/Z) of pressure 


reducer in linearized solution (associated 


with damping ratios ¢; and {s, respec- 


tively 
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The regulation of the pressure in v is then effected by the feedback 
of the pressure signal from pv to v, in response to which the piston 
in v2 adjusts the position of the metering valve, and hence the 
mass rate of flow, so that p is held nearly constant. The regulat- 
ing quality of a reducer may be expressed in terms of the change in 
p in the range of flow rates and upstream pressures the reducer is 
designed to handle. For perfect regulation, the change in p 
would have to be zero. This is difficult to achieve in the simple 
reducer under study. But there is no problem of stability under 
the steady-state condition, because the feedback arrangement 
always produces a restoring force to balance the change of forces 
caused by a disturbance in the flow. To satisfy the steady-state 
condition (no inertia force), the disturbance, of course, either 
must be very small or must occur very slowly. 

In unsteady or dynamic operation, the inertia foree may be- 

come quite large. Also p, may differ appreciably from p, and 
both may differ appreciably from the reference steady-state 
operating pressure po. Under these conditions, self-sustained 
oscillations may be induced in the reducer, so that its function as 
& pressure regulator is impaired. In more serious cases, such os- 
cillations may even damage some mechanical parts, or materially 
shorten the service life of the reducer. It is therefore of interest 
to study in some detail the interactions between the fluid and the 
mechanical parts, in order to gain an understanding of the condi- 
tions under which the operation of the pressure reducer is dy- 
namically stable. 
This section gives a brief discussion of 
the governing equations used in the present analysis. The basic 
assumptions and the derivation of these equations are given in 
Appendix 1. 


The Governing Equations. 


The dynamical equation was obtained by equating to zero the 
algebraic sum of the inertia, damping, spring, pressure, and flow 
forces, acting on the piston and metering valve. 
sional form, this equation is 


In nondimen- 


D*Y + (DY + w¥ — nP, — &FF,(P, — P) =0. (1) 
Here D = d/dZ, and D* = d?/dZ?. 
PP, Pi, P The coefficients ¢, w*, n, and & are 
mainly design parameters and remain constant for a given re- 
ducer. F, is a function which describes the variation of the flow 
force with the pressure difference (P,; — P); Fy is a function which 
describes the variation of the flow force with the valve position Y. 
These functions were determined experimentally as discussed in 
Appendix 2. 

The gas pressures P, P; and sonic velocities (@, @, were obtained 
by considering the perfect gas, continuity and energy relationships 
for the gas in volumes V and V,. Appendix 1 shows that there 
were two cases to be considered: 


Y is the piston position, and 
are pressures.‘ 


Case l. Flow through A, 


was from V to V2: 


| DP — 2PDQ/Q@ = @*|(C, Ai Pies /G 


— (C2AeP¢2,/Q) — (C3sAsP¢3/Q@)} (2) 
(Y + Y,) DP: + yP:DY = yVC:A:QGP¢, (3 
DP = ¥(C,Ai@:Pigi — CrA:@P¢x — CrAsQ@P¢s) (4 

2(Y + Y,)DQ@:/Q: = (VC:A:Q@P¢2./P2)(y — (Q2/Q)*] 
y — 1)DY. (5) 
Case II. 


DP — 2PDQ, a= Q*|(C\ Ai Pie, (t,)) 
+ (CrAsP2p21/Qe 


Flow through A, was from V; to V: 


7” (CsA Pos (t)) (6) 


4 Y, Ps, and so on, are dimensionless ratios (see Nomenclature). 
However, the terms ‘“‘dimensionless’’ and/or “ratio” are omitted 
here for brevity. This rule will be applied to all other dimensionless 
terms in the text. 
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(Y + Y,)DP; T yP,DY = ~YVC2A2:Q2P 2G; (7) 


DP = VIC: A: GPigi T CrArQeP ohn; - CA; QP ¢;) (8) 
P, = Q,P/'7- 0), (9) 
In each case the first equation is the continuity equation for the 
gas in V, the second is the energy equation applied to the gas in 
V2, and the third is the energy equation applied to the gas in V 
The fourth equation expresses the relationship between @, and P; 
(and other quantities) for determining the state of the gas in V». 
The equations for these two cases, together with equation (1), 
make up two sets of five simultaneous equations, with the inde- 
pendent variable Z and the dependent variables P, @, P:, Qz, and 
Y. Given suitable initial and boundary conditions, these equa- 
tions may be solved simultaneously for the five dependent varia- 
bles [4]. 
The following functions were assumed: 


Ay = —A;'(Y mex _ Y), A,’ = dA, dy; 


¢, = ¢(R,), where n = 1, 2e, 21, 3; 


and 


g(R,) = [2(R,2/7 — R,S7F)/7)/(y — 1)]'72 
for 0.528 < R, < 1, 


and 


¢(R,) = 0.579 for R, < 0.528 

F, and F, were taken from experimental values (Appendix 2). 
For simplicity, P;, Ps, A;’ and the discharge coefficients C,, C2, and 
C; were assumed to remain constant. Specifically, C, was as- 
sumed to remain the same for flow in either direction through 
A>. 

The boundary conditions for this problem were taken to be the 
following: When P; < P, the equations for Case I were used. 
When P < P2, the equations for Case II were used. 
Yy = 


sembly was constrained from further closing 


Also, when 
Y max, the valve A, was closed, and the metering-valve as- 
Therefore, Y > 
Y max, and at Y = Y,,., DY was assumed to be zero (no rebound 
Finally, since the equations for reverse flow through A; and A; 
were not formulated, P could not be allowed to be greater than P, 
or smaller than P;. These last conditions were not too restric- 
tive and could be satisfied in most cases of interest. 

Method of Solution. The two sets of equations discussed in the 
foregoing section are nonlinear, and do not admit of a general 
solution. In order to gain some understanding of the dynamical 
behavior of the reducer, these equations were therefore solved by 
an approximate numerical method, and several solutions were 
obtained with the aid of a digital computer. In the numerical 
integration, the Runge-Kutta recurrence formula [5] was used 
to evaluate the increments AP, AG, and so on, for each step of 
AZ. The optimum step size was not investigated. However, an 
effort was made to keep the step size small so as to limit the 
truncation error, but not so small as to lengthen the computing 
time too much. In one problem it was found that an increase in 
AZ by a factor of 10 changed the frequency of oscillation of P, P2, 
and Y by approximately 5 per cent and the amplitude of oscilla- 
tion by about 2 or 3 per cent. These changes were considered not 
too serious, and the larger AZ was taken. In other problems, this 
example was used as a guide to the correct choice of step size. 

Linearization of Governing Equations. Because of the lack of a 
general solution to the nonlinear governing equations, it was not 
possible to formulate a general set of stability criteria for this 
problem. In order to progress further, it was necessary to limit 
the original objective, and to restrict attention to the linearized 
equations. Unfortunately, as later discussion shows, even with 
the linearized equations, it was difficult to establish quantitative 
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stability criteria because of the large number of design and 
operating parameters involved. Nevertheless, the linearized 
problem served to provide qualitative information on the effect 
of the various parameters and, in so doing, led to a better under- 
standing of the nonlinear stability problem as well. 

In the linearized problem, @ and @, were assumed to remain 
constant (and equal to @,). This could be justified by the numeri- 
cal solutions to the nonlinear equations obtained for a few cases, 
wherein it was found that the changes in @ and @; were small com- 
pared to those in P and P3, respectively, if P and P; did not them- 
selves vary too much from the reference steady-state value of 
unity. With the variables @ and Q@, removed, only three equa- 
tions were now needed for the three remaining variables P, Ps, 
and Y. Equations (2), (5), (6), and (9), were therefore abandoned. 
Actually, with d@ = 0, the continuity equations (2) and (6) be- 
came quite similar to the two energy equations (4) and (8). The 
former were discarded in preference to the latter because it was 
thought that the continuity equations were less stringent, inas- 
much as the derivation of the energy equations actually involved 
a consideration of mass continuity. 

To simplify the remaining equations further, it was assumed 
that P = P;, and that 


A= v(P - P,)/P = v(P = P; /Ps, 


where v is a proportionality factor. When P; < P, ¢. ~ ¢2, > 0, 
and when P; > P, g = ¢2; < 0. So both ¢2, and ¢2; could be 
represented by a single ¢:, and the two sets of equations (1), (3), 
(4) and (1), (7), (8) were reduced to one set: 


D*Y + [DY + w*Y — nP; — §F,F(P,; — P) =0 (10) 
4 DP = yQ@[(C\AiPi¢, — C,Aw(P — P:) — CiAsP¢s] (11) 
(Y + Y, DP, = y[VC,A:Qx(P — P;) — P:DY}. (12) 


The use of the approximate ¢; undoubtedly involves some error, 
especially if the value chosen for vy should be inaccurate. (The 
slopes of ¢:, and ¢2; approach infinity as R:, and R;, approach 
unity.) However, v always could be combined with the quantity 
C2A2, so that its effect would be the same as that of C2Az. 

To linearize equations (10), (11), and (12) let 


( Y = ¥,+Y’ 
P =1+P’ 
P; = |] . 2 Pe. 
and 
y & ¥e 
P< 1 
| oy ee 4. 
Also 


F,, $1, Gs = const; 
P, = 1— F,'(Yuxs — Yo — Y’), F,’ = GF,/ 
Ay = —Aj'(Y max ari Yo — ig 


dY = const; 


Substituting all these conditions into equations (10), (11), and 
(12), and neglecting higher-order terms, one obtains, after some 
manipulation, the linearized equations as follows: 


( (D? + ¢D + @* — K,)]¥’ + KiP’ — Py’ 


= K,; + 7 —w*Y, (13) 
| KY’ +(D+Ks+ KoP’ — KP; = Ki-—Ks (14) 
K,DY’ — K.P’ + (D+ K,)P,' = 0, (15) 


with 
K, = &F,(P; — 1)F,’ 
K; = éF,[1 = Py’ (¥ max ig Yo)) 
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Ks = (P; =e 1)Ke 
Ke = —y@PigiGiAi’ 
Ks = yQ@C,Aw 

Ks = yQC:Ax¢; 

Ky = Ki(Y max = Yo) 
Ky = ¥/(Yo + Yj) 


Ky, = VK3K3/¥. 


Stability of the Linearized Equations. From equations (13), (14), 
and (15), the characteristic equation was obtained next by setting 
the determinant formed by the coefficients of Y’, P’, and P,’ 
equal to zero, in the conventional manner [4]: 


|D? + [D + (w — Ki) RK, —7 
K. D+ Ks + Ks -K, | =0. 
K,D —K, D+K; 
Therefore the characteristic equation is 

Af + asdA® + aed? + aA + a = 0, (16) 


with 
a;3=0¢+K,+ Ke + Ko 
w* — Ki + [(Ks + Ke + Ks) + KeKs + Ks 
a = (w? — K,)(Ks + Ke + Ky) 
+ (KeK,y — K2KsKsy + Ks(Ks + Ke) — Keka 
Q = (w? — Ki)KeKo + KeKs(n — K:) 


2 
ll 


The stability problem associated with the quartic equation (16) 
was studied by Routh [7] and also independently by Hurwitz [8]. 
To insure stability, the real parts of all the roots of equation (16) 
must be negative, and to satisfy this condition, the following cri- 
teria, known as the Routh-Hurwitz criteria, must be satisfied 
(6): 

1 The coefficient a’s must all be positive, 

2 AyQ2QQs > Apa? + a,?, 

3 a2? > 4a. 


The problem of stability of the pressure reducer is therefore one 
of obtaining the values of the K’s and a’s from the design and 
operating conditions, and then testing the a’s according to the 
stability criteria. 

In a few simpler cases, the qualitative effect of a parameter on 
stability is evident by inspection. For example, an increase in w 
(the natural frequency of the spring-mass system in the reducer) 
makes Q@, @, and a@ more positive, and hence the system would 
be more stable, according to the first criterion. In contrast, an 
increase in K, (by increasing P;, say) would have the opposite 
effect. Also, an increase in ¢ (damping coefficient) would not 
affect a», but would tend to make a, a, and a; more positive and 
the product a3;a,@; larger, and hence the system would be more 
stable according to all three criteria. 
general agreement with experience. 

To obtain quantitative information on a particular parameter, 
equation (16) would have to be solved with the parameter in 
question varied systematically over the range of interest. A few 
parameters were studied in this manner. However, it was not 
possible to study all the parameters in their various combina- 
tions, because of the large number involved. The solution to 
equation (16) was obtained by the conventional method of algebra 
[6]. The computation was again performed with the aid of a 
digital computer. The results were obtained in terms of the 
damping ratios ¢, and ¢, and frequency ratios W,:/w and Wa2/w. 
These ratios are more descriptive of the dynamic behavior than 
the four quartic roots A,, As, As, and A, of equation (16). They are 
related to the latter through the following equations: 


These deductions are in 


A, - — [S11 = Wai (Ci? —_ 1)'/2 
Ar = —[Siwa + a(S? — 1)‘ 
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A; = 
\, = 


‘ 1 , 
— [CxWn2 — Wn2(f2? — 1) 7? 


i 


—[FsWa2 + Wae(F2? — 1)" "he 


Thus, if |{| <1 and |f,| < 1, the four \’s form two pairs of com- 
plex-conjugate roots, and Ww, and W,: are the two natural fre- 
quencies of the reducer system, and ¢{, and ¢ are the damping 
ratios associated, respectively, with the two oscillatory com- 
ponents. If |¢;| < 1, and |f,| > 1, only the first component is 
oscillatory with a natural frequency of w,:, and w,2 has no 
physical meaning. If both |f;| > 1 and [f,| > 1, there is no 
oscillatory component; both w,; and w,2 have no physical meaning. 
The system is stable (to a small disturbance) if both ¢; and ¢ are 
positive, and unstable if either one (or both) becomes negative. 
On the boundary of stability, either [, or {; is zero while the other 
remains positive, or both ¢; and £2 are zero. 


Experiment 


Some experimental work was carried out on a working model of 
a simple pressure reducer to check the validity of the governing 
equations and the method of solution. The model was similar to 
that shown in Fig. 1. The physical dimensions are given in the 
caption of Fig. 2. The metering valve was a 45-deg poppet 
valve. In the model, the control valve was replaced by a simple 
orifice to facilitate sudden opening and closing of a;. The 
mechanical spring was replaced by a pneumatic spring. This was 
accomplished by charging the spring chamber to a pressure p,. 
The spring constant was determined from the simple isentropic 
relationship for the gas in the spring chamber: 


k = YPAp*/r 


where v, was the volume of the spring chamber. For small piston 
displacements, p, and 9% were approximately constant, and the 
pneumatic spring therefore was approximately linear. In 
operation p, was taken as the pressure in the spring chamber 
when the reducer was in steady-state operation. This pressure 
was measured by means of a bourdon-type pressure gage to an 
accuracy of about 1 psi. 

The upstream section of the model was supplied with com- 
pressed air at pressure p,, maintained at the desired level by the 
use of an auxiliary pressure reducer connected to a high-pressure 
(3000-psi) source. Fluctuations in p,; were minimized by the 
use of a large (3-cu ft) surge tank between the auxiliary reducer 
and the upstream section of the model. Pressure p, was measured 
by means of a calibrated bourdon gage. The accuracy of the 
measurement was 1 psi. The regulated downstream pressure p 
was measured by means of a calibrated strain-gage-type pressure 
transducer. Since the volume v was small (2.88 cu in.) and com- 
pact, p was nearly uniform throughout v at any instant of time. 
The valve lift 1 was measured by means of a calibrated linear dif- 
ferential transformer driven at a frequency of 1000 cps. The 
voltage outputs from the pressure transducer and the linear dif- 
ferential transformer were displayed on a dual-beam cathode-ray 
oscilloscope. The accuracy of the p and | measurements was 
within 3 psi and 0.002 in., respectively 

In operation, the auxiliary reducer was adjusted to give the de- 
sired level of p;. The pressure p, was then adjusted to give the 
desired downstream pressure p under steady-state conditions. 
The disturbance was introduced by first closing the orifice a; and 
then suddenly opening it. The subsequent oscillation of p and 1 
was photographed from the oscilloscope screen. 


Results 


Ww. i Salati 





p and Comparison With Experiment. Fig. 2 shows 
the steady-state oscillations of the measured and the com- 
puted pressure P and valve lift L versus time Z obtained under 
the conditions given in the figure. The design parameters were 
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Fig. 2 Comparison of li luti with experimental results for 
P, = 3.0 and 1.5 
Initial Conditions: 
P=P,= 1.0, @=@,= 1.0, DY = DP = DP, = D@ = 0@,=0 


Step Disturbance: 
A; = 0 to A; = 0.075 


Constants: 
A: = 0.021 
8p = 3.14 sq in. @, = 1.0 
@ = 0.279 sq in. Gq =CG = Cc; = 09 
&@) = 13200 in/sec F, = 1.07 
ca = 0.713 Ibp-sec/in. F,’ = §.53 
do = 0.625 in. P; = 0.375 
k = 171 Ibp/in. for P, = 3.0, V = 0.855 
= 147 Ibp/in. for P; = 1.5 ¢ = 0.20 
m, = 1.07 iby ” = 0.025 
pe = 40 pela — = 0.0022 
v = 2.88 in.’ w* = 0.037 for P; = 3.0, 
¥r = 1.12 in. = 0.032 for P; = 1.5 
Ai’ = —5.39 


fixed by the physical dimensions of the model. The operating 
conditions were chosen mainly for convenience but otherwise the 
choice was arbitrary. The computed curves of P; are also shown. 
The results were obtained by disturbing the reducer by a sudden 
opening of A;. In the computed case, the steady-state solutions 
were obtained in two or three cycles of oscillations after the initial 
disturbance. For comparison, the Z-axis of the computed 
curves was shifted so that the initial valve lift was the same as in 
the experiment. The value of Z at this point was arbitrarily 
taken as zero. 

The conditions for the computed solutions listed in the caption 
did not agree exactly with the conditions of the experiment. The 
more questionable conditions used for computation were the fol- 
lowing. C, was assumed constant and equal to 0.9, although ex- 
periment showed that it varied with the lift and the pressure ratio 
across the valve (see Fig. 7(d), Appendix 2). C:; and C; were also 
assumed equal to 0.9 for the sake of simplicity. The friction at the 
0-ring seal was difficult to estimate and was arbitrarily assumed 
to remain constant and to be viscous in nature. The value of [ 
was taken as 0.2. The flow force and the pressure force (due to 
P2) acting on the metering-valve assembly were somewhat in 
error because the pressure force acting on the cross-sectional area 
of the valve rod was neglected. Some error was also involved 
in the assumption of a linear pneumatic spring. Finally, the co- 
efficient of restitution between the valve and the seat was as- 
sumed to be zero (no rebound), and hence the effects of the re- 
bound on P and P; were not present in the computation. In the 
experiment, the details of the rebound were obscured by a high- 
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Fig.3 Effect of A and (w/w)? on damping ratio {), f2 and frequency ratios w»)/u, 


Cc ol iei, 
a>, 
a 
a 
Ca 


for Computoti 
3.0 sq in. 
0.30 sq in. 
13200 in/sec 
0.086 Iby-sec/in. 
0.625 in. 
316 Ibe Jin. 
0.5 Ibu 
100 psia 
360 in.? 





frequency chatter in the oscillograph record of the L-curve. For 
this reason, only the duration of the rebound was indicated. 
However, the small fluctuations in the P-curve, 
bound, were clearly visible. 


caused by the re- 


Because of these assumed conditions, the results should be com- 
pared only in a qualitative way. As Fig. 2 shows, the qualitative 
agreement was satisfactory. The general shape of the P and L- 
curves was the same. In fact, the computed period of P and L 
and the maximum amplitude of P agreed quantitatively with the 
measured values. Moreover, when P; was changed from 3.0 to 
1.5, these points of agreement remained satisfactory. Finally, the 
analytical solutions were also correct in showing the self-sustained 
oscillations observed in the experiment. 
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w»2/w of the linearized solution 


1.0 in. 
—4.82 
0.20 

1.0 

0.80 

Cc; = 1.0 
1.07 
4.93 

P, = 1.0 


3.0 
0.5 
120 
0 
1904 
190.4 
9.3 
2007 


ul 
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show assumptions, the and the 


that the governing equations, 
method of solution were reasonably valid. 

Linearized Solutions. The nonlinear solutions discussed in the 
foregoing section reveal many details of the dynamic behavior of 
the reducer. However, these solutions are cumbersome, and they 
give very little information on the degree of stability 


since there is no general solution to the 


Moreove T, 
nonlinear problem, it is 
difficult to evaluate the effect of a change in a design or operating 
parameter on stability. It is therefore of interest to study the 
linearized problem outlined in the ‘‘Analysis,”’ in order to gain 
some qualitative understanding of the stability problem. 

Fig. 3 shows a series of solutions to the linearized characteristic 


equation (16) with the parameters A, and (w/w»)? varied and with 


Transactions of the ASME 





the other parameters held constant at the values given in the cap- 
tion. The selection of Az and (w/w»)? as the variable parameters 
was again arbitrary, and was intended as a further illustration of 
the effects of these parameters on the stability problem. The re- 
sults show the effect of Az and (w/wo)? on the damping ratios (the 
ordinate) and the frequency ratios (the abscissa) of the reducer. 
Along each dashed curve, Az is constant, and (w/w)? is vari- 
able. Along each solid curve, 
variable. 


w/w)? is constant, and Ag is 
The solution for each pair of values of Az and (w/w»)?, 
therefore, is shown as a pair of points, representing the two com- 
ponents of the solution, with co-ordinates ({,, Wu/w) and ({2, 
Solutions in the unshaded 

Solutions in the shaded 
areas have one oscillatory component and one nonoscillatory 
component. 

In the figure, A, was varied from the very small value of 0.001 to 
a value of 3.0 (equal to a,/3). 


W,2/W), as described in the Analysis. 
areas have two oscillatory components. 


Further increase in A; resulted in 
very little change in the computed damping and frequency ratios, 
showing that at this value, A, offered very little resistance to flow 
between V and V2. (w/w»)? was varied over a smaller range, but it 
can be shown that, if w approached infinity, one component would 
approach ¢, = 0, @,/w = 1, and the other component would ap- 
proach the line w,2:/w = 0, ¢, being indeterminate. 

= ().0496, and the heavy solid 


1.566 are of some special interest because at 


The heavy dashed curves, A, 
curves (w/w)? = 
their intersection (point X), () = €, and w,,; = W,2. These curves 
and the curves for the extreme values of A, and (w/w)? are help- 
ful in that they outline regions in each of which the trend of varia- 
tion of the intermediate curves may be readily traced 

Note that, in these different regions, A affected 
It may be expected that 


and (w/w)? 


Ci, War) and (C2, w,.2) in different ways 


this also would be the case with the other design and operating 
parameters, inasmuch as the coefficients @, Q@, a), and @ con- 
tain all the parameters In different combinations, equation (16 

For example, Fig. 3 shows that the computed solutions were 


stable for many combinations of A, and 2 even though the 


W/W 
damping coefficient [ was assumed to be zero. When ¢ was in- 
creased (solutions not shown here) it was found that the curves 


of constant A, and (w/w)? became “‘distorted’’ from those which 


appear in Fig. 3: The point X now moved up vertically, showing 
without but the 
? were not very much affected, 
showing that, in these regions, { was not very effective in changing 
the damping of the reducer system. Thus it easy to 
classify the design and operating parameters according to their 
effect on the ¢’s and w,’s 


an increase in ¢, and € iffecting w,,; and @,9; 


curves for small A, or large (w/w 
is not 


To get a complete picture of the dy- 
namie behavior of the reducer, one must therefore study the ef- 
fects of all the parameters in all combinations over a wide range. 

c 
representative series of 





ison of Nonli Fig. 4 shows a 
nonlinear solutions obtained with P, 
varied from 4.0 to 1.05, and with the other conditions held con- 


stant at the values listed in the caption 


and Linearized Solutions. 


P 


These solutions also 
turned out to be unstable, and the figure shows the self-sustained 
oscillations in P, P2, and L under steady-state or near steady-state 
conditions. The time scale was shifted, as in Fig. 2, so that the 
comparison of the solutions may be made more readily. 

The oscillations in P, P., and L were the smallest in the case 
of P, = 1.05. the lift curve shows that the 
metering valve barely touched the valve seat with each cycle of 
that the 


Also, in this case 


oscillation, so nonlinearity 


introduced by the valve 


hitting a stiff valve seat was almost absent. Since these condi- 
tions agreed well with the assumptions in the linearized problem, 
the linearized results for P; = 


the nonlinear results. 


1.05 may be expected to agree with 


Table 1 shows that this was indeed the case. This table lists 
first the damping ratio ¢, and the natural period, 27/w,,;, of the 
unstable component of the linearized solution. For the nonlinear 
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Fig. 4 Computed nonlinear solutions for P; = 4.0, 3.0, 2.0, and 1.05 


Initial Conditions 
Same as in Fig. 2 


Step Disturbance: 


Constants 
Same as in Fig. 2 except: 
& = 0.30 sq in. 
Cu 0.086 Ibp-sec/in. 
k 139 Iby/in. 
Cc 0.8 


Table 1 Comparison of nonlinear and linearized solutions 


Nonlinear solutions, Fig. 4 


Period ot 
poppet valve 
during free 

Over-all travel, 
period, Z/cycle 
Z eyel see text 


Linearized solutions* 
(unstable component ) 
Period 
(22 /wn1), 
Z cycle 
—(). 64 16.1 
—0. 60 17.3 
—(). 54 19.0 
—(). 31 25.9 


P ¢ 
4.0 
3.0 
2.0 
1.05 


*y = 9.3 for this series of solutions; other conditions same a 


those shown in the caption of Fig. 4 


solutions, Fig. 4, Table 1 lists two periods; the over-all period of 
the cyclic phenomena in P, P2, and L, and the period of the meter- 
ing valve during the ‘‘free’”’ part of its travel. This latter period 
was taken as the time duration in which the valve was lifted 
from the valve seat. In this period, the valve motion (and P, P», 
and so on) was governed by the complete set of equations (1 

through (9), with the attendant nonlinear effects. In a very ap- 
proximate way, this period may be considered as comparable to 
the natural period in the linearized calculation. When the solu- 
tion was nearly linear (P; = 1.05), the over-all period was the 
same as the period of the metering valve in free oscillation, and 
Table 1 shows that both were very close to the natural period 
of the linearized solution. For this case, Fig. 4 shows that the 
nonlinear effect was to distort the wave form of the P, P:, and 
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L-curves which otherwise would have been sinusoidal in the 
linearized case. 

With increasing P;, the nonlinear solutions became more un- 
stable in the sense that the amplitudes of P, P:, and L became 
larger, and that the average velocity of the valve in its free travel 
was higher: This was in qualitative agreement with the linear- 
ized solutions in Table 1, which shows that [, became more nega- 
tive with increasing P;. The period of the free part of the valve 
motion decreased slightly and this also was in qualitative agree- 
ment with the linearized solutions, although the latter showed a 
much larger decrease in 27/w, in the same range of P;. How- 
ever, this trend of variation was completely opposite to that of the 
qver-all period of the nonlinear solution. Thus the linearized 
solution proved to be inadequate for predicting the correct natural 
frequency of the over-all reducer system, except in the case of 
small-amplitude oscillations. 

In the remaining part of the over-all period, the valve was 
stopped at the valve seat, and equation (1) was not applicable. 
Therefore, the nonlinear effects were associated primarily with the 
flow equations, (2) through (9), the effect of valve rebound being 
ignored. This portion of the over-all period was therefore con- 
trolled primarily by the time required for P and P; to fall to the 
proper levels so that the valve could be lifted again by the spring 
force. This appears to be the principal mechanism responsible 
for the dependence of the over-all period on the amplitude of os- 
cillation in unstable operation. The amplitude of P was limited 
by P; and P;. P: was controlled primarily by P and also, to a 
much lesser extent, by the motion of the piston in V;. The 
valve travel was limited on the one side by the valve seat, and on 
the other side by the dynamic behavior of the valve mechanism, 
and therefore by P; and P. Thus, in unstable operation, the 
oscillations in P, P;, and L were amplitude limited. This, in turn, 
controlled the over-all period of the oscillation. 

An additional point of interest is the effect of the size of a dis- 
turbance on the stability of the pressure reducer. In the linear- 
ized case, the disturbance was assumed to be small. Then, if the 
solution was stable, the small disturbance would be damped out. 
The question therefore is this: If the disturbance were not small, 
would a linearly stable solution remain stable? To answer this 
question, the transient response of the reducer to two different 
step disturbances was computed from the nonlinear equations. 
These solutions are shown in Fig. 5 (note the difference in the P 
and L-scales in the two solutions), and the applicable conditions, 
as well as the linearized results, are given in the caption. With 
¢, and ¢; both greater than zero, the linearized solution should be 
stable. However, the nonlinear solutions show that the system 
was stable only to a small disturbance, but was unstable to a 
large disturbance. 

In the case of the large disturbance, Fig. 5 also shows that the 
period of the P and L-curves in the first cycle of oscillation was 
about 80 Z/cycle. This was in fair agreement with the value of 
77.9 Z/cycle for the period of the linearized solution. In subse- 
quent cycles, the period became longer, due to the nonlinear ef- 
fects noted earlier. Now, in the case of the small disturbance, 
the period of the P and L-curves in the first cycle of oscillation 
was only about 50 Z/cycle, and in subsequent cycles the period 
decreased to about 36 Z/cycle. Thus the agreement between the 
nonlinear and the linearized solutions was actually poorer when 
the changes in P and L were smaller. This phenomenon was due 
to the fact that the linearization (see Analysis) did not take into 
account the degenerate case in which P and P, remained almost 
constant. In this case, the reducer would be operating almost in 
a steady-state condition, so that only equation (1) need be con- 
sidered. Then the natural period would be simply 27/w, or 36 
Z/cycle, which is the same as the period of the last cycle of the 
nonlinear solution. Thus the natural period of the reducer could 
change from 24/w, when P and P; were nearly constant; to 
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LARGE DISTURBANCE 


Fig. 5 Effect of size of disturbance on stability of reducer 


Initial Conditions: 
Same as in Fig. 2 


Step Disturbance: 
Large disturbance 
Small disturbance 

Constants: 

Same as in Fig. 2 except: 

ca = 53.5 Ibp-sec/in. Ci Cc. = C; = 0.8 tc 
k = 139 Ibp/in. F,' 9.90 

Az: = 0.019 P, 3.0 


A; = 0.0332 to A; = 0.0665 
0. 


0665 


A; = 0.0648 to A; = 


= 15 
w* = 0.0305 


Linearized Solution With vy = 9.3: 


2x/wm = 77.9 Z/cycie, {; = 0.039 
22/wn2 = nonoscillatory, {2 = 2.81 


2m /wa; and 27/W,a2, when P and P; were in small oscillation; and 
finally to still some other natural period dependent on the ampli- 
tudes of P, P:, and L, and so on, when these were in large oscilla- 
tion. 

This point is further clarified by an examination of the damping 
characteristics of the nonlinear solution. The damping ratio as 
determined by the logarithmic decrement of the first two cycles 
of the P and L-curves (Fig. 5, small disturbance) was somewhat 
greater than the damping ratio {,; = 0.039 in the linearized case. 
In subsequent cycles, the damping ratio increased even further. 
Toward the last cycle of oscillation, the reducer behaved as the 
spring-mass system of equation (1), and the damping was there- 
fore determined by ¢, which in this case was as much as 43 times 
greater than the critical damping for the spring-mass system. 
Thus the stability of the reducer was controlled by ¢ when P 
and P, were nearly constant, by {; and {; when P and P, were in 
small oscillation, and by still other nonlinear effects when P, P2, 
L, and so on, were in large oscillation. Incidentally, the large de- 
crease in damping in Fig. 5, from ¢ = 15 to ¢; = 0.039 and to 
negative damping, shows that in this instance the viscous damp- 
ing on the mechanical parts was rather ineffective for stabilizing 
the reducer system. This, of course, is the same point noted 
earlier in the discussion of the linearized solution. 


Summary 


The agreement between the experimental and the analytical re- 
sults showed that the assumptions used in the analysis were 
reasonable, and that the governing equations were essentially 
correct in describing the dynamic behavior of a simple pressure 
reducer. It was found that the governing equations were rather 
highly nonlinear, and the effect of the nonlinearity was to distort 
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the wave form of the oscillations of the dependent variables (P, 
P,, L, and so on), and to make the natural frequency and the 
damping associated with the oscillations amplitude-dependent. 
A set of stability criteria was obtained for the linearized governing 
equations, under the assumption of small-amplitude oscillations. 
With these criteria, it was possible to evaluate the qualitative 
effects ef the various design and operating parameters on the 
stability of the reducer system. The quantitative problem of sta- 
bility was complicated by the dependence of damping on the 
amplitude of oscillation. For example, it was found that the 
stability of the reducer was affected by the size of the dis- 
turbance. Further study of the nonlinear properties of the 
governing equations is required to clarify this and other related 
problems. 
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APPENDIX 1 


Derivation of Governing Equations 


The fluid medium is assumed to be a perfect gas with constant 
specific heats, so that 


McGraw-Hill Book 


pu = mT, (17) 


Y = c,/c, = const (= 1.4 for this problem). (18) 


The symbols in these equations and in those to follow below are 
explained in the Nomenclature. 

The gasdy .amic process may be assumed to be adiabatic and 
quasi-steady (no pressure waves). Then the mass rate of flow 
through a, is 
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ty = Craypi(gy/@)'/*0(Ri)/(T,)', 


C, = discharge coefficient of a;, 


o(R:) = [2(R,2/7 — R,t+Y/ 7 Jy — 19)", (20) 


R, = p/p. (21) 


At R, = 0.528, ¢(R,) has a maximum value of 0.579. At this 
point sonic velocity is reached in a,, and further decrease of R, 
does not make mm, larger. Hence ¢(R,) remains at 0.579 for R; < 
0.528.5 

Similar equations may be written for ri, or 14;, and for tis, for 
flows through a, and a3, respectively, with subscript 2e referring 
to flow from v to vz, and 27 referring to flow in the opposite direc- 
tion. 

Denoting the gas mass in v by m, and using subscript 0 to indi- 
cate the reference condition of steady-state operation for the 
pressure reducer, one may write, 

m = po/RT, mo = pow/RTo, 


a? = ygiT, (22a, b, c) 


dm/dmo = (ao/a)*|(dp/po) — 2(p/po)(da/a)} 


= (1/me)(m, + tm, ms)dt (23) 


By substitution of equations (22) into (19), one has 
tdt/m, = 


(( 1a) ‘a } (ao/a;) (pi/po)e(Ri )\dZ (2 4) 


where @ is a reference area, and dZ = agadt/v. 
sions may be written for ti2,dt/mo, thadt/mo, and thgdt/mo. 


Similar expres- 
When 
these are substituted into equation (23), with the simplified 
dimensionless notations @,/a = A;, a:/a@o = Qi, pi/po = Pr, 
¢(R:) = ¢, and so on, one obtains the following continuity equa- 
tion for flow from v to v, through Az: 


DP — 2PDGQG/@ = @*{(C\AiPwi/GQi) — (CrA2P ¢2,./@A 
- (CyAgP G3, a }, (25) 
here D = d/dZ. 


For flow in the opposite direction (v2 to v), the continuity equa- 
tion is similar except that the term —C,A:P¢:,/@ is replaced by 
+C:zA2P2¢2;/Qz. The discharge coefficient C; is assumed to re- 
main the same for flow in either direction. 

The energy equation for the gas in v is obtained by considering 
the change in the internal energy in rv, due to the work done on the 
piston and the energy brought into v; by the flow process through 
@. The heat energy transferred to rv; is assumed to be zero. For 
flow into rv, (from v), this energy equation is 

(c,/R)d (pas) /dt = c,T rig, — (1/J)prde,/dt. (26) 
In dimensionless terms, with v3/v29 = V2: and v/rzao = V, where 
v2.9 is the reference volume of v, (the valve A; is in the closed 
position), and also with V, expressed in terms of the dimensionless 
piston position Y, the energy equation for the gas in V; becomes 
(27) 
for flow from V into V3. The corresponding energy equation 
for flow in the reverse direction is similar, except the right-hand 
side is replaced by —yVC:A2@2P2¢ui. 

The energy equation for the gas in V may be written in a 
similar fashion by equating the change in the internal energy in 
V to the energies brought into V and/or removed from V by the 
flow processes through A,, Aa, and A;. Actually the boundary 


(Y = Y,)DP; aa yP:DY = vVC:A:QP¢., 


6 For a more detailed discussion of equations (19) to (21) and of this 
method of defining the discharge coefficient C:, see D. H. Tsai and 
M. M. Slawsky, “Determination and Correlation of Flow Capacities 
of Pneumatic Components,” NBS Circular 588, Superintendent of 
Documents, U. 8S. Government Printing Office, Washington, D. C., 
October 15, 1959. 


261 


JUNE 1961 





of V is somewhat indefinite in the neighborhood of the metering 
valve because it is not stationary. In fact, there must be some 
work done on V by the motion of the metering valve. But these 
effects are assumed to be negligible. Also, the effect of heat trans- 
fer is neglected. Then, omitting the intermediate steps and 
writing the energy equation directly in dimensionless terms, one 


has, 


DP = VIC AiGPi¢gr = C2,A,AP¢g, ae C3A;QAP¢;) (28) 
for flow from V to V2. Again, the corresponding energy equation 
for flow in the opposite direction is similar, except that the term 
—C,A,APyr, is replaced by +C,A2Q2P2¢.,. 

(n equation is also needed for determining an additional prop- 
erty of the gas in V2. The equation for @, for flow from V to V2 
is obtained by combining equations (27), (17), and (22c): 


2Y + Y)D@:/@; 
= (VC:A;@QP¢2./P2)[y — (@2/@)*] — (y — 1)DY. 


(29) 


Che equation for @, for flow from V2 to V is obtained by assuming 


the process in V, to be isentropic: 


Q,277/7-D (30) 

Che dynamical equation is obtained by equating the inertia 
force to the sum of the damping, spring, pressure, and flow forces 
cting on the metering-valve assembly. Here the pressure force 
refers to the force on the piston due to pressure ps, and the flow 
orce refers to the force on the metering valve due to the presence 
of flow over the surface of the valve. The flow force is discussed 
in greater detail in Appendix 2. Generally speaking, this force 
depends on the geometry of the valve and of the flow passage, the 
pressure (or density) and also the pressure difference across the 
valve. Because of the complexity of the flow pattern, it is gen- 
rally very difficult to calculate theoretically the flow force in- 
volved. However, in Appendix 2, it is shown that for a valve 
of given geometry the dimensionless flow force f/appo is given by 
the expression 


flaps = FFP: — P), (31) 


and F, and F, are experimentally obtained functions as discussed 
in Appendix 2. In terms of dimensionless Y and Z, the dy- 
namical equation then becomes 
D*Y + (DY + w*Y — oP; — &F,F,(P; — P) = 0. (32) 
The coefficients [, w*, n, & are defined in the Nomenclature. 
(25), (27), (28), (29), and (32) de- 
scribe the dynamic behavior of the pressure reducer when the 
flow through @ is from pv to ve. 


To summarize, equations 


A similar set of five equations ap- 
plies when the flow through a is from v, tov. These equations 
‘ontain five unknowns: P, @, P:, @:, and Y. With a given set 
f initial conditions, these equations, therefore, may be solved 
simultaneously, and the solutions may be obtained as functions of 
Z. The method of solution is discussed in the text. 


APPENDIX 2 


Determination of Flow Forces and Discharge Coefficients 
for Various Poppet Valves 


Experimental Setup. The metering-valve assembly, shown sche- 
matically in Fig. 1, was modified for the flow force and flow-rate 
measurements. The orifice a, was sealed, and the spring and the 
piston were removed. Sealing gaskets were installed to prevent 
leakage between the valve rod and the casing, and the rod was 
rotated (by means of an electric motor) to reduce friction in the 
axial direction of the rod. The flow force on the poppet valve was 
measured by means of a hydraulic scale [9] attached to the valve 
rod. The accuracy of the measurement was about 0.05 lb. The 
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Fig. 6 Measured flow forces on a 45-deg poppet valve at various lifts 
and pressure ratios. Valve installed as in Fig. 1. 


valve lift was measured by means of a precision dial gage which 
read to 0.001 in. The valve-opening area a; was computed from 
the lift and the geometry of the setup. The pressures p, and p 
were measured by means of calibrated bourdon gages with an 
accuracy of 1 psi. The mass rate of air flow m, through the 
modified reducer was controlled by the valve a; and measured by 
means of a nozzle-type flowmeter built to the specifications given 
in references [10, 11]. According to reference [11], measure- 
ments made with this flowmeter were accurate to somewhat 
better than 1 per cent 

Experimental Procedure. ‘The flow force and flow-rate measure- 
ments were made first on the 45-deg poppet valve 


was first installed on the upstream side of the valve seat. 


The valve 
The 
The upstream 
pressure was held constant at p; = 115 psia and measurements 
were made at pressure ratios (R; = p/p.) ranging from 0.390 to 
0.913 and at valve lifts ranging from 0 to 0.080 in. This proce- 
dure was repeated with the valve installed on the downstream 
side of the seat. In this case the flow 
shown in Fig. 7. 
for the case of the ball valve and the flapper valve, at p, = 65 
115, and 165 psia. 

Results. The flow force considered here was the net pressure 
forces integrated over the surface of the valve in the axial direc- 
tion. The measured flow force f on the 45-deg valve is plotted 
against the lift / in Fig. 6 for various downstream pressures. 
These curves show that for a given /, f decreased with increasing 
downstream pressure and that for a given R 
pressure) f decreased with increasing l. 


flow was then in the direction I as shown in Fig. 7 


was in direction Il as 
The same measurements were then repeated 


’ 


or downstream 
These results were as 
expected because with increasing downstream pressure, the dif- 
ference between the upstream and downstream pressures de- 
creased, and, with increasing /, less of the downstream area of the 
In fact, if / were 
very large, the entire valve would be under pressure p,, 
would be zero. 


valve was acted on by the downstream pressure 
and f 
As | decreased, the valve would move into the 
stream and f would increase. At zero lift, the flow force fo would 
be equal to &(p,; - p) where & is the seating area 
general, would not be equal to a, Fig. 1. 


This area, in 
With the present setup, 
fo could not be measured easily. This force was therefore ob- 
tained by extrapolating the flow-force curves to zero lift 

It was found that the data in Fig. 6 could be correlated by divid- 
ing the ordinates of curves of constant R, by their respective 
values of fo. This correlation reduced the flow-force curves to the 
solid F, versus A;-curve (flow in direction I) in Fig. 7(a). 
the ordinate is the dimensionless flow force F, = f/f 
is the dimensionless valve opening A; = a;/a. 


Here 
: the abscissa 
This curve indi- 
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Fig. 7 Fy, F,, and discharge coefficients for three typical valves 


(Height of symbol “I” in Fy, curves indicates spread of experimental data.) 
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cates that the change in the pressure distribution over the surface 
of the valve due to a change in the lift was similar at different 
pressure ratios across the valve. 

The area & in the expression fy = &(p,; — p) may be expected to 
vary with the seating condition of the valve and with the pressure 
distribution over the valve seat and hence with R;. Since it is 
generally difficult to determine the conditions at the seat, the 
variation of & is best obtained experimentally. The solid curve 
of F, = fo/ac(p: — p) = &/ao against R, in Fig. 7(a) shows that 
F, = 1.07 and is nearly constant over the range of R, tested. 

The flow force may now be expressed as 


f = aFF,(r. — p). 


From a dimensional consideration, the flow pattern and the 
pressure distribution over a given valve at a given lift should be 
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independent of the pressure level if R, is held constant. There- 
fore, the foregoing expression may be extended to apply to other 
cases with different p, and/or p by making f dimensionless. The 


reference force is most conveniently taken as apo. Thus 


S/eopo = FF, — P)/Po. 
This expression indeed was found to apply to the other valves 
tested at p, = 65, 115, and 165 psia, Figs. 7 (a, 6, and c)). 

The discharge coefficient [equation (19), Appendix 1] of the 
poppet valve was computed from the measured flow-rate data. 
Figs. 7(d through 7) show the effect of 1, R,, and the flow direction 
on the discharge coefficient for the three valves at the top of the 
figure. These results were obtained at p, = 115 psia. The re- 
sults obtained at p,; = 65 and 165 psia were nearly identical to 
those obtained at 115 psia. 


Transactions of the ASME 





J. L. HARNED? 

P. SUDHINDRANATH? 
K. M. MILLER® 

R. J. RODDY* 


Transfer-Function Derivation and Verification 
for a Toric Variable-Speed Drive 


Basic relationships that control the dynamic performance of toric variable-speed drives 
are studied. These basic toric relationships are then utilized to derive seven linear dif- 


ferential equations that describe a commercial model of a toric transmission. Experi- 
mental verification of these equations is made to support the theoretical work. By means 
of a numerical evaluation of the transfer functions, a simplified interpretation is made 
to show the relationships between transmission parameters and dynamic performance. 


Introduction 


= accurate, continuous control of power in me- 
chanical systems such as antenna positioning drives is almost uni- 
versally accomplished by either hydraulic or electrical-type trans- 
missions. From a philosophical standpoint, it would seem that 
a mechanical transmission would be more elemental; use of 
mechanical power control would eliminate not only two energy 
conversions but would reduce system complexity. Mechanical 
drives are now being given serious consideration for certain mili- 
tary applications where severe environmental conditions and per- 
formance specifications overtax the capabilities of hydraulic and 
electric drives. 

One type of mechanical actuator that appears to have the per- 
formance potential to fulfill high-power control applications re- 
quiring good dynamic response and high accuracy is the toric 
transmission combined with a single or dual-differential split 
drive. In this configuration zero velocity of the actuator output 
shaft occurs at a unity ratio setting of the transmission; clock- 
wise and counterclockwise rotation is achieved by varying the 
transmission ratio up and down from the unity setting. Incor- 
poration of the mechanical actuator in a servomechanism con- 
trolling load position would cause the unit to function as an in- 
tegrator in a manner analogous to that of an electrical or hy- 
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draulic motor. Consequently, the dynamic operating character- 
istics of the toric transmission about its unity ratio position is of 
prime importance to a study of the response and stability problems 
of servomechanisms utilizing this component. The purpose of this 
paper is to try to gain an engineering understanding of the funda- 
mental factors governing toric-drive dynamic relationships, 
particularly with respect to the dynamic properties of power- 
transmitting friction contacts. Understanding of toric dynamics 
will aid the control engineer in the utilization of this type of 
transmission in mechanical actuators. 

At the outset of the investigation it was decided that the only 
practical approach would be to base the analysis on a working 
model of a toric variable-speed drive; this would provide a means 
for verifying experimentally the derived theoretical relationships. 
Consequently, basic toric relationships are developed in conjunc- 
tion with deriving the theoretical equations describing a commer- 
cial toric variable-speed drive unit. The resulting transfer func- 
tion obtained from these equations is only applicable to this 
transmission. However, the analytical insights provided through 
the development of basie toric relationships should be of as- 
sistance in defining other toric variable-speed drives. 


Toric- Transmission Description 


The toric transmission depends upon frictional contact between 
rollers and races for torque transmittal. Two torus-shaped races 
separated by three symmetrically spaced rollers form the basic 
drive; the input torus race is driven at constant speed so that 
roller tilt angle determines output speed. An axial force squeezes 
the basic toric assembly together to provide for torque transmittal 
through the friction contacts. 

Roller-control operation can best be understood by referring to 
the cutaway view of the toric section shown in Fig. 1. The roller 
is mounted through a universal bearing to a center shaft which, 
in turn, is connected to the roller carrier; ratio control is achieved 





roller-cage damping coef- 
ficient, 14.9 in-lb/rad/sec 
roller damping coefficient 
about inclination axis, 


toric geometry constant, 2r;/ 
PD, 0.912 

contact-area coefficient of 
friction, 0.05 


roller-cage polar moment of 
inertia, 0.0833 in-lb-sec? 

roller moment of inertia about 
inclination axis, 0.000624 


0.03 in-lb/rad/see 

roller traction-force  coef- 
ficient, 75.2 

roller side-force coefficient, 
75.2 

traction force at input con- 
tact area, lb 

traction force at output con- 
tact area, lb 
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traction force, lb 

roller side force, lb 

output toric-race polar mo- 
ment of inertia, 0.0319 in- 
Ib-sec? 

roller polar moment. of iner- 
tia, 0.00119 in-lb-sec* 

roller-carrier polar moment 
of inertia, 0.0012 in-Ib-sec? 


in-lb-sec? 

roller moment of inertia 
about tilt axis, 0.00062: 
in-lb-sec? 

roller control-spring angular 
rate, 17 in-lb/rad 

roller-cage spring angular 
rate, 408 in-lb/rad 


(Continued on next page) 
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Fig. 1 Isometric view of toric section 


by rotating the roller carrier about the tilt axis. A mechanical 
force-balance system is used as the control mechanism for guiding 
the roller into a new tilt position in response to a command tilt 
input 8,. Control is accomplished through the forces introduced 
by the offset springs (control springs) due to an error existing be- 
tween @, and 8. When £8, is changed the springs deform to pro- 
duce a torque about the inclination axis; the roller inclines, steer- 
ing itself rapidly to the new tilt position called for. When 8 equals 
8, the spring forces become zero and the roller maintains itself 
accurately in its new tilt position to give the desired speed ratio 
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Designation of positive angular rotations was arbitrarily made 
such that a positive-tilting roller rotation increases output speed 
and causes a positive roller angular rotation about the inclination 
axis. Positive roller-cage angular rotation decreases output 
speed. 

Transmission efficiency is primarily determined by the ratio 
between output torque and axial force squeezing the toric as- 
sembly together. Maximum ratios give the best efficiency. It 
is apparent that efficiency would vary considerably if the axial 
force was maintained at a sufficient level to meet the full-load 
torque requirement. is incor- 
porated which automatically varies the axial force in response to 
the output-torque demand. 


A ball-ramp mechanism, Fig. 2, 


An initial constant axial force is set 
the ball-ramp 
mechanism does not introduce additional axial force for small 


into the transmission by means of preload springs; 


values of output torque that do not exceed the preload spring 
capacity. 
are: 


Transmission specifications as supplied by the vendor 


Drive motor speed—1800 rpm 

Ratio—10 to 1 

Output-speed variation—560 to 5600 rpm 
Power rating—1.5 hp at any ratio 
Maximum roller tilt angle—+34.6 deg 


Mathematical Derivation Procedure 

Over-all toric-drive performance can be specified mathemati- 
cally by expressing the output speed as a function of both the 
command tilt-input and control torque. Six equations containing 
all the relevant transmission parameters are needed to find the 
output speed as a function of command tilt input. 
tions are: 


These equa- 


1 Summation of torques about the roller tilt axis 

2 Summation of torques about the roller inclination axis. 
3 Summation of torques about the roller-cage axis. 

4 


Creep as a function of output torque. 








l, = control-spring radius, 0.825 T. = input roller-control torque, a, &, & = roller-inclination angular dis- 
in. in-lb placement and time deriva- 
n, nm = toric-transmission creep and Vi, Vie» = input race linear velocity tives, rad 
time derivative Viy vectors, in/sec 8, 8, 8 = roller-tilt angular displace- 
a GSP OS MPM commas V2, V2,, = output race linear velocity ment and time derivatives, 
nm: = creep at output contact vectors, in/sec , rad 
P = any point in contact area als ce a 8. = command-tilt input, rad 
P,, = axial load per roller, 150 lb = input roller linear velocity Pol : ’ 4 tf 
PD = torusrace pitch diameter, vectors, in/sec B's symbol used in deriving rol- 
2 89 in. = output roller linear velocity ler control-spring deflec- 
r, = radius from _ transmission vectors, in/sec Sen ange, ead 
center line to input con- = relative linear-velocity vec- 6 roller slip angle, rad 
tact, in. tors at input contact, in @ = roller control-spring offset 
r; = radius from transmission sec angle, 0.418 rad 
seas OPH CO Veen = seats Hnearrelodty we: y, 1 = rallrengs angular dpe 
my belle autos 1.00 be. i—2)y ae é I act, ment and time derivatives, 
r,', m2’ = radius from transmission Vz = roller side-velocity vector ap 
center line to any point in Peay a ; = speed ratio 
contact area, in. = age ; ; @, = input-race angular velocity, 
r, 8, t = symbols used in deriving rol- z, y = friction Gunsaeyaren co-ordi- 188 rad /sec 
ler control-spring deflec- aan eae “— 
tion angle, in. 4, in = velocity instant-center co-or- /? & — epee anguat vetoaity 
S = Laplace operator dinates in input-friction and time derivative, rad 
T; = toric-drive input torque, in- contact area, in. 
Ib 22, 32 = velocity instant-center co-or- w, = roller angular velocity, 206 
T; = toric-drive output torque, in- dinates in output-friction rad /sec 
lb contact area, in. A = small change 
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Fig. 2 Longitudinal cross section of transmission 


5 Summation of velocities at the output shaft 


6 Output torque as a function of output load inertia. 


Control torque in terms of command t:lt input can be described 
by a single additional equation 

In deriving the equations, perturbation theory was used to de- 
This 
approach restricts the system to small signal operation about 


scribe the toric mechanism by linear differential equations. 
unity ratio position. It does not seriously affect the general ap- 
plicability of the equations and allows the dynamic properties of 
a straightforward 
Furthermore, the output torque was limited to less than that re- 


friction contacts to be defined in manner 


quired to operate the ball-ramp mechanism. This assumption 


The 


output load was limited to the output-race inertia since the pur- 


results in constant normal axial load on the roller contacts. 


pose here is to define the toric mechanism mathematically. 


Basic Toric Relationships 

Transmission-speed ratio is defined as output speed divided by 
input speed, and for the condition of zero load torque is given by 
the ratio of input-output radii as can be seen from Fig. 3: 


, 1 + Fo sin B 
(1 
” 7 1 — Fysin fg ) 


For small ratio changes about unity equation (1) can be linearized 


so that output speed can be expressed as 


2F.8 9) 


Ww Ww) 1 + 

Torque transmission through a friction contact is dependent 

upon several parameters including a relative velocity called creep 

existing between the two contact surfaces. Creep is defined 
mathematically as 


and 
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Fig. 3 Toric geometric relationships 


m= { 


An over- 
all transmission-creep function can be defined in accordance with 


for the input and output friction contacts, respectively. 


equations (3) and (4) as 


ry 
Transmission creep alters the no-load output speed and to deter- 


mine the effect quantitatively the output speed is expressed in 
the form 


Ws wy! Tt Aw» 7 (6) 
'? 
Substitution of equation (6) into (5) relates output-speed change 
to creep as 
re Aw), 2 
vt —_ ay ‘ 
r) W) 
Expressing r2/r; as the quantity (1 — 2/)8) and recognizing that 


for a perturbation analysis 2/98 << 1, equation (7) reduces to 


Aw»), 


— nw (38) 


and output speed is expressed by the modified equation 
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Fig. 4 Vector relationships for a steered roller as seen from the output 
shaft 


W, = ai(1 + 2FoB — n) (9) 


which takes into account the influence of load torque. 

Roller Steering. High-power gain is achieved in the toric drive by 
utilizing roller steering in changing roller tilt angle. K. L. John- 
son has demonstrated in his analysis of a rolling ball® that a force 
applied perpendicular to the travel direction of the ball will 
generate a velocity in line with this force; the ball slips sidewise 
while rolling forward. The side force acting on the ball can be 
thought of as producing a slip angle whose tangent is the side 
velocity divided by the forward velocity of the ball. Conversely, 
the roller when steered generates a slip angle that results in a 
side force applied to the roller. Consequently, both side velocity 
and force vectors are generated as a result of roller-steer angle 
and slip angle, respectively, as shown in Fig. 4. It is apparent 
from the vector relationships that slip angle can be defined as 


6 = a — Blur 


Contact-Velocity Instant Centers. Calculation of roller slip angle 
and side force and evaluation of force couples acting within the 
contact area is accomplished by means of the instant-center ex- 
pressions; i.e., looking at how the point of zero relative velocity 
moves about in the contact area as a function of creep and in- 
clination angle. The procedure followed in deriving the instant- 
center locations is to determine first the absolute velocities of 
both race and roller, and then to obtain the point of zero relative 
velocity by solving for the difference between these absolute 
velocities. 

Absolute-velocity expressions for the race contact area were 
derived in the following manner: The reference axes were selected 
such that the reference plane is parallel to the contact area; the 
positive y-axis points upward and the positive z-axis is in the direc- 
tion of the z-axis component of the linear velocity vector of the 
race. This means that the reference axes rotate with the roller 
when going from the input to the output contact areas; thus the 
contact areas are drawn as they would appear to an observer look- 
ing outward from the roller center. Fig. 5 illustrates the ref- 
erence-axes orientation. Calling the radius from the transmis- 
sion center line to any point P in the input contact area as r;’, 
this distance can be expressed, Fig. 6, as 


(10) 


rn’ =([((n+m cos 8)? + 2x,2]'/* (11) 
and the velocity vector of the input contact area is then 
Vi = wr,’ (12) 


The z and y-axes components are 


*K. L. Johnson, “The Effect of a Tangential Contact Force Upon 
the Rolling Motion of an Elastic Sphere on a Plane,” Journal of 
Applied Mechanics, vol. 25, Trans. ASME, vol. 80, 1958, pp. 339- 
346. 
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Fig. 5 Orientation of friction-contact reference axes 
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Fig. 6 Race absolute-velocity vectors present in contact areas 
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Fig. 7 Roller absolute vectors presented in contact areas 


Viz -_ wi (rT + Yi COs B), 
Vi 


(13) 
(14) 


y = —w@z, cos 8 


Similarly the z and y-axes components of the output-race linear 
velocity vector can be derived. 

Derivation of the roller absolute linear velocity vectors in the 
input and output-friction contact areas must take into account 
roller angular velocity, roller-tilt velocity, roller-inclination angu- 
lar displacement and velocity, and roller-cage angular velocity. 
Fig. 7 shows these components acting on the roller. Considering 
any point P in the input contact area the velocity as a vector 
summation is 


Vu = oa T r3B + a(yi? + z,?)' s+ pr,’ (15) 


The z and y-axes components are 
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j 


Vaz = Wars cos @ + ya + ¥(r; + y; Cos 8B), (16) 


Vay = —wyr; sina + 748 — 2a — vx cos 8 (17) 


At the roller-output contact the z and y-axes components can be 
derived in a similar manner. Fig. 7 shows that the output-con- 
tact-area orientation differs significantly from the input since a 
positive roller inclination angle causes a counterclockwise rotation 
of the contact. 

The relative velocities of any point in the input and output 
contact areas can be obtained directly by subtracting the appro- 
priate velocity vectors. At the input contact area the relative 
velocities are 


Vi-a, = Vig — Vaz = + ym cos B)(w, — ) 
— Ty; cos @ — yd, (18) 
Vi-a),y = Vy — Va, = —J7\\0; — yp) cos 8 


+ rx; sina + 2a — 8, (19) 


At the output contact area the relative velocities can be similarly 
derived. Instant center the contact areas can 
be obtained by setting each relative-velocity equation equal to 
zero and solving for % or 7 as the case may be. 
distances for the input contact are 


distances for 


The instant-center 


r3)3(sin a — B/ws) 
z, = < = (20) 
(a, — y) cos Bp — @ 
Ty, COS A — 7;(\0; — y¥ 
(ow — yy) cos 8 — & 
and for the output contact are 
i rx03(sin a — B/w,) 29) 
i= — — 22 
(w, + Y) cos 8 + & 
» COB los P 
- Ty); COS A — T2\W2 + ¥ a 
ih = (23) 


(Ww. + y) cos 8 + & 


To simplify the mathematical expressions for the instant 
centers a numerical study was made using the transmission 
parameters. It was brought out that ¥ and & cause only second- 
order effects. Due to the perturbation restriction, sine and cosine 
terms can be linearized. The simplified instant-center expres- 
sions are 


— ’ (24) 
W 
TQ) + Tes - 
aAaze=- ’ (2! 
Ww) 
2 rin(a — B/u . 
4e=— 2 ; (26) 
Ws 
. Tx, — TeWe 7 
Je . (27 
We 


Three friction-contact forces act on the 
namely, spinning force, traction force, and side force. 
For a perturbation analysis only traction force and side force are 
significant. The relationship between traction force and creep 
has been established previously by other investigators, both 
mathematically and experimentally. Side force as a function of 
slip angle can be expressed quantitatively if the coefficients of the 
side-force equation are related to those of the traction-force equa- 
tion. This relationship will now be derived. 


Friction-Contact Forces. 
roller; 


Traction force generated by one roller contact area is defined as 


: n 
F, PSC. a 
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and side force as a function of slip angle can be expressed simi- 
larly by 


Fo = P,f,C6 (29) 


The § instant-center expressions when related to the creep equa- 
tions allow creep to be expressed as a function of 9. Substitution 


of equation (25) into (3) results in 

js 251 (30) 

y= —— = — —— (i 

rT; PD 
The relationship between slip angle and £ can be obtained directly 
from the instant-center equation. and 
recognizing that the ratio of w srs; over wr, is approximately one, 
it can be rewritten as 


Taking equation (24) 


2%, 


0, = 
; PD 


(a — B/a,) = (31) 
The derivatives of traction and side forces with respect to the in- 
stant-center distances are 


d (F 2P.f.C. . 

- ) = 32) 
d¥, ; PD ‘ 

d 2P,. ff r) 
. Fe) = . (33 
dz, °° PD 


Analysis of the friction-force distribution in the contact area has 
shown that for small instant-center displacements along either 
the z or y-axis a resultant force is generated perpendicular to the 
displacement and the force magnitude per unit displacement is the 
same. Consequently, the derivatives of the traction and side 
forces are equivalent and C¢ equals C,,. 





Fig. 8 Pictorial representation of friction-force couples in contact areas 


Traction and side forces generate force couples within the con- 
tact area that act about the roller inclination axis. The resultant 
friction-force vectors do not act through the contact geomet- 
ric center but are displaced some amount proportional to instant- 
center distances; for the purpose of evaluating the effects of these 
friction-force couples in inclining the roller, it is sufficient to use 
the instant center as the approximate point of application. Fig. 8 
illustrates the effect of the force couples. Due to the change in 
direction of instant-center displacement between input and out- 
put contacts both the traction-force and side-force couples at the 
input oppose and hence cancel those at the output. 





*R. D. Mindlin, “Compliance of Elastic Bodies in Contact,” 
Journal of Applied Mechanics, vol. 21, Trans. ASME, vol. 76, 1954, 
pp. 259-268 
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Fig. 9 Roller control-spring geometry 


Toric-Drive Equations 
Roller Tilt Axis. 


volves four significant terms: the inertia reaction is equated to 


Summation of torques about the tilt axis in- 


the sum of the external driving torques as 


Inertia torque 


spring torque + steering torque + gyroscopic torque 


Spring torque is the initial forcing function produced as a result 


i command tilt input. The geometric arrangement of the 


roller and control spring is shown in Fig. 9. A cantilever type of 
spring is used which is rigidly fastened to the control shaft and is 


offset by an angle @ with respect to the tilt axis. 


With a command 
It input applied to the control shaft, the spring deforms as 
shown to produce a spring force couple equal to the torsional stiff- 


y 


ness times the deflection angle acting on the roller. Since the 
spring is offset, two force-couple components exist acting about 
each roller axis. The relationship of the spring deflection angle 
is a function of 8., 8, a, and @ can be determined readily from 
the geometric arrangement shown in Fig. 10, which represents the 
rotation of an imaginary plane about the tilt axis coincident with 
the control spring and perpendicular to the control shaft. Spring 
deflection angle for a command tilt input is 
B's = (8. — 8B) sind 34) 
Inclination action of the roller is equivalent to applying an error 
signal @ cos ¢, to the control shaft that acts to release the spring. 
Net spring deflection angle can be expressed as 
Net spring angle = (8, — 8) sin @ — a cos @ 35) 
and the control-spring torque acting about the tilt axis is 
Tg = 2k sin $[(8. — 8) sin @ — a cos ¢] (36) 


Steering torque arises from the side force, generated during 
roller steering, acting out at the roller radius. 
10) and (29 


Using equations 
it can be derived as 


Steering torque = 2r:P,f,Ce(a — B/w 37) 


Gyroscopic torque results from the roller angular momentum 
being acted upon by angular velocities about the inclination and 
roller-cage axes and equals 

Gyroscopic torque = Ia;(a + yp) 38) 
Summation of these external torques gives the tilt-axis torque 
equation in the form of 
138 2k sin @{(8. — 8B) sin @ — a cos ¢) 
+ Igaa(ae + y + 2r:P,f.Co(a — B/w:) (39) 

Roller-Inclination Axis. Four significant torques need to be con- 
sidered which can be equated as 
Inertia torque = spring torque + gyroscopic torque 


+ viscous-damping torque 
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Fig. 10 Geometric representation of roller-control angular deflection 
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Fig. 11 Planetary coupling between roller cage and output race 


Spring torque can be derived as was done for the t 


lit-aNXis equa 
tion. Gyroscopic torque arises from tilt-axis angular velocity 


only. The viscous-damping torque is an artificial term intro- 


duced for mathematical convenience to make the 
stable. 


roller equations 
In the transmission, the rollers tend to be unstable, caus- 
ing a minor output-speed fluttering characteristic. Numerical 
studies showed that inclusion of a small damping coefficient had 
no appreciable interaction with the other toric parameters to alter 
the over-all dynamic characteristics. Summation of torques can 


be written as 


Iga = 2k cos $[(8. — 8) sin @ — acos 
— Jyn8 — Bod 10) 


Roller Cage. The toric rollers are mounted in a roller cage which 
is acted on by a reaction torque equal to the sum of input-output 
torques as shown in Fig. 3. When the cage rotates it carries the 
rollers along with it and the new velocity term introduced at 
the contacts from this planetary coupling has a direct effect on 
the transmission-output speed. Using the relationships shown in 


Fig. 11 the output speed is 


$1) 
Substituting the quantity (1 + 2F @) for 7 
nonlinear term 4F,)8y by recognizing that 2F 
41) is modified to 


ind dropping the 


3 < ] equation 


W: w, (1 > 2F 8) — 2y 


toller-cage dynamics can be represented by a second-order 
equation that relates reaction torque to internal torques. Internal 
torques are generated by the inertia of the roller cage, viscous 
damping, torsional stiffness, and a second inertia term arising 
from the planetary coupling between the cage and the output 
race. Limiting speed-ratio variations to small changes about 
unity, the reaction torque is equal in magnitude to twice the out- 
put torque. Summation of roller-cage torques gives the desired 
equation as 

—2T, 


(Ire + 412)0 + Baed + Krcd (43) 
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Creep. Equation (28) has been defined as relating traction force 
The input-output torques per roller as a function of 


to creep. 
creep can be written as 


nC nMale (45 


Since balanced traction forces act on each roller the input and 
output creeps have to be equal. Assuming that input torque 
approximately equals output torque then equations (44) 


(45) can be combined as 


and 


which can be rewritten as 

n 17/3(P,f,C,(PD)] (47) 
Output Velocity. Combining equations (2), (9), and (42) gives 
the output velocity as 
2F.8 — n) — 2y 


@e = 1 + (48) 


Output Torque. ‘To simplify transmission analysis the output 
load was restricted to the inertia loading imposed by the out- 
put torus race. Thus the « quation 

T; Tw (49) 
represents output torque which can be expanded to 


Tz = I2[a,(2Fo8B — n) — 2y¥ (50) 


Roller Control Torque. ‘Torque reactions that require an input 
control torque are due to the roller carrier inertia and control- 
spring torque 


Using equation (35) the roller control torque can 


be derived as 


8. — B) sin d — a cos ¢] (51) 


Experimental Verification Procedure 


Equations (39), (40), (43), (47), (48), and (50 


simultaneously to give transmission output speed as a function 


can be solved 
of the command-tilt-input signal. It is convenient to subtract 


out the quiescent speed w®, from equation (48) to obtain the 


change in output speed as 

Aw» »(2F 6 n)— 2y 52 
Change in output speed ean then be « xpressed in transfer-function 
notation as 


j 
s) = © (s) Jour, — © (8) | 25 + w, 
sp,” 4 3 y 


where S is the Laplace operator. Another useful transfer func- 
tion is obtained by considering the conditions of zero roller-cage 
displacement removes the 


This eliminates equation (43) and 


y-terms from equations (39), (48), and (50). Combining these 


modified equations will give the transfer function which in sym- 


bolie form is 
8 n 
S) | 2w,Fo — @ (S 
2 3 | 


The condition of zero roller-cage displacement can be achieved 


(54) 


in the transmission by locking the roller cage to the transmission 
housing. Experimental measurements made with the roller cage 


locked would provide verification of the theoretical friction-con- 
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Fig. 12 Instrumentation diagram of experimental apparatus used for 
transmission measurements 


tact dynamic relationships without introducing the additional 
complexity arising from the roller-cage physical characteristics 
Measurements made with the roller cage unlocked could then be 

This 
No at- 


tempt was made to evaluate input-roller control torque since 


limited to evaluation only of the roller-cage dynamics 
procedure was followed in the experimental verification 
equation (51) introduces only one new term 

The time-proven ‘‘frequency-response technique’’ was used for 
the experimental verification program. This greatly simplified 
Instrumentation used for mak- 
A stroke- 


control unit was added to the transmission for converting electri- 


the taking of experimental data. 
ing the necessary measurements is illustrated in Fig. 12. 


cal sinusoidal signals from the Solartron oscillator to propor- 
tionate stroke angles (stroke angle and command tilt input are 


used synonymously 


Transmission Response 


Experimental measurements were made for the two conditions 
of locked and unlocked roller cage. Transmission response was 
obtained with test frequencies up to 100 rps; measurements 
With 
the locked roller cage, response data were taken for stroke angles 
up to +1.0 deg; operation at higher stroke angles would have 
generated torques that exceeded the capacity of the preload 
springs 


were made at a number of command-tilt-input amplitudes. 


Response measurements, with the roller cage unlocked, 
were made for stroke angles up to +0.5 deg 

Figs. 13 and 14 present a graphical correlation of theoretical and 
experimental data for the two roller-cage conditions; theoreti- 
cally predicted response is represented by the solid curves. It 
was predicted that roller-cage dynamics would act as a positive 
feedback tending to improve output-speed frequency response; 
the experimental data confirm this. Variation of the roller-cage 
damping coefficient introduces a nonlinear effect which causes the 
response deviations in Fig. 14 


Parametric Interpretation of Toric Response 


Interesting insights into the facts that govern dynamic per- 
formance can be obtained through a numerical analysis of the 


transmisssion transfer functions. Equation (54), representing 


the locked roller-cage condition, when expressed in numerical 
factored form, can be interpreted to relate physical parameters to 


dynamic response. In factored form equation (54) is 
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Fig. 13 Graphical comparison between experimental and theoretical 
transmission responses with roller cage locked 
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Comparison of equation (55) with its graphical solution in Fig. 
15 indicates that the high-frequency terms can be neglected due 
to the rapid magnitude attenuation above 400 rps. Existence of 
insignificant terms in the transfer function suggests the presence 
of insignificant terms in the toric equations. In the roller tilt-axis 
torque summation, equation (39), the coefficient 2r;P, f,C¢ is two 
orders of magnitude greater than the other coefficients. Thus a 
simplified tilt-axis torque equation can be written as 


un 
8. 


(S) 


S 


33.2 


S? 
(354)? 


_( S 


11,531 


2P,f,Cers(a — B/ur») = 0 


(56) 





STATIC GAIN= 50.7 


MAGNITUDE RATIO fists —o08 





0 —05°* STROKE ANGLE 
4 -0.375°STROKE ANGLE 
© —0.250°STROKE ANGLE _ 





PHASE LAG—DEGREES 





10 20 60 
FREQUENCY— RAD /SEC 
Fig. 


Graphical comparison between experimental and theoretical 
ion es with roller cage free to rotate 





Pr 


-2(0.03)_ 
354 


pees (55) 
S + 1] 


The third significant root in equation (55) can be expressed in 
notation form by simultaneous solution of equations (47), (54), 
and (50) where wW equals zero, which results in 


= (S) = 
~~ 


= 2F ou 
4]. P ” 
3P.f,C,(PD) ° 


B. (S) | — 


(60) 


Substitution of equation (58) into (60) gives the transfer function 


2F ow 


for the locked roller cage in parametric form as 





ate 
3P.f,C,(PD) 


I 


ns +1)( s+1)[ 


Simultaneous solution of equations (56) and (40) gives roller tilt 
angle as a function of command tilt input in the form of 


8 » - = 
1 
1+( ) s+ 


2ksing@cosm@ w,tan®@d 





1 
(S) = 





8 Tay 


c 


2kws 8 
Equation (57) contains the parameters that determine the two 
frequency break points of 33.2 rps and 354 rps contained in equa- 
tion (55). Since these break points are widely separated, 
equation (57) can be conveniently factored into the form of 


1 


Se. | 
143? + 2k cos? d 


— = ————— 
in @ cos @ 


1 
T4237 + 2k cos? d 


Ta 


Ti 


(61) 


eae 


and the numeric factor values are equal to 


yer 


T) 
2 ——— 7 A 
2kw,; sin @ cos d ‘I 
Bi 2) 
3P,f,C,(PD) 
la 
T40,2 + 2k cos? — 





“tag 
Tun? + 2k cos* d 


Tx2;? 
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Ie 
easy 
+ 2k cos? @ m+ ( 


pave. Seen 
2k sin d cos d 
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(59) 
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which are in good agreement with equation (55). 
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Fig. 15 Theoretical transmission response with roller cage locked 


Interpretation of the transfer function, equation (53), for the 
free roller-cage condition is not as straightforward. Equation 
(53) in factored form and with the high-frequency break-point 
terms, referred to in equation (55) as insignificant, omitted is 
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Fig. 16 Theoretical transmission response with roller cage free to rotate 


transmission, most of the basic concepts such as creep, roller steer- 
ing, and friction-contact forces are inherent in any toric variable- 
speed drive. Therefore these equations will provide a qualitative 


-s+1] 
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Comparison of equation’ (62) with its graphical solution in Fig. 16 
indicates that all terms are significant. Roller-mechanism re- 
sponse has not been modified since the 33-rps and 354-rps fre- 
quency break points are unchanged. However, the 204-rps term 
caused by transmission creep has been affected due to interaction 
with the roller-cage dynamics. These new dynamic relationships 
can be evaluated by using a revised version of equation (53) which 
is 
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Solution of the denominator shows that it has roots corresponding 
to frequency break points at 32 and 113 rps. This agreement sub- 
stantiates the assumption that roller-cage velocity in the gyro- 
scopic torque term of equation (39) has a negligible effect. 


Conclusion 


The primary goal of a theoretical analysis is to be able to cor- 
relate system physical parameters with performance. With the 
theoretical derived relationships, the engineer has the ability to 
adjust the parameters rationally in designing a particular system 
to meet a given set of performance specifications; this is the sig- 
nificance of equations (58), (60), and (63). While the derived 
transfer functions specifically describe one type of commercial 
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parametric interpretation of the basic factors controlling linear 
toric dynamic performance. 
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DISCUSSION 
F. R. Erskine Crossley’ 


The authors do not refer to any previous engineering experi- 
ence with a toric variable-speed drive; I wonder therefore whether 
they know that an automobile transmission of this type was 
available as an option with the larger Austin passenger cars in 
England, in, I believe, the years 1935 and 1936. 
rather it was our family car: 


I had one, or 
The transmission was called the 
“Haves Gear,’’ if I remember correctly. It was controlled from 
a quadrant under the steering wheel; with it, it might have been 
possible to maintain the engine at either the revolutions for peak 
power in acceleration, or for maximum fuel economy, at varying 
road speeds; but unfortunately the Austin people neglected to 
equip the car with an engine tachometer. A remarkably smooth 


7 Associate Professor of Mechanical Engineering, Yale University, 
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drive was therefore its chief characteristic, and a startling ac- 
celeration was obtainable with practice. 

Its fault was inherent and inevitable: Every automobile is driven 
mostly in high gear. The pressure and friction gradually wore a 
After a 
It required quite a 
jerk on the lever to get the roller out of the grooves. So we were 
back started, with several discrete velocity 
ratios, but with a poor shift-lever. But the novelty had been 


step in this position on the inside surfaces of the torus. 
couple of years there were two steps worn. 


again where we 


most enjoyable. 


J. $. Rubin’ 

For the past several years, Lycoming has been building toric 
variable ratio transmissons for use in aircraft constant speed 
drive systems. The toric geometry is used as the power trans- 
mission with an appropriate speed control for maintaining con- 
stant output speed through the input speed range. This type of 
drive was selected because of its “good dynamic response and 
high accuracy.”’ 

In the course of the constant speed drive program, dynamic 
analyses similar to the one described have been performed. 
Derivation of the transfer function 
based on the same criteria used by the authors. 


for the transmission was 
However, these 
riteria were applied in a different manner. 

During the preliminary analysis, test results obtained with 
hardware showed very poor agreement with the equations. 
Further analysis showed that the cause of this disagreement was 
1 term which was eliminated from the equation as being in- 
significant. This term was the velocity change in the roll caused 
by deflection of the roll cage. 

When the roll cage is restrained from rotating, it is subjected 
to reactive loads which are twice the total tractive force at the 
frictional contacts. For a relatively low powered drive such as 
was used by the authors, these reactive loads are extremely small 
In the 
relatively high powered drive built by Lycoming, these loads are 
considerable. The cage no longer has extreme stiffness, but de 


flects considerably under these loads 


Che roll cage, therefore, appears to have infinite stiffness 


Since these loads are a func- 
tion of both output load and input speed, the resultant deflections 
are of significance in the dynamics of the high powered drive. To 
illustrate this difference in power levels, it will be sufficient to 
The drive used by the 
authors has a ratio of approximately 3.5 X 107% hp/in.* while the 
Lycoming drive has a ratio of approximately 80 X 10 


about 25 times as much power per unit of volume. 


state the power to size ratio of each drive 
‘hp/in.* or 


It must be pointed out, however, that the elimination of this 
velocity term from the equations is considered valid for the low 
powered drive used by the authors. 

With the velocity term reintroduced into the equations, the test 
results obtained from the hardware were in close agreement with 
the equations written for the test unit. 

The approach taken by the authors and the criteria used in 


* Assistant Project Engineer, Lycoming Division, Aveo Corpora- 
tion, Stratford, Conn. 
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deriving the transfer function were much the same as those used 
in the analysis of the Lycoming drive. A good correlation be- 
tween test results and equations was obtained in both cases; 
therefore, it can be assumed that the conclusions reached by the 
authors are valid. 


C. F. Schwan’® 


It is quite probable that a portion of the tractive force is carried 
through the shear stresses developed in the oil film existing be- 
tween the driving and driven members, as well as through actual 
Has the proportion of the total tractive 
effort transmitted through shear stresses in the oil film been in- 


contact of these parts. 


vestigated for the toric drive in establishing values of creep for 
different loads, or forces between the rollers, and toric wheels, and, 
if so, what relationships are believed to exist? 

What are the maximum Hertzian sub-surface shear stresses in 
the rollers and wheel? 


’ 
Authors’ Closure 
The authors wish to thank Professor Crossley, 
Mr. Schwan for their interesting comments. 


Mr. Rubin, and 
The authors are 
aware of several applications of the toric transmission including 
the one referred to in Professor Crossley’s remarks. As regards 
Mr. Rubin’s comments, it is really a great pleasure to know that 
the results arrived at by the Lycoming group are similar to the 
ones described in the paper. 

In reply to C. F. Schwan’s question on the portion of the trac- 
tion force contributed by the shear stresses developed in the oil, 
it is reasonable to assume that a portion of the tractive force is 
supported by the reactive forces produced by the oil shearing 
stress present in the contact area. At high normal loads and 
low speeds the oil film is squeezed out of the contact area and 
is only present in the boundary region of the contact area where 
the normal pressures are low. Experimental measurements have 
found that the magnitude of the tractive force is the largest at 
this condition. Keeping the normal load constant and increas- 
ing speed creates an increasing hydrostatic film pressure which 
tends to separate the two metallic bodies, thus reducing the 
traction force. There is some speed at which the whole contact 
area will have a hydrostatic film covering; at this speed the 
traction force is extremely low. Oils of the napthatenie type 
allow greater traction forces. 

The portion of the tractive force due to oil shearing stresses 
A method of determining oil 


viscosity and oil thickness at the friction contact will have to 


has not yet been determined. 
be devised, since both oil viscosity and film thickness are needed 
to calculate shearing stresses of the oil. 

In reply to Mr 


stresses: 


Schwan’s question regarding subsurface 


The maximum Hertzian stresses at the contact area 


vary with normal load and roller design but usually 
to 3—400,000 psi. 


are limited 
Exact values depend upon the application of 


the toric transmission. 


* Chief Mechanical Engineer, Reliance Electric and Engineering 
Company, Cleveland, Ohio. Mem. ASME, 
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in the Yield Surface 


The results of fourteen combined stress tests with 
commercially pure aluminum are reported 
ston-torsion testing machine of a dead-load type 
carries a pointed vertex with it 


ratios on annealed 
These tests were made on a combined ten- 
It is shown that the loading path 
However, the direction of the plastic-strain increment 


vartable stress 


vector differs only slightly from the direction predicted by the Mises theory. Finally, the 
experiments indicate that the form of the yield surface at a considerable distance from the 
stress increment vector agrees much better with the prediction of the slip theory than it 
does with the prediction of the Mises theory 


Introduction 


I. THE experiments reported in this paper, thin- 


walled tubes of annealed commercially pure aluminum (28-0) 
were subjected to various combinations of axial tension and tor- 
sion along nonradial paths of loading. The purpose of these tests 
was to investigate the changes in the yield surfac during loading 
Hence 


the paths ol loading were selected so that pointed vertices in the 


and the existence of pointed vertices in the y ield surface 


vield surface might appear il they existed 
In a previous paper {1]* tests were described in which thin- 


walled tubes of annealed commercially pure aluminum (2S-O) 


The paths of 


it regular intervals, very abrupt 


were loaded under combined tension and torsion. 
loading in those tests had, 
changes in the direction of the stress increment vector. It was 
found that in many cases these abrupt changes in the direction 
of the stress increment vector produced small abrupt changes in 
Such results 
imply the existence of pointed vertices in the yield surface, and 


the direction of the plastic-strain increment vector 


specifically they imply that the loading path carries a pointed 
vertex with it 

In the present paper, the study of these previous tests has been 
continued and additional tests are reported. The new tests are 
different in the types of nonradial loading paths which are used; 
the direction of the stress increment vector is changed at every 
step The new tests have also shown that the loading path 
carries a pointed vertex with it 

The results of the tests reported in this paper have been com- 
pared with the theoretical predictions of the Mises theory.‘ It 
has been found that the directions of the experimental plastic 
strain increment vectors differ only slightly from those predicted 
by the Mises theory 

For some of the tests reported, the same tube specimens were 


‘The results presented in this paper are based in part upon a dis- 
sertation submitted by the second author to Yale University in par- 
tial fulfillment of the requirements for the degree of Doctor of Engi- 
neering in the Yale School of Engineering. This investigation has 
the Office of Naval Research 
Assistant Professor of Civil 
versity, New Haven, Conn 

’ Numbers in brackets designate References at end of paper 

‘The Mises theory is understood to be the incremental theory of 
plasticity with the Mises condition as a loading function; see, for 
example, references [2 and 3]. 

Contributed by the Metals Engineering Division and presented 
at the Winter Annual Meeting, New York, N. Y., November 27 
December 2, 1960, of THe AMERICAN SocieTY OF MECHANICAL EN- 
GINEERS. Manuscript received at ASME Headquarters, April 20, 
1960. Paper No. 60—WA-7. 


been sponsored by 


2 Formerly, Engineering, Yale Uni- 
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used for two successive tests, thus providing information on the 
changes of the yield surface at regions a considerable distance 
The tests 
indicate, for those few cases investigated, that the form of the 


from the stress increment vector causing the changes. 


yield surface at a considerable distance from the stress increment 
agrees much better with the form predicted by the slip theory 
rather than that predicted by the Mises theory. However, addi- 


tional experimentation will be necessary to provide a better 
measure of the degree of agreement with the slip theory. 
The first experimental indication of pointed vertexes in the 


yield surface was given by Stockton in a report [7] in which he 


evaluated further the results presented by him and Drucker in a 
previous paper [8]. Whereas originally Drucker and Stockton 
concluded that in the two tests they reported no pointed vertexes 
appeared, Stockton, by a more exact evaluation of the experi- 
mental results, indicated that in one test a pointed vertex did 
exist. 

In a subsequent paper [9] Naghdi gives experimental results in 
Whereas Stockton’s 
work was done with tubes under biaxial tension, Naghdi’s tests 
Both 


experimental investigations have been made with testing ma- 


which pointed vertexes appear regularly 
were done with tubes under combined tension and torsion. 
chines which are basically of a straining type. In such machines, 
the specimen is strained at a controlled rate; in fact, each type of 
straining (tension or torsion) may be controlled at a different rate 
The strain rates are adjusted so that the desired loading path will 
be followed, but because of creep and relaxation phenomena this 
is very difficult to do. 

In the present tests as well as those of reference [1], a dead-load 
With such 


load increments are easily measured, readily applied, and un 


type of testing machine was used a machine, the 


affected by strains or variations in strain rates. Further, it is 
possible to determine what part of the total plastic strain is due to 
creep. 


Experimental Details 


Apperatus. Two test series are this paper, 


and Series H (H-1 through 
All tests have been made on thin-walled, cylindrical tubes 


reported in 
namely, Series G (G-1 through G-7 
H-7). 


(outside diameter about 0.85 in.) with a dead-weight, tension- 

’ The slip theory is understood to be the theory proposed by Bat- 
dorf and Budiansky and based on the physi al concept of grain slip 
see, for example, references [4] and [5]. However, it will be assumed 
that the initial yield surface is the Mises surface instead of the Tresca 
surface because of the strong evidence in favor of the Mises surface as 


an initial yield surface for aluminum; see, for example, reference [6] 
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torsion combined stress machine. A diagrammatic sketch of the 
equipment is shown in Fig. 1(a). 

The specimen g is attached to the frame a by means of acollar 
f, machined hanger blocks 6, ¢, and d, and a support plate e, 
which has a spherical point support. At the lower end of the 
specimen g, there is another collar f to which the 12-in. torsion 
wheel A is attached. The vertical load platform n is suspended 
from the torsion wheel A by a hanger through a universal joint m. 
The weight pans k-k for the torsion load are suspended from the 
torsion wheel h by means of flexible cables i-i and the essentially 
frictionless pulleys 3-7. 

The block b is welded to the frame a. The block c, keyed into 
b, hangs from it; the key facilitates removal. The support plate 
e rests on block c and block d rests on the spherical point support 
of plate e. The collar f is keyed into block d and hangs from it. 
The specimen g is threaded into the collars f-f. Vertical lines, not 
shown, are marked on blocks c, d, and f to insure vertical align- 
ment. The parts have been machined so that the supports, speci- 
men, torsion wheel, and load platform have a common vertical 
axis of symmetry. 

As the torsion load is applied, the torque is transmitted through 
the lower collar f; the upper collar f is fixed against rotation. As 
the specimen g deforms in torsion, the torsion wheel h, the lower 
collar f, and the free-hanging load platform n rotate as a unit. 
Dead-weight loads on the weight platform n and in the weight 
pans k-k give a direct measure of axial and torsion loads. 

Strains were measured using SR-4 rosette strain gages, type 
AR-1, oriented in the longitudinal, transverse, and 45-deg direc- 
tions. Three gages were placed on each specimen 120 deg apart 
around the tube and 2 in. apart longitudinally. Each element of 


& gage was connected in series with the elements of the same 
direction in the two other gages. For each direction a separate 
strain indicator was used so that readings were taken simultane- 
ously for all three directions. In tests G-1, G-3, and G-5, how- 
ever, only one strain indicator was used which was connected to a 
switching unit. 

Specimens. Tests G-1, G-2, G-4, G-5, G-6, G-7, H-4, H-5, H-6, 
and H-7 were performed on virgin tubes. Tests G-3, H-1, H-2, 
and H-3 were performed on tubes that had been used gt a lower 
stress level on previous tests (G-1, G-5, G-2, and G-7, respec- 
tively). In those cases where the tubes were used for two tests, 
new gages were applied before the second tests. Stress calcula- 
tions were based on the original dimensions; strains, measured 
with the new gages, were based on the new dimensions. Initial 
strains for tests on used tubes were obtained from the final strain 
readings of the previous tests and total strains throughout the 
tests were determined and recorded. 

The specimens were thin-walled circular tubes of commercially 
pure aluminum 2S-O which were supplied in tubular form with an 
inside diameter of */, in. and an outside diameter of 1'/,in. They 
were cut to an over-all length of 11 in. and threaded at the ends. 
An intermediate length of about 8 in. was machined to reduce 
the outside diameter to about 0.850 in. and provide a uniform wall 
thickness of about 0.050 in., Fig. 1(b). The material was re- 
ceived from the supplier as 2S-O aluminum, fully annealed. All 
machining was done on annealed material. 

The wall thickness was measured with a micrometer screw 
mounted in a special jig [10]. Readings were taken on the 
micrometer when it had just completed an electric circuit as in- 
dicated by an ammeter. This procedure provided uniform meas- 
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urement and prevented surface depressions by the rounded points 
of the micrometer. Three measurements were made at each of 
twenty places on each specimen (five places 1 in. apart along 
each of four lines parallel to the axis 90 deg apart). Measure- 
ments were made to the nearest 0.0001 in.; the average thickness 
was used for stress computations. Perfect concentricity and sub- 
sequent uniform wall thickness were not obtained. Maximum 
variations in wall thickness, in inches, are as follows: 


Test Variation Test Variation 
G-1 0.0020 H-1 0.0060 
G-2 0.0130 H-2 0.0130 
G-3 0.0020 H-3 0.0040 
G-4 0.0040 H-4 0.0040 
G-5 0.0060 H-5 0.0060 
G-6 0 0060 H-6 0.0060 
G-7 0.0040 H-7 0.0040 


The wall thickness-to-diameter ratio was rather small (1:16) 
but there was no buckling difficulty. Torque was always ac- 
companied by sufficient tension to prevent buckling. 

Test Procedur . In tests G-1, G-2, G-3, and G-4, Fig. 2, the 
specimens were first loaded in axial tension, then in torsion (keep- 
ing the tension constant), and then by steps with combinations of 
axial tension and torsion (increasing one and simultaneously de- 
creasing the other). Several steps of each load combination were 
In tests G-5, G-6, and 

3, the specimens were initially loaded a small amount 
in axial tension to prevent buckling. They were then loaded in 
torsion (keeping the tension constant), then with additional axial 


applied before changing the combination. 
G-7, Fig 


tension, and then in combinations of axial tension and torsion as 
pbetore 

Tests H-1, H-2, and H-3, Fig 
G-1 through G-4, except that in the loading steps, the combina- 


1, followed the pattern of tests 


tions of axial tension and torsion were changed with each incre- 
ment of load. Tests H-4, H-5, H-6, and H-7, Figs. 5 and 6, fol- 
lowed the pattern of tests G-5 through G-7 with the same excep- 
tion noted previously 

In all tests, changes in the loading pattern represented very 
large changes in the direction of the loading-increment vectors 
Nearly every loading step produced some increase in the octa- 
hedral shearing stress and either an increase or decrease in the 
maximum shearing stress. 

The load increments were applied by hand. Three operators, 
one of whom was the group leader, were used for applying the load 
increments. These increments of torsional and axial loads were 
ipplied simultaneously under the direction of the group leader. 
Special attention was given to avoid any accidental overloading 

In all tests, the experiment was stopped and the specimen un- 
loaded when a reasonable total strain had been reached or when 
the first failure of a strain-gage element occurred. Where one 
element had failed, elastic strain recovery during unloading was 
measured with the remaining gage elements 

Before each test the specimen was loaded in axial tension 
within the elastic limit) and unloaded to obtain data for the 
computation of modulus of elasticity and Poisson's ratio 

Stress computations were made from the loading data for each 
step of the tests and are plotted in Figs. 2 through 6; each seg- 
ment of the loading path represents a step in the loading history 

Strain-indicator readings were made for each loading step. In 
tests, G-1, G-3, and G-5, where one indicator was used with a 
switching unit, readings were recorded as soon as consecutive 
readings could be taken without the occurrence of any appreciable 
increment of strain during the time needed to switch from the first 
to the last direction and back again. In all other tests where 
three strain indicators were used, the dials were set simultaneously 
and the readings recorded. First readings were made as soon as 
possible after loading (usually within about '/, min). Subsequent 
218 
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readings were made at 2-min intervals until the strain rates be- 
came essentially constant and very small (less than 0.003 in 
in/hr). In most cases at least three readings were taken while 
in some cases as many as fifteen readings were taken Only 
the final readings are reported and used in this paper 

Anisotropy. The evaluation of the presence of pointed vertexes 
does not require isotropic behavior of the material. However, for 
reference purposes, the following information is included regard- 
ing the presence or absence of isotropy in the different tube 
specimens: 

Microscopic study of the material showed that the grains were 
equiaxed in the transverse direction. A small amount of pre- 
ferred orientation was visible in the longitudinal direction. The 
average size of the grains was 0.002 in. Because of the small 
diameter of the tubes it was not possible to obtain coupon samples 
from the walls of the tubes in the axial, circumferential, and 45- 
deg directions for tension testing; therefore stress-strain curves 
for the three directions could not be compared. However, even 
if these three curves had been obtained and found to be very close 
to each other, it would have been premature to conclude that the 
material was isotropic. McEvily and Hughes [11] have shown 
that crystallographic anisotropy cannot be detected readily by a 
comparison of stress-strain curves. 
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On the other hand, a very sensitive and reliable method for de- 
tecting and evaluating crystallographic anisotropy is the measure- 
ment of the value of the Poisson’s ratio in the plastic range. This 
value is obtained by dividing the negative plastic circumferential 
strain by the plastic longitudinal strain. If this value is equal to 
0.5 then crystallographic isotropy is existing. If, on the other 
hand, this value differs substantially from 0.5, then crystallo- 
graphic anisotropy is present. In these tests practically all the 
tubes showed crystallographic anisotropy; some to a greater de- 
gree than others.® 


Theoretical Considerations About Pointed Vertexes 


On the outer surface of the tube a state of plane stress exists 
with components gy, ¢,, T. The components of plastic strain 
calculated from measurements at the outer surface are €y”, €,”, 
7’. 
with the co-ordinates oy), o,, T for the stresses and €,”, €,", y” for 
the plastic strains. The yield condition can be represented by a 
surface on the o;,0,, T space, Fig. 7(a). Loading will occur when 
the state of stress, represented by a point O moves outside of the 
existing yield surface (to a point O’). The motion of this point 
during loading is represented by a stress increment vector ds with 
components doy, da,,dr. The point of application of the vector 
ds will be on the existing yield surface at the point representing 
the initial state of stress and this vector will be directed outward 
but not necessarily normal to the yield surface. 

When a strain-hardening material is subjected to loading, per- 
manent plastic strains will occur and a new yield surface will be 
formed. This new yield surface will pass through the end point 
O’ of the stress increment vector ds. The new yield surface may 
be a blown-up version of the previous yield surface or it may be the 
previous yield surface rotated, displaced, and deformed. The new 
yield surface may show a local enlargement at the region at which 
the stress increment vector is applied, and this local enlargement 
may be rounded or may have a pointed vertex. Fig. 7(c) shows 
the different possibilities in a two-dimensional representation. 

It has been shown [12] that, at points where the yield surface 
has a unique normal, the plastic-strain increment vector will be 
normal to the yield surface regardless of the direction of the 
vector of stress increment causing the loading, Fig. 7(a). But if 
the yield surface does not have a unique normal at the point 
where loading originates, the plastic-strain increment vector 
must be on or within the cone of normals of the pointed vertex, 


The results can be represented in three-dimensional space 


* For detailed test data, see reference [17], 
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Fig. 7(b); in this case the direction of the plastic-strain incre- 
ment vector will in general depend on the direction of the stress 
increment vector. 

By experimentally determining the direction of the plastic- 
strain increment vector due to loading, the slope of the yield sur- 
face at the loading point can be determined and, with a number 
of such determinations, the change in the shape of the yield sur- 
face at the loading point following loading can be obtained. 
Where experiments are designed to load a specimen so that the 
stress increment vectors are applied in different directions over a 
short range of stress change (essentially at a point on the yield 
surface), they will give an indication of whether the yield surface 
is smooth or has a pointed vertex at that point. Consistency of 
the directions of plastic-strain increment vectors at a given stress 
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Fig. 9 


level will indicate a smooth yield surface at the loading point. 
Large differences in the directions of plastic-strain increment 
vectors at a given stress level will indicate a pointed vertex; this 
will be amplified in the following paragraphs. 

In the experiments reported in this paper the loading path lies 
always in the o,-7 plane. Hence if the loading point is at a 
pointed vertex this vertex will always be in the ay-7 plane. Let O 
be the pointed vertex and OA, OB the intersections of the cor- 
responding cone with the o,-7 plane, Fig. 8(a). Let OF and OG 
be the two normals to the cone at O and to the lines OA and OB, 
respectively. Because lines OA and OB belong to the oy-r plane 
it follows that the lines of OF and OG will be projected on the 
o,-7 plane as normals to OA and OB; they are the lines OA; and 
OB, in Fig. 8(a). 

Consider now any other straight line OC on the surface of the 
cone, Fig. 8(a), and the corresponding tangent plane. This 
plane intersects the o,-7 plane in a straight line OC’ lying out- 
side’ the region AOB. The normal OH to the cone and to the 
line OC will be normal to the plane C’OC, and as OC’ belongs to 
the o,-7 plane it follows that OH will be projected on the oy-r 
plane as a line OC, perpendicular to OC’. Therefore all the nor- 
mals to the cone at O will be projected on the a,-7 plane between 
the two lines OA; and OB,. Similarly all lines within the cone of 
normals at O will be projected between OA, and OB. 

The oy-7 plane and the projections on it are reproduced again 
in Fig. 8(b). Let OA’ and OB’ be the extensions of the lines OA 
and OB beyond O. We can distinguish four regions in the plane 
o,-T; namely, AOB, AOB’, A'OB', BOA’. Thestress increment 
vector ds lies in the oy-r plane and it may be directed within any 
one of these four regions. Region AOB, however, is an elastic 
region and therefore no plastic strain increment will be produced 
if ds is directed within this region. If ds is directed within any one 
of the three remaining regions the resulting plastic strain incre- 
ment vector de must satisfy Drucker’s postulate 


ds-de > 0 (1) 


Hence de must make an acute angle with ds. But de must also 
lie within the cone of normals at 0; hence its projection on the 
o,-7 plane will lie within A,OB,. From postulate (1) follows that 


7 Line OC’ lies outside AOB if the surface of the cone is convex. 
The convexity of all loading surfaces has been proved by Drucker 
[12] on the basis of his postulates. Hence OC’ always lies outside 
AOB. 
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the most extreme direction which de can have, compared to the di- 
rection of ds, is a direction normal to ds. If de has this normal 
direction it will be projected on the plane normally to ds. 
Therefore in Fig. 8(b) the projection dey of de on the o,-7 plane 
must be between OA; and OD’ where OD’ is perpendicular to ds. 

The exact direction of de corresponding to ds is not specified by 
Drucker’s postulates when the loading point is at a pointed ver- 
tex. However, it is now generally accepted, references [13] 
through [15], that a pointed vertex can be considered to be a set 
of intersecting loading surfaces each of which makes its inde- 
pendent contribution to the plastic-strain increment. These 
loading surfaces, which as a first approximation can be considered 
to be plane [14] and which may also be infinite in number* [13] 
will lie in the space between the two cones AOB and A‘OB’. A 
two-dimensional representation in the o,-7 plane is given in Fig. 
9(a). Lines 1 through 6 are the intersections of the loading 
planes with the oy-7 plane. 

Only those loading planes will contribute to the plastic-strain 
increment which will be activated by the stress increment vector 
ds. The vetor ds will activate those planes which will be pushed 
outward parallel to themselves by ds. In the case of Fig. 9(a) 
the planes activated by ds lie in the region between OA and ds; 
these are the planes 1, 2, and 3. 

The contribution of each of the activated planes is normal to 
that plane and is projected on the ay-r plane normally to the 
intersection of the activated plane with the o,-7 plane. It follows 
that the contributions to the plastic-strain increment vector by 
the activated planes have directions projected on the o,-7 plane 
between OA, and OD’, Fig. 9(b), where OA; is normal to OA and 
OD’ is normal to ds. Assuming that all activated planes con- 
tribute approximately equally to the plastic-strain increment, we 
conclude that the sum of all contributions will be projected on the 
o,-T plane approximately midway between OA, and OD’; that is, 
approximately in the direction OE which is bisecting the angle 
A,OD’. 

When ds is directed within the region A’OB’, it activates all the 
planes and therefore the direction of de will bisect the angle A ‘OB’. 
It is seen that the direction of dey is independent of the direc- 
tion of ds as long as ds lies within the region A‘OB’. This conclu- 
sion, of course, is only approximately valid because of the approx- 
imate nature of the assumptions made before. 


* The slip theory has been shown to have an infinite number of 
plane loading surfaces [13] 
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Consider now the case when at O we first apply the stress in- 
crement vector ds, in the region AOB’ and then the stress incre- 
ment vector ds; in the region BOA’. It follows that the projec- 
tion of the plastic-strain increment vector will rotate from the 
direction dey, to the direction dey2, Fig. 10. The angle ¢ between 
these two directions, if such an angle appears, shows the existence 
of a pointed vertex. If such a rotation occurs at every change 
from one direction ds, to another direction ds: in opposite regions 
it will be concluded that a pointed vertex is associated always 
with the loading point. 


Method of Representation of Results 

It is known [16] that the Mises yield surface is a good approxi- 
mation to the actual yield surface, in the region of the yield sur- 
face where loading occurs. The Mises yield surface can be ex- 
pressed by using the concept of the octahedral shearing stress: 


de, 


L 


T, = '/sl(Gy — Oy)? + (Oy — G,)? + (6, — Oy 


T Tw, T T.y" 


For the state of plane stress considered here, equation (2) simpli- 


fies to 
9 
Ve. > P 
3 ey 7 ee 


CO, Oy + 3r?} = k (3) 


Equation (3) is expressed by an ellipsoid with one axis coincident 
with the 7-axis and the other two axes on the plane of and rotated 
45-deg from the o, and o,-axes. The ellipsoid intersects the 
plane o,-¢, normally, but the planes oy-7 and o,,-7 are not nor- 
mal to the surface, Fig. 7(a). 

For the tests reported, a comparison is made between the 
direction of the plastic-strain increment vector de due to loading 
and the direction of a normal to the Mises yield surface at each 
loading step. This comparison is made by comparing the projec- 
As the 
loading path always lies on the oy-7 plane, the projection on the 


tions of the two directions upon the o,-7 plane, Fig. 11 


0-7 plane is not considered in this paper.® 

The projections of the two directions on the o,-7 plane are 
shown in Figs. 2 through 6. The projections of the directions of 
the vectors de are plotted as short solid lines on the loading 
curves. They are plotted for each loading step on the stress in- 
crement vector midway between the initial and final stress for 
that loading step. At the same points short dashed lines are 
plotted representing the projections of the directions of the 
normals to the Mises yield surfaces which pass through those 
points. All lines are of arbitrary length indicating direction only. 
In those cases where the vector de coincides with the normal to 
the Mises yield surface only the solid line is shown 

An examination of Figs. 2 through 6 shows that the plastic- 
strain increment vectors de do not have the same directions as the 
normals to the Mises yield surface. 
designated as a, Fig. 11. 


The angle between them is 
The angle between the normal to the 


Mises yield surface and the direction of the stress increment vec- 


* This projection on the oy-7 plane has been determined, how 
ever, and is given in reference [17 }. 





= Stress increment vector 

= Mises strain increment vector 

= Experimental strain increment vector 
= Angie MOE 

= Angie MOS 
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tor ds is designated as 8. Then a, and 8, denote the projections 
of the angles a and § on the oy-7 plane, and ay and 8, denote the 
If the Mises 
condition were valid, the angle a would be zero for all values of 8. 

In Figs. 12 through 15, the angles ay and Gy are plotted against 
a common axis of loading steps 


projections of the angles @ and 8 on the o,-o,, plane. 


The step numbers correspond 
to those shown on the loading curves in Figs. 2 through 6. In 
Figs. 12 through 15 the angles ay and By are considered to be 
positive if in the corresponding Figs. 2 through 6 the projection 
of the Mises normal must rotate clockwise to become parallel to 
the projection af the plastic-strain increment vector or to the 
stress increment vector. 

In Fig. 16(a) the two consecutive stress increment vectors ds, 
and ds: are shown together with the vectorde,; and deys represent- 
ing the projections of the corresponding plastic-strain increment 
vectors on the o,7-plane. Also the two vectors 0,4), and 
O.M y2 are shown; they are the projections of the corresponding 
Mises normals. 

In Fig. 16(6) the six lines ds,, ds., O: My, 
drawn from the same origin 


OM ys, dey:, deys are 
’ By, ly By 2 and the 
angle # between the vectors O,./,;, Oo. y: are shown. 


The angles a, ay 
The angle¢ 
between the two vectors dey;, dey: is given by the formula 

(4) 


Similarly, the angle 2 between ds; and ds, is given by the expres- 
sion 

(5) 

The angles 6, ¢, and & are positive when OM y,, dey, and ds; 

rotate clockwise by less than 90 deg to reach the directions of 

OM ys, de, 

From the discussion in the previous section it follows that a 


, and ds», respectively 


pointed vertex exists if (i) the angle ¢ — 8 = ays — a@y, is different 


than zero when 22 — 6 = By. — By: is large, and (ii) ays 
the same sign as 6,2. — 0, 
and By: — By 


tween consecutive values of ay and By, 


— @y; has 
In Figs. 12 through 15 the values 
Aye — & can be measured as the differences be- 
respectively. It can be 
concluded that when the loading path carries a pointed vertex 
with it (i) the curves ay and By have crests and dips in the same 
regions, and (ii) at steps where 6y changes abruptly by a sub- 
stantial amount the angle ay also changes abruptly in the same 
For finite values of ds, and ds, the angle @ is different 
Hence to prove the 


existence of a pointed vertex it is necessary to compare the angle 


direction 
from zero even if no pointed vertices exist. 
¢ with the angle 6. This angle @ has been found on the basis of 
Of course, any other smooth surface would 
The 


Mises surface has been selected, however, because it is a good 


the Mises surface 
probably do equally well as a standard of comparison 
approximation of the actual vield surface. 

When a specimen was used for two successive tests, it was 
possible to obtain some information about the changes of the 
loading surface at regions a considerable distance from the loading 
point. From this point of view the experimental results were 
compared with the predictions of the slip theory. In Figs. 17 
and 18, tests G-1 and G-3, G-5 and H-1, G-2 and H-2, and G-7 
and H-3 illustrate the predictions of the slip theory. Considering 
Fig. 17(a) and the plot of test G-1, first yielding occurs at point 
C(ay = 4399 psi; tT = 2074 psi). The Mises yield surface (7) = 
2074 psi) is drawn through point C as a dashed line ABCD. Ac- 
cording to the slip theory, as the test continues the yield surface 
changes shape; this changing shape is shown by successive dashed 
lines: EF and EG, EF and HB, and soon. At the completion of 
test G-1 the yield-surface shape is shown as ALKJEFD. Ac- 
cording to the Mises theory, as loading increases the octahedral 
shearing stress, the yield surface can be represented by successive 
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* 
aver eomee® 


Fig. 12 


ellipses increasing in size; at the completion of test G-1 the yield 
surface would be an enlarged ellipse SL7 


Results 


Comparison With Mises Theory. The experiments show that in 
general the direction of the plastic-strain increment vectors do 
not differ greatly from those predicted by the Mises theory 
This conclusion is substantiated by Figs. 2 through 6, where it is 
seen that in general the solid and dashed lines, representing the 
experimental plastic-strain increment vectors and the Mises 
normals, have nearly the same directions. Similarly Figs. 12 
through 15 show that the angle is usually smaller than +15 deg 
Existence of Pointed Vertexes. The experiments show that the 
loading point carries a pointed vertex with it. Indeed from Figs 
12 through 15 it is seen that at those steps where the angle 6, 
changes considerably, the angle a, changes by a small amount in 
the same direction. For example, in Fig. 13, test G-7, it is seen 
that, at steps 8, 21, 25, 29, 32, and 36, the angle 8, changes con- 
siderably. At these same steps the angle ay changes by a small 


amount in the same direction. Other examples in which the 


same phenomenon occurs are the following 
16, 21 
i 


Test G-1, Steps 8, 12, 
Test G-2, Steps 19, 2 
Test G-3, Steps 12, 16 

Test G-4, Step 18 

Test G-6, Steps 6, 19, 24, 30, 34 
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Fig. 


There is also a very good correlation in the over-all pattern of 
the variation of a, throughout the tests as compared to the over- 
all pattern of the variation of By; they appear to parallel each 
other qualitatively. Where crests and drips occur in the B,- 
curve, there are corresponding crests and dips in the a,-curve. 
This is seen very clearly in test G-6 and quite clearly in all other 
tests of the G-series. 

In the tests of the H-series, the angle 8) changes at every step. 
Figs. 14 and 15 show that, except for test H-1, nearly every time 
the angle has a positive change, the Sy-angle has a positive change 
and nearly every time the ay-angle has a negative change the 
8,-angle has a negative change. Hence the same behavior ob- 
served in the G-series tests is found to occur even when the abrupt 
positive and negative changes in the §,-angle occurs at every 
step. 

It should be remarked, however, that the changes in the angles 
a, are much smaller in tests H-4 and H-5 than in tests H-1 
through H-3 and H-7. This may be due to the fact that in the 
former tests the changes in the angles By are smaller than the 
changes occurring in the latter tests. Such an explanation would 
be consistent with the discussion given in the section, ““Theoreti- 
cal Considerations.” 

We remark also that the changes in the angles a, tend to de- 
crease in magnitude as the loading proceeds. This is apparent in 
tests H-2, H-3, and H-7. It is seen also in tests G-6 and G-7. 
Indeed, in test G-6 the second dip (steps 29 through 34) is much 
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shallower than the first dip (steps 18 through 24). Also in test 
G-7 the second dip (steps 28 through 32) is shallower than the 
first dip (steps 20 through 25). 

In test H-1, it appears that there is a poor correlation between 
the ay-curve and the §,-curve. A close inspection of these 
curves shows that, where small values of By occur, the correspond- 
ing values of ay are always small. Where large values of By 
occur, the corresponding values of ay are large (sometimes posi- 
tive, sometimes negative, but with no pattern). From Fig. 4 it 
is seen that the small values of By correspond to directions of the 
stress increment vector which make small angles with the Mises 
normal while the large values of By correspond to directions of 
the stress increment vector nearly parallel to the Mises surface. 
It is noted, Table 8, reference [17], that in this test the octahedral 
shearing stress either decreases or remains essentially constant at 
every step for which By has a large value (about 90 deg) and that 
even when the octahedral shearing stress decreases plastic strains 
appear. It must be concluded therefore that no unloading oc- 
curs—otherwise plastic strains would not have appeared—but 
that the poor correlation between the ay and §y-curves is due to 
the conditions of near unloading which are valid for about one 
half of the loading steps of this test. A similar situation exists 
in test G-5” where a large number of inconsistencies occur between 
the ay and By-curves. Some of these inconsistencies may be ex- 
plained by the fact that in many steps of the test the increase in 

© See reference {17}. 
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the octahedral she ining stress is extremely small or even ne gative 
In Fig. 12, tests G-1, G-2, G-3, the a, 
dashed-line 


evaluation of the 


! -curves include some 
portions hese dashed-line portions represent a re- 
results by combining the plastic strains for 
test G-1, steps 10 and 18 
give small plastic-strain increments whereas steps 11 and 19 give 
rather large Table 1, 


yielding observed also by 


two consecutive steps. For example, in 
plast 
This is a delaved 
bottom [18 


e-strain increments reference [17]. 


Corten and Side- 


in steel 


lo give more realistic analysis to the data, 
steps 10 and 11 have been combined and considered as one step; 


similarly steps 18 and 19 have been combined. The results of the 


combined ste ps show a better correlation between the angles 


Because ¢ 0 throughout the tests, all stress increment vec- 


tors lie in the o,-7r plane Also. for these 


tests the horizontal 


projections of the Mises normals are all in the same direction. 
Consequently, 0, is constant It was found that a, 


tests, but how the 


changes 
relatively little for the small variations in the 


value ol @ ire related to ¢ hange sin DO, 1s not cle irly indicated 
Further te sting to include oy, stress components may shed some 
light on this problem 

Comparison With the Slip Theory. ‘The experiments show that the 
general form of the yield surface at a distance from the loading 
point, in these regions investigated, is in general but not exact 
agreement with the predictions of the slip theory. This conclu- 
sion is substantiated by Figs. 17 and 18. 
17(a), tests G-1 and G-3, at the conclusion of test G-1 the slip 


theory predicts the 


For example, In Fig 


vield surface to be that portion enclosed by 
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{LAJEFD. The Mises theory predicts the yield surface to be 
that portion enclosed by an « nl irge d ellipse SLI 
For test G-3, which follows test G-1 on the same specimen, 


plastic yielding first occurs at point M(o, = and then 


The Mises criterion would predict plastic 


5991 psi 
continues to point Pp 
yielding not to begin until oy reached the value at 
ORO psi 


point T (oy = 
As the loading point moves along the path from P toQ 
it is found that there is no plastic yielding. This behavior is pre- 
dictable from the slip theory because that path now lies within 
the yield surface of the slip theory. The next indication of plastic 
vielding occurs when the stress vector reaches point R (loading 
step number 10 of the test) near to the 
Plastic 


mainder of the test 


boundary of the vield 


surface vielding then throughout the re- 


It is seen that this point PR lies inside the 
vield surface predic ted by the slip theory 


continues 
Phat plestic strains 
start inside the yield surface during reloading on a different load- 
ing path is to be expected since, even in simple tension, yielding 
will occur during reloading before the stress has reached its pre- 
vious highest value: see, for example, reference [19 

Consider now test H-1, Fig. 17(b). The yield surface predicted 
bv the slip theory at the end of test G-5 is AHJK LOD In test 
H-1 first yielding occurs at point M (oy = 6778 psi). The Mises 
criterion would predict plastic yielding not to begin until oy = 
10,798 psi. The slip theory predicts plastic vielding to begin at 
oy = 4750 psi. Itis seen that the agreement with the slip theory 
is now not as good as before, but it is much better than the agree- 
ment with the Mises theory. 
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For test H-2, Fig. 18(a), first yielding occurs at oy = 6894 
psi (point M); the slip theory predicts 7790 psi and the Mises 
theory predicts 11,964 psi. For test H-3, Fig. 18(b) first yielding 
occurs at gy = 6074 psi (point M); the slip theory predicts 5600 
psi, and the Mises theory predicts 12,395 psi. It is seen that in 
both of these tests the agreement with the slip theory is quite 
satisfactory. 

The conclusions given here agree with the conclusions of Marin 
and Hu [20] from biaxial tension tests with an aluminum alloy 
148-T6. 
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Introduction 


B.. AUSE of its inherent 


the orifice has been widely used for metering both incompressible 


and compressible fluids. 


its usefulness in some applications where it would be particularly 


desirable. 


The purpose of this work was to provide a technique whereby 


the expansion coefficients in any gas could be 


However, a I: 


Expansion Coefficients for Orifice Meters 
in Pipes Less Than One Inch in Diameter 


A practical technique for using orifices to meter most gases of engineering interest is 
described. This technique can be employed in pipes less than 1 in. ID, as well as in 
An analytical expression for the orifice expansion coefficient is developed; 
this expression includes an empirical factor based on published data for orifice installa 
tions in pipes two or more inches in diameter. Experimental verification has shown 
that the equation gives correct results for the smaller systems and in gases with a specifu 
heat ratio other than 1.3 or 1.4. It 1s also shown that the empirical equation for orifice 
expansion coefficients which appears in the ASME Fluid Meters Report |1\*° can be 
used over a range that includes most gases as well as pipe diameters as small as ‘/4 in 


larger sizes. 


It is apparent that the expansion coefficient depends upon the 
compressible and incompressible velocity and contraction co- 


reliability and simplicity 


efficients, which must be obtained experimentally. The velocity 


coefficient accounts for the losses incurred by the viscous nature 
ick of data has restricted of the fluid and, to 


dimensional character of the flow 


a much smaller degree, for the non-one- 
changes in profile shape) as 
it goes through the device The losses in a Ve nturi or nozzle are 
very small because the fluid is being accelerated and well guided; 


calculated from 


the fluid has low radial inertia (high radial velocities would in- 


calibration data obtained using any other gas This makes pos- 
sible the use of ordinary gases that are easily handled to eali- 
brate orifices installed in pipes less than 1 in. in diameter, when 
the orifice is to be used in systems containing substances that are 
dangerous or very difficult to handle 

The basic equations that apply to and 


orifices, venturis, 


nozzles are given in most elementary fluid-mechanics texts. 
However, a review of these texts and other metering literature 
indicated that confusion exists in many of the analyses. Fre- 
quently the true meaning and implications of the equations are 
overlooked or are unclear. For this reason the incompressible 
and compressible flow equations for head-type flowmeters are 
derived in Appendix A in a manner which, it is believed, clarifies 


the points that have been neglected in other presentations 





crease losses by extending the diffusion length), and viscous effects 


are minimized. For this reason both C, and C, are probably 
very nearly equal to one, so that their ratio also equals one 
Thus, for the special case where C, C l and ¢ C,, equa- 
tion (1) reduces to a purely analytical relation: 
i) }(k/(k — 1))(P,/P, 
i] ans P P k k = { { 2) } 2 s 
The factor @ is the expansion coefficient usually used for 


nozzles and venturis [1], where the contraction phe nomenon es- 


sentially does not exist because the flow is guided by the walls 


of the device 


In the case of orifices the losses are greater, but the ratio 





™ - Gl might reasonably be expected to be ipproxim itely equal 
The Expansion Coefficient to one However, this ratio is less likely to be exactly unity 
Equation (27) of Appendix A gives the exp insion coefficient as than in the nozzle-venturi case The greater losses in the orifice 
ai ((k/(k — 1))(P,/P,)**11 — (P,/P,)*-»"*| [1 — (C.A,/A,)*)) 
) Ce /Cs a 1 
{ (1 — P,/P.\(1 — (P,/P C-Ay/A { 
= Contributed by the Fluid Meters Research Committee and _ pre 
1 Presently, Convair Fellow, California Institute of Technology sented at the Winter Annual Meeting, New York, N. Y Novem 
2 Presently Manager Advanced Techology Program Liquid ber 27—December 2, 1960, of Tue AMERICAN Society or MeCHANICAI 
Rocket Engines, NASA, Washington, D. ¢ ENGINEERS. Manuscript received at ASME Headquarters, October 
Numbers in brackets designate References at end of paper 16,1959. Paper No. 60-—-WA-137 
Nomenclature 
{ cross-sectional area c velocity coefficient, compressibl M Mach number 
¢, contraction coefficient, Incompres- flow m velocity of approach factor 
sible flow ( local velocity of sound \ R < \ nolds number 
"te contraction coetficient, compres- D diameter P pressure 
sible flow q conversion factor (32.174 lby per R gas constant 
Cp discharge coefficient, incompres- slug pressure ratio, P,/P, 
sible flow h head change across orifice, (P, — T, total (stagnation) temperature 
Cp = discharge coefficient, compressible P,)/pq 1 static temperature 
flow K flow coefficient t time 
C, velocity coefficient, incompres- k specific heat ratio velocity 
sible flow L pipe or tubing length Continued on nert pas 
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meter make the velocity coefficients slightly smaller, so that a 
small difference in the values of C, and C, has a greater effect on 
their ratio. 

In 1855, Weisbach [2] published the results of experiments to 
determine the incompressible contraction coefficient. He found 
that, for all practical purposes, this factor was dependent only 
upon the orifice-to-pipe area ratio. His results are summarized 
in Fig. 1. 





Fig. 1 Incompressible contraction coefficient (. versus area ratio 


Thus, with C, known, and by assuming C,/C, ~ 1, it should 
be possible to obtain an approximate analytical expression for Y 
from equation (1) if C, can be evaluated. Both Jobson [3] and 
Buckingham [4] have derived formulas from which C, may be 
calculated if C, is known. While the approaches were different, 
the assumptions were essentially the same, and the formulas give 
nearly identical results. Buckingham’s formula is perhaps 
slightly easier to use, and follows: 


C./C, = d/l — n&/d*) (3) 
where 


n = (P,/P,)*/*{(2C, + C.2(A,/A.)? — lv 
—C,2(A,/A,)*(P,/P,)*!*8} 

A= Cy 

f=1-—P,/P, 

Y = (k/(k — 1))(P,/P,)**[1 — (Py/P.) >? '*] 


To derive equation (3) Buckingham made two important as- 
sumptions: (a) The force exerted by the compressible flow on 
the upstream side of the orifice plate is the same as that which 
would be exerted by an incompressible flow having the same up- 
stream pressure, density, and velocity (mass flow). (b) The 
static discharge pressure outside the jet is everywhere constant, 
as in a free discharge. 

The first assumption provides no serious restriction on the 
equation because in most metering applications the upstream 
velocity will be less than 250 fps, and up to this speed the gas 


still behaves as if incompressible. The second assumption is 





also quite acceptable for most orifice meters, as can be shown 
readily. 

If the process between the orifice and the vena-contracta is 
assumed isentropic (as it very nearly will be, since the fluid is 
being accelerated) then it is easy to obtain, from the one-dimen- 
sional equation of motion and the continuity principle, for a 
perfect gas 

dP kM? dA (4) 
Zz ) 


In metering applications the orifice Mach number will rarely ex- 
ceed 0.2, and will usually be less, so that second-order terms 
in Mach number are small relative to one. If this is the case, 
then pressure is approximately independent of area. On this 
basis, equation (3) is a satisfactory means for finding C. for meter- 
ing orifices in most applications. 

By assuming C,/C, = 1, obtaining C, from Fig. 1, and C, from 
equation (3), the value of Y ean now be ealeulated for any gas 
whose specific-heat ratio is known. This was done for k = 1.4 
and k = 1.3, for a range of pressure ratios and area ratios. For 
pressure ratios in the normal metering range, 1.0 >r > 0.80, 
equation (1) gives results whieh are in all eases within 3 per cent 
of the published empirical values in the ASME Fluid Meters 
Report [1]. This is satisfactory accuracy for many engineering 
applications, but for others better accuracy would be desirable. 

To improve the accuracy of this analytieal equation, the value 
of C./C, was obtained empirieally. This was aceomplished by 
equating (1) with the published expansion factors [1] for k = 
1.3 and k = 1.4. However, the objective was to obtain an equa- 
tion which gives Y for all gases of engineering interest. There- 
fore, it is necessary to show that the values of C,/C, obtained 
from data for k = 1.3 or k = 1.4 are valid for other gases as well; 
i.e., that C,/C, is independent of k. 

For an adiabatic flow, such as that through an orifice, the 
velocity may be related to the Mach number and the speeific- 
heat ratio through the Mach number definition. If it is as- 
sumed that the gas obeys the perfect-gas laws, and the change in 
gas constant and specific-heat ratio as the gas passes through the 
orifice is neglected, then, for an adiabatic system where Tr, = 
T m%, 


t/u, = [M,/M,] 
{{1 + (& — 1)M,2/2]/{1 + (& — 1)M,2/2]}*/* (5) 


The velocity coefficient is approximately the ratio up/u,’; 
i.e., the velocity reached at station (b) in an adiabatic process 
divided by that reached in an isentropic process from the same 
initial conditions. Therefore, from (5) 


ai~ ( y ‘ ( va) [pte na] ale 
Up M, 1 + (k — 1)M)?/2 


at ( My ) (My"* — My!) ae 
ok ~~ —=—\M,’/ 2[1 + (k — 1)M,?/2)* 


Since the orifice Mach numbers in most metering applications 


and 








Nomenclature 

W = mass (Ibm) o = standard deviation o = plane of orifice 
W = mass rate of flow (iby per sec) @ = expansion coefficient for nozzles r = inlet to rotameter 
z= (P, - P,)/P. and venturis ‘= (prime) denotes a state reached by 
Y = expansion coefficient (factor) for a frictionless process 

orifices Subscripts and Superscripts 
8 = diameter ratio, D,/D, a = plane of upstream pressure tap act = actual 
@ = 2.5 standard deviations b = plane of downstream pressure tap Cale = calculated 
p = mass density (slugs per cu ft) c¢ = calibration point nom = nominal 
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Fig. 2 Velocity-coefficient ratio versus pressure ratio with diameter 
ratio as a parameter 


are small, of the order of 0.2 or less, (7) shows that C, is essentially 
independent of k. 

The empirical values of C,/C, also automatically include a 
correction for any errors in the values of C, obtained from (3). 
The good agreement of (1) with published data, incorporating 
(3) to calculate C./C,, indicates that any such correction will be 
very small, since (3) apparently gives excellent results. In that 
case the over-all effect of (1) will be small even if C, varies appre- 
ciably with k. Only if C, has very high order-of-magnitude de- 
pendence on k should the empirical C,/C,-values be influenced 
enough to make those factors unsatisfactory for use with gases 
where k is different from 1.3 or 1.4. The details of the effect 
of kon C,/C, are given in Appendix B. 

From equation (29) and the discussion in Appendix B, it is 
apparent that 0(C,/C,)/dk will be of the order of magnitude of 
1.0, i.e., that a graph of C, versus k would have a slope of the 
order of one. While C, definitely depends on k, the dependence 
is not of high order and should not present a serious difficulty in 
applying the proposed empirical C,/C, to all gases. This is 
particularly true in view of the fact that the C.-correction is at 
most a small part of the empirical factor. It should also be 
remembered that k itself does not vary radically with different 
gases. For most gases of engineering interest, 1.3 < k < 1.7. 

On the basis of the arguments which have been presented, the 
right-hand side of (1) was equated with the experimental values 
for Y in the Fluid Meters Report [1], and C,/C, was obtained. 
The resulting values are plotted in Fig. 2. This was done using 
data for k = 1.3 and fork = 1.4. No appreciable difference was 
found in the value C,/C, for these two cases, supporting the pre- 














vious conclusions that this factor is nearly independent of k. 

By obtaining C. from Fig. 1, C, from equation (3), and C,/C, 
from Fig. 2, equation (1) can be used to calculate the orifice com- 
pressibility coefficient for any gas which may be assumed to obey 
the perfect-gas equation of state. The chief restriction is that 
the orifice Mach number should not exceed 0.2-0.25. 


Experimental Program 


The apparatus shown in Fig. 3, with major dimensions given 
in Table 1, was used to determine the various orifice coefficients 
for both incompressible and compressible fluids. Three units 
involving '/,, '/2, and */,-in-ID pipe were used. In all cases 
the pressure taps were one pipe diameter upstream of the orifice 
and '/; diameter downstream, corresponding to the configuration 
called “radius taps.’’ The units were designed to conform to the 
recommendations of ASME [1, 5]. The orifice apparatus was 
installed in the system shown in Fig. 4 to obtain the incompres- 
sible data, using water, and in the system shown in Fig. 5 for the 
compressible data, for which air and argon were used. 

Extreme care was taken to insure equilibrium conditions and, 
as &@ consequence, no time dependence was noted in the results. 
To detect possible discrepancies due to faulty installation, reruns 
were made, at later dates, after the apparatus had been dis- 
mantled and reassembled. In ail cases the data were reproduced 
within the precision limitations of the experiment. 


Table 1 Basic unit tubing lengths and diameters 
Nominal diam, in. Diam, in. A, in. B, in. 
3/4 0.7505 25 6'/2 
1/2 0.5010 20 11'/2 
1/4 0.2510 17 14'/, 
Orifices 
Nominal diam, in. Diam, in. Nominal diam, in. Diam, in. 
3/32 0.0970 9/32 0.2811 
1/8 0.1250 5/16 0.3140 
5/32 0.1561 3/8 0.3789 
3/16 0.1919 15/32 0.4710 
1/4 0.2501 9/16 0.5632 
Note: All orifices are '/;s in. thick, with a 45-deg chamfer to pro- 


vide an orifice lip not greater than 0.003 in. in width. Each orifice 
meets the specifications stated in paragraph 178 of reference [12] 
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Fig. 3 Basic unit and enlarged cutaway view of typical orifice assembly 
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Fig. 4 incompressible flow apparatus 
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Fig. 5 Compressible flow apparatus 


Further, a series of experiments was conducted, with each unit, Table 2 Precision of Measurements 
to determine whether upstream pressure, back pressure, or fluid Variable Tolerance 
temperature might have some unforeseen effects on the flow co- Orifice diameter +0 OOOS5 in 
efficient. In this series the values of these three variables were fubing ID... £0. 0005 in 

. *ressure -asurements t0.7 
changed systematically, by substantial amounts, from the pre- ! som ire measurement: on 
; lemperature measurements +() 
Flow-rate measurements: 

Incompressible flow-weight t0).2 

in the variables occurred Incompressible flow-time. . . t().2 


r 
viously used values. The experiments were arranged, as shown 
in the following, so that all possible combinations of the changes 
Compressible flow? . . t0.5 
Experiment a 4 f 6 
Variable j TY UB UT RT ‘ The Instruments Division of the NASA Lewis R« 
ipstream pressure, B back pressure, 7 fluid which calibrated the Pores, indicated this value for tt 
ranges used in these experiments. 


coefficient obtained from these runs agreed within pendent of back pressure if the downstream pipe length conforms 
er cent with those previously determined at the same Reyn- to ASME recommendations. 


numbers. As a foundation for an estimate of the precision of the calibra- 
vhat analogous tests were made to study the effects of tion, the precision of measurement of all dimensions, as well as 
variables on the expansion coefficient Again, all data of the temperature, pressure, and flow-rate dat 


vere reproducible within the precision limitations of the experi- 


\ 1, was determined, 
Table 2 All pertinent dimensions were measured with microme- 
ients Further, it was found that the expansion factor is inde- 
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ter calipers and shadowgraph. 




















































































































Cae. 
2 La Bo iF ern i} } 
ee ee et sae ons oc 











DERURTER RATIO = rs, 
deg eS: 





es 














ie a ie 





(b) 


Fig. 7 Flow coefficient K, velocity-of-approach factor included, versus orifice Reynolds number Nj; 


By the methods discussed in Appendix C it was found that the 


true value of the flow 
cent of the 
Also, the probability is about YU per 


probability is about 99 per cent that the 


coefficient was within +0.5 per measured value 


cent that the expansion 


coefficients were precise to ibout 1.4 per cent 


Results 
The results of the incompressible flow calibrations to deter- 


mine flow coefficients are summarized graphically In Figs 


6 through 9 None of the points differ from the curve drawn 


through the data by more than 1 per cent, and most are within 


+ 0.5 per cent. 


It is characteristic of the flow-coefficient curves that for a given 


pipe diameter they tend to come closer together, or converge, 


as the diameter ratio decreases For pipes 2 in. or more in 


diameter, this convergence is relative initform {1 

Figs 6 through 9 show that the conve rgence is present in these 
1 general sense, but that it is far from 
fact that the 


is affected by even very small defects in the ope ning 


data in iniform in some 


cases This is prob iblvy due to the flow coefficient 
Even with 
the conside rable care t iken to prod ice these orifices, it 1s likely 


that some irregularities existed which were large enough relative 
to the 


Equivalent ‘are 


small orifice diameters to affect the flow coefficients. 


in the manufacture of larger orifices would re- 


sult in irregularities of about the same absolute size, but much 


smaller on a relative scale, so that the flow coefficient would not 


be affected appreciably 
Because of this phenomenon, it is likely that individual flow- 


coefficient calibrations will always be necessary for orifice in- 


stallations in pipes of 1 in. diameter or less The difficulty in re- 
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producing small orifices exactly will probably make published 


calibrations of little value, for these small sizes, unless relatively 
poor accuracy is acceptable 

The results of the expansion-coefficient calibrations with air 
ire shown in Fig 10. and Fig. 11 shows the results of the irgon 
experiments 

Supe rimposed upon the data in ¢ ich figure is a plot ol equ ition 


} 


1), the analytical « xpansion-coeflicient relation, and an « mpiric il 


equation given in l 
} 1 — (0.41 + 0.358 ne 
where 


}to 1.4. In Fig. 11, 
wtly, but 


which is presumably valid for / l 
} 1.668, ex 


no longer coincide ex 


juations (1) and (8 
the difference is very small 

The actual diameter ratios in the experiments 
cases equal the “‘nominal’’ values in Fig. 10, so that it was neces 


sary to correct all data to these nominal values before plotting 


This was accomplished by using equation (5 All data were 


first plotted with the theoretical curves corresponding to th 


actual diameter ratios, so that the relationship of each point to 


the theoretical value could be determined The value of each 


experimental point was then multiplied by the following 


g ratio, 


computed at the ding pressure ratio, to obtain the 


corre Spor 
corrected value: 


from (8) using nominal 6 


Yact [from (8) using actual 6 


It was found that by using this technique the corrected data 


points had the sam« relationship with the nominal theoretical 


curve as that between the actual data and actual curve s, within 


the limits of the drawing 
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(b) 


SERS EERE! IBGE! ESE FREE THEE 
ia 


Fig. 8 Flow coefficient K, velocity-of-approach factor included, versus orifice Reynolds number Nii; '/2-in. tube 


Fig. 9 Flow coefficient K, velocity-of-approach factor included, versus 
orifice Reynolds number Np; '/,-in. tube 


The excellent agreement between data and curves in the 
figures indicates that once the incompressible flow coefficient is 
known, the easy-to-use empirical relation, equation (8), can be 
used to find the expansion coefficient, even for orifice installations 
in pipes as small as '/, in. diameter. 

The argon experiments, summarized in Fig. 11, showed that 
the analytical expression for Y, equation (1), gives very satis- 
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factory results for gases with k considerably different from 1.3 
or 1.4. Since equation (8) agrees almost exactly with (1) for all 
values of k of interest, and is much simpler, it can be used to 
determine expansion coefficients for most gases of engineering 
interest and is not restricted to those for which k = 1.3 or 1.4. 


Conclusions 


The results of the incompressible flow experiments indicate 
that individual calibration of orifice installations in pipes about 
1 in. in diameter or smaller is essential, unless relatively poor 
accuracy is acceptable. This requirement arises from the prac- 
tical difficulties in reproducing exactly small orifices. 

Equation (1), an analytical expression for the flow coefficient, 
gives very satisfactory results for most gases of engineering in- 
terest, and for orifice installations in pipes as small as '/, in. in 
diameter, as well as for the larger systems for which data have 
previously been available. The importance of equation (1) lies 
chiefly in the clarification it provides regarding the relative in- 
fluences of the various factors which affect the expansion coeffi- 
cient. 

An empirical equation for the expansion coefficient, equation 
(8), which was published in the ASME Fluid Meters Report [1] 
and based upon data for orifices in pipes 2 in. or more in diameter, 
agrees almost exactly with (1) and is much simpler and easier 
to use. The effect of verifying the analytical expression in this 
program was therefore to extend the useful range of equation 
(8), so that this empirical relation provides a practical technique 
for calculating expansion coefficients for almost any orifice- 
metering applications ordinarily encountered. 
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APPENDIX A 


incompressible Flow-Metermg Equations 


For steady, frictionless, one-dimensional, incompressible flow, 
the Bernoulli equation relates pressures and velocities as follows: 


P, + 1/2pu,? = P,’ + 1/2puy’? (10) 


The superscript ’ serves as a reminder that this equation is 
valid only if state b was reached by a frictionless process. 


The continuity equation for this flow is 


ue = u,'A,/A, 
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Fig.10 Expansion coefficient Y versus pressure ratio; k = 1.4 


4 


Fig. 11 Expansion coefficient Y versus pressure ratio; k = 1.668 


Solving (10) and (11) for u,’ gives 


2 “9 
uy = rr : : (12) 
Before (12) can be useful in metering incompressible fluids, two 
corrections are required. The first of these arises because a real 
fluid will not flow without friction through the orifice. The 
viscous effects will be manifested in a pressure loss so that (P, — 
P,) > (P, — P,’) and therefore, if the actual pressure measured 
at the downstream tap P, is substituted into (12), the computed 
velocity will be tsesic, not u,’, and it is greater than the actual 
value. Notice that tusic does not equal u,’. The “ideal” ve- 
locity u,’ would correspond to the pressure P,’ which would 
exist if the flow were frictionless. The true velocity is obtained 
by multiplying (12) with an experimentally determined factor 
called the “velocity coefficient’’ C, 


C~, Ubact (13) 
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The second effect is that the areas A, and A,, which appear 
in (12), are the actual areas that the flowing fluid occupies. 
Upstream of the orifice the flow will fill the pipe, but down- 
stream the fluid may continue to contract, due to its radial 
inertia, to an area smaller than that of the opening. Therefore 
the flow area A, in the plane where P, is measured will in general 
be different from the geometric orifice area, and unknown. So 
that the velocity may be expressed in terms of known geometric 
areas, another experimentally determined correction, the ‘‘con- 
traction coefficient,”’ is defined as 


C, = A,/A, (14) 


The true velocity at the plane of station b is now given by 


C, 2(P, ce P,) als 
(1 — (C.A,/: a © 


Thus the mass flow through the system is given by 


pgA,C.C, 2(P, — P,) |? 
[1 — (C.A,/A,)*]*? p 


It has become common practice to define a so-called “velocity- 
of-approach factor,” 


Ubact 


W= (16) 


1/[1 — (A,/A,)?]"/2 (17) 


as well as a “discharge coefficient’’ C, such that 


2(P, — P,) | 
W = mC op | eines eT 
p 


By comparing (18) with (16) it will be seen that 


C.C,{1 — (A,/A,)*]*/2 


[1 — (C,A,/A,)*}*/2 

Many experiments have been carried out to determine the dis- 
charge coefficient, and it has been found to be a function of the 
Reynolds number and the area ratio A,/A,. Since the velocity- 
of-approach factor (17), is a function of the area ratio only, a 
third coefficient, which will absorb these two and still be a func- 
tion of Reynolds number and area ratio only, can be defined. 
This factor is commonly called the “flow coefficient”’ 


Yy 


K=mCp 
Therefore 


W = KgA,|2p(P, — P,)]*!* (20) 

This is the usual equation used to calculate the flow rate of an 
incompressible fluid through a head-type meter. The flow 
coefficient K must be obtained experimentally for each type of 
meter. 


Compressible Flow- Metering Equations 


For a frictionless, adiabatic, one-dimensional, steady, 


com- 
pressible flow with no external work transfer, the energy equation 
is 

k P k Pp,’ 


a 


k—1 9p, 


+ 


k—1 p,’ 


where the notation is the same 
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The continuity equation for this case is 
, 
, Py’ A, 
Pa A, 
If (21) and (22) are solved for uw,’ and an isentrupic pressure- 
b 
density relation is assumed, the result is: 
1 


(1 — (P,’/P,)?/*(A,/A,)4]"? 


j ok P, ; (2 r ; 1 } i/2 
* Bata, Psi f 
Again, teat is the result obtained by using P, rather than P,’ 
in (23). 


(23) 


Just as in the case of incompressible flow a velocity coefficient 
and a contraction coefficient are defined 


-_ 9 
C t Utact/ Udcale 24) 
(25) 


The bar notation is used to distinguish the experimental coeffi- 
cients for compressible flow from those previously defined for in- 
compressible flow. There is no basis for assuming at this point 
that the corresponding coefficients are identical for both flow 
situations. : 

The mass flow is given by the continuity equation W = 
PrG@Apuy- The usual procedure is to invoke the isentropic pres- 
sure-density relation to solve for p, in terms of p, and P,/P, 
Notice that this does not give the true value of p,, since the 
process is not actually isentropic. The error thus introduced 
must eventually be accounted for by one of the experimental 
coefficients. 

The result obtained by following this procedure is 


C.C.A g 


(1 — (P,/P,)?*(.A, 


2} 1/2 
A,)*}' 


[2k/(k — 1)]p.P.(P,/P.)*!* (1 — (P,/P,)*-/*]} 12 (26) 

It is common practice to correlate (26) with the incompressible 
result (16) in such a way that the compressible flow rate is given 
by using the incompressible equation multiplied by a “com- 


pressibility coefficient’’ or expansion factor Y. The value of 


Y is obtained by comparing (16) and (26): 


b os l(P, P,)?/* [1 - (P, P,)¢-! k(1—(C_A 


(1 — P,/P.J(1 — (P,/P,)?/*(C.A,/A,)*] 


The mass flow for any fluid is then given by: 


W = YmCpA,g[2p,(P, — P,)}""* 


where for incompressible flow the expansion factor Y = 1. 


APPENDIX 8B 
Effect of k on C,/C, 


Equation (3), which represents with reasonable accuracy the 
interrelation of C, and the independent variables, can be used to 
investigate the effect of kon C,/C,. Thus 

ac./c.) %E/C)2X  a(€/C.) mw» 


ue #8 RW we dn = oOk 


By its definition & is independent of k, so the last term may be 
eliminated at once. From (3) it is found that 


Transactions of the ASME 





oA —C,rilk 
= -|Inr 
ok k(k—1) 


where r = P,/P, 
For almost all metering applications, 0.80 < r < 1.00, and in 
this range the quantities In r and [1 — r@-»/*] are of the order 


of 0.1, as is, therefore, OX /dk. 
Again, from (3) 


ale f k In 


ok V-12F 


where 
a = 2C, + C.2(A,/A,)? — 1 
B=C,*(A,/A,)*(1 — 1) 


The expressions In r and [1 — r@-»/*] again appear in this 
derivative. In addition each term is multiplied with either @ 
or 8, both of which are of the order of 0.1; therefore 0n/dk is of 


the order of 0.01, or at the most 0.1. 


aC/C) tn + MEU 
oA n\°E 


. i/2 
p= (1-*) 


For values of the pressure ratio 


where 


and area ratio encountered in 
metering, the quantities 7, £, and A are small compared with 1 
The product £7 is ordinarily considerably smaller than \? and 
E is of the order of 1. This relation shows that the order of 
magnitude of 0(C./C,)/dX will be 10. 

A similar conclusion can be reached for 0(C,/C,)/dA, given by 


- 2N°E(1 — E) 
on 2hy2k 


a(C./C. —in 


APPENDIX C€ 
Precision Determinations 


The over-all tolerance of the flow coefficients may be esti- 


mated using 
iV 
2gh 


dK dt 2dD 
6 Ss 


(35) 


This expression may be written in finite difference form to ob- 
estimate of the error or tolerance. The 
largest error will correspond to the sum of the absolute values of 
the component errors: 
AK AW |At . AD 1 | Ah ran 
Km! |W| \t|  |D 2)h oa 


tain an maximum 


Using the estimates of the precision of the measurements, the 
over-all tolerance on the flow coefficient is about +1.0 per cent. 
From a statistical standpoint it is highly improbable that 


each of the component errors would simultaneously equal its 
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tolerance limit and be additive to the other components, as was 
assumed to arrive at the foregoing figure. A simple statistical 
analysis provides a more meaningful index of precision for the 
calibrations. 

It is shown in the discussions of the theory of errors, found in 
most texts of statistics, that the following relation is true regard- 
less of the probability distributions of the component errors [6] 
where the component errors are errors in the measurements 
of the independent variables, 2, 72, 2, . . . 2,° 


If 


then 


where 


Cr standard deviation of — [any quantity proportional to the 
standard deviation also satisfies (37)] 
r 


u; 2; 


It is proposed now to apply equation (37) to the incompress- 
ible flow-coefficient determination. It would be expected that, 
if a large number of measurements of any of the independent 
variables (W, t, D,, h) were taken at a given point, the results 
The 


the range in which 


would closely approximate a normal distribution curve. 
over-all tolerance for each of these variables 
essentially all should fall 


previously. If the quantity 2.50 


measurements has been estimated 
@ is used as a precision cri- 
terion, rather than oc, then these tolerances can be assumed to 
equal 6, because the range —2.50 to +2.5¢ includes 98.76 per 
cent of the total area under the probability curve, or total proba- 
bility. 


For this application, then, equation (37) becomes 


eke ae rie ~ 
6,2 (2x ‘ou 4 (2E\'o24 (2X) a2 + (2X) 6,2 
, ow ot oD oh , 


The partial derivatives are evaluated from equation (34) and 


after resubstitution in terms of K and dividing by K®? the result is 


Le} ~LieJ+ ES + +L e] 
Ww" { 

K W t D 
Substituting the tolerances for the measurements of the inde- 
pendent variables into this expression indicates that the proba- 
bility of the true value of the flow coefficient lying within +0.5 
per cent of the measured values is nearly 99 per cent 

On this basis the reported flow coefficients are considered pre- 
cise to +0.5 per cent, although isolated values may be in error 
by +1.0 per cent, as has been shown. The precision is not this 
good for the very low flow rates due to a considerable increase in 
It is estimated that 
in the very low flow range the flow coefficients reported may be 


error in measuring the pressure differential. 
in error by as much as +2 to 3 percent. The error in the pres- 
sure differential is reduced rapidly with rising flow rate, and the 
estimated +0.5 per cent precision is believed to be valid over 
nearly all the range of Reynolds numbers. 

The precision of the expansion coefficient Y was obtained 
from 


WT ,(P,R)'” 
KrD,2P ,g(2h T,p.)'!? 


By using the same procedure as in the incompressible case 
the over-all tolerance can be found 
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Substitution of the tolerances indicates that the tolerance on 
the expansion coefficient will be about +4.0 per cent, this value 
being heavily influenced by the precision of the incompressible 
flow-coefficient calibration and by the density measurements. 
Again, this figure represents the over-all “spread” of the results, 
and a more meaningful indication of precision can be obtained 
from the previously used statistical technique. 

Evaluating the derivative from (38) and substituting shows 
that the measured values of the expansion factor are precise to 
about +1.4 per cent; i.e. the probability is almost 99 per cent 
that the true values lie within +1.4 per cent of the measured 
values. 

Like the flow coefficient, the expansion factor will be less pre- 
cisely calibrated at very low flow rates because of the increased 
error in pressure measurements. While the measured expansion 
factors are believed to be precise to +1.4 per cent over most of 
the range, they may be in error by as much as +4.0 per cent for 
the lowest flow rates. 
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Flow Measurement for Accounting Purposes 


This paper discusses the industrial measurement of gases and liquids by means of thin- 
Installation and maintenance practices which reduce measurement 


errors are described. Records of flows for twenty-one streams are analyzed to estimate 
the accuracy of the metering. 


een of petrochemical plants “across the fence”’ 
from petroleum refineries which supply raw materials has re- 
quired that accurate measurement of such streams be provided 
for accounting purposes. Operation of Canada’s synthetic- 
rubber plant in Sarnia, Ontario, depends upon the exchange of 
such streams with three adjacent refineries. Over twenty such 
streams are measured by thin-plate orifice-meter installations 
incorporating two orifices in series. The purpose of this study 
was to analyze the results achieved over a period of 5 years in 
order that precision of metering could be calculated and an 
estimate made of over-all accuracy. 

The study reviews the results obtained in metering five light 
hydrocarbon gas flows, ten light hydrocarbon liquid flows, 
and six superheated steam flows for the 5-year period 1954 to 
1958. The hydrocarbon streams included mixtures containing 
a range of hydrocarbons from methane to pentane and also 
relatively pure streams such as commercial grade ethylene and 
butadiene. The steam flows were either 150-psi or 400-psi 
steam with approximately 150 F of superheat. 

The results considered are the calculated flows actually used 
for intercompany accounting. None of the orifices was cali- 
brated—flows were calculated from the correlation developed 
by the ASME Committee on Fluid Meters.!. The flow rate used 
for accounting was the average of the flows calculated from the 
two orifices in series. Data were not rejected except when one 
of the orifices was known to be giving a false reading. Although 
significant differences occurred at times between the flows cal- 
culated from the two orifices, the average value was accepted 
unless there was definite evidence to show which one of the two 
orifices was giving the false result. This study then evaluates 
the errors in orifice metering not under ideal test conditions 
but under average industrial operating conditions. 

Since none of the orifices used was calibrated against any 
standards, and other methods of checking such as calibrated 
storage tanks were not normally available, the results discussed 
do not truly indicate metering accuracy but merely reproducibility 
of the method. However, an effort is made to estimate any other 
errors and some evidence is provided to substantiate the esti- 
mates. 


Sources of Errors in Orifice Metering 


Errors in metering of vapor or liquid streams by means of 
thin-plate orifice meters arise from several sources: 


1 Errors inherent in the method. These are due to the errors 
in the testing procedures and statistical correlation techniques 
used to determine experimentally the values of flow coefficients 
K and expansion factors Y, as published in the ASME Research 

1 “Fluid Meters—Their Theory and Application,”” ASME Research 
Committee on Fluid Meters, fifth edition, 1959. 
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27-December 2, 1960, of Tae AmeRICAN SocieTY OF MECHANICAL 
ENGINEERS. Manuscript received at ASME Headquarters, July 29, 
1960. Paper No. 60—WA-141 
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Report on Fluid Meters. For the range of orifice sizes, pipe 
sizes, Reynolds numbers, and ratios of differential head over 
absolute inlet static pressure, considered in this study, the tol- 
erance for the flow coefficient K is + 0.55 per cent and for the 
expansion factor Y is + 0.02 to + 0.15 per cent. 

2 Errors in the metering installation. To use with confidence 
the published flow coefficients and expansion factors the fluid 
flow in all metering installations must be mechanically similar 
to that in the test installations used to determine the coefficients 
experimentally. Very great care was taken to achieve geometri- 
cal similarity for all the installations discussed in this paper but 
practical operating considerations did not permit achieving com- 
plete dynamic similarity. Although every effort was made to 
control the streams, such factors as flow rates, compositions, 
pressures, and temperatures did vary widely during the periods 
studied. Such factors as dirt, erosion, and corrosion also affected 
geometrical similarity. The exact magnitude of errors caused by 
these factors is almost impossible to evaluate without direct 
calibration equipment but some measure of the error is possible 
using the procedures described in this paper. 

3 Errors in measurement. Errors occur every time that the 
magnitude of something is measured—even the most precise 
measurement has a tolerance. In metering a fluid the pipe size, 
orifice size, differential pressure, absolute pressure, temperature, 
fluid density, and fluid viscosity must be measured, and each of 
these measurements contributes something to total error. For 
the meters considered in this study normal industrial measure- 
ment techniques were used but extra care was taken to achieve 
the best accuracy possible with these techniques. 

4 Humanerrors. In compiling the routine daily and monthly 
records for these twenty-one installations over a period of 
5 years it is almost certain that gross errors—mistakes—have 
occurred. Operators have read the wrong numbers off scales 
or from tables, errors of transposition have occurred, and even 
desk calculating machines have been known to develop faults. 
In a precise research experiment such errors are usually detected 
but in the routine industrial operations described here some such 
errors are bound to slip by. Such errors can be large or small, 
negative or positive, and of unknown frequency. 


Description of Metering Installations 


All of the streams studied are metered by two orifice meters in 
series. A list of the twenty-one dual-meter installations showing 
general flow and dimensional data is given in Table 1. The 
ranges of average flow rates, range-tube sizes, and §-ratios for 
the period studied are shown. It will be noted that only one 
installation (meter D) ran for the period without a change in 
either range-tube size or orifice diameter. 

Physical layout of the installations is shown in Figs. 1, 2, and 3. 
Twelve of the installations were of the type shown in Fig. 1 
with individual bypasses around each orifice. This permitted 
inspection, cleaning, or replacement of the orifices without shut- 
ting down the stream or losing all records of flow since one meter 
could remain in service. Such an installation was used for dirty 
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Table 1 


Description of orifice installations 











Average Pipe Range Tube Reynold 
Stream Flow Rate Pip ing Diameter Beta Size Number 
Strean Flu id lb/hr x 105 Type In. Ratio In. of H20 Rd x 106 
A Gas 20 - SO Fig. 3 14 0.45-0,60 20 - 50 1.5-3.5 
B Gas 5-12 Fig. 1 6 0.56 20 = 100 0.8=2.2 
Cc Gas §-15 Fig. 1 10 0.38 20 = 100 0.8-2.0 
D Gas 15 Pig. 1 8 0.42 200 20 
g Gas 2-5 Pig. 1 3 0.67 20 = 100 0.6=2.C 
F Steam 20 - 70 Pig. 2 10 0.65 50 = 300 1.0 = 3.0 
G Steam 40 - 90 Fig. 2 12 0.73 50 = 300 1.3-3.0 
H Steam 140 - 250 Pig. 2 20 0.65 100 = 300 2.0-6.0 
I Steam 10 - 30 Pig. 2 6 0.52 100 = 400 0.9=2.5 
J Steam 35 - 70 Fig. 2 6 0.72 200 = 400 2.0-4.5 
K Steam 25 - 60 Pig. 2 6 0.67 100 - 400 1.5-4.0 
L Liqu id 20 - 50 Fige 1 4 0.48 50 = 200 0.5-1.0 
” Liquid 9 = 28 Fig. 1 3 0.41-0.59 50 = 300 0, 2-0.8 
5 Liqu id 10 = 25 Fig. 1 2 0.61 50 - 200 0.2-0.7 
.¢) Liquid 1.5 = 4.5 Fig. 1 2 0. 24-0.34 20 = 200 0.08-0.25 
P Liqu id 6 - 23 Pig. 1 3 0.32-0.44 50 = 200 0.2-0.7 
= Liqu id 7-15 Fig. 1 4 0. 26-0.31 50 - 200 0.15-0.40 
R Liquid 1-5 Fig. 1 2 0. 20-0.34 50 = 300 0,070.17 
s Liqu id 10 - 15 Fig. 1 2 0.50 100 = 200 0.4-0.7 
Tt Ligqu id 13 - 15 Fig. 2 3 0. 39-0.49 50 = 100 0.4-0.5 
U Liquid 5-7 Pig. 2 2 0.31 100 - 200 0. 3-064 
yy” 
Le =! 
oo r * 
a 9° 
e e 
f P at 
aN 9 y 
aa yo? 
7 
Fig. 1 
or corrosive streams, those in which flow rate fluctuated and Fig. 2 


required frequent changes of orifice or range-tube size, and those 
in which the stream could not be conveniently shut off for long 
periods Eight of the installations 
were built as shown in Fig. 2 and could not be inspected while the 
stream flowing. This 
superheated steam or very 


sometimes several years. 


was for clean 


pure hydrocarbon-prod- 


type was used very 
streams 
uct streams—where the flow rates were not expected to change 
Since this type was much less expensive because it required no 
valves it was most often used for the larger sizes of pipe. One 
installation was built as shown in Fig. 3 with four orifices, only 
two of which would be used at This was an 


any one time. 


early installation planned for extra flexibility and is included 
in this study only because it employed short meter runs with 
straight ning vanes. 

Each orifice-plate installation was installed carefully according 
to the specifications established by the ASME Research Commit- 
tee on Fluid Meters. 


pipe with commercial slip-on flanges drilled for flange taps. 


Meter runs were of seamless carbon-steel 


The pipe was checked for roundness and carefully micrometered 

ross four diameters to get an accurate inside diameter. The 
taps were carefully drilled through the pipe and their edges 
freed of burrs and chips. 


less-steel plate of the required thickness with the downstream 


Orifice plates were turned from stain- 


corner beveled when required to give edge width within the 
specified limits. Upstream edges were sharp and orifice plates 
were replaced whenever erosion or corrosion caused any round- 
ing. Meter runs were carefully kept free of anything that would 
flow disturbances 


cause Single lengths of pipe free of welds 


were used where possible. Welding of flanges and any joints 
required was carefully inspected. for tempera- 
ture measurement were installed either upstream or downstream 
of the 
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unobstructed orifice runs. Although the temperature 
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upstream of the orifice is the measurement desired, no significant 

temperature change occurred through these installations and the 

temperature used was often that downstream of both orifices. 
standard 


The make 


float arm as 


Differential pressure was measured in all cases by 


industrial, mercury-filled recording manometers 
selected had the pen arms directly connected to the 
it was believed that wear on any linkages would cause mort 
10-in. circular 24- 


For gas and steam meters, upstream static pressure 


frequent errors. Records were obtained on 


hr charts. 
was measured by a bourdon-tube mechanism and recorded on the 
same chart. Piping from the orifice taps to the recording ma- 
nometers was generally as specified in “Flow Measurement With 
Orifice Meters.’’? temperatures 
for the manometers and also provide protection from bad weather, 

7K F. Stearns, R. R. Johnson, R. M. Jackson, and C. A 


“Flow Measurement With Orifice Mete rs,’ D. Van Nostr 
pany, Inc., New York, N. Y., first edition, 1951 


To maintain uniform ambient 


Larson, 


nd Com 
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the recording instruments were installed indoors or in insulated 


and heated cabinets. Stream temperatures were measured by 
liquid-filled expansion thermometers with the bulbs enclosed by 
stainless-steel thermowells inserted well into the pipe Te mpera- 
tures were recorded on circular 24-hr charts 
records obtained would be easily 


To be sure that the and 


accurately read spe cial care was taken in the operation of the 
producing units to insure that flow rates, pressures, temperatures, 


and compositions would be kept as steady as possible 


Liquid 


streams were either subcooled or raised in pressure to avoid 


metering near the bubble point of the hydrocarbon. Steam was 
always superheated and usually hydrocarbon well 
knock- 
installed to main- 
None of the 
manometers had restricting valves in the mercury lines to provide 
flow 


have 


gases were 


above their dew points. For two refinery-gas streams 


out drums and steam-heated exchangers were 
tain the gas at least 15 deg F above its dew point. 


damping action, vet very tew records had any broad 


“painted” lines which would been evidence of pulsating 


flow or pressure. 


Description of Metering Calculations 


The basic equation used for calculating flow rates was that 


published in the ASMI 


lesearch Re port on Fluid Meters: 


e (Ib per hr UO KY, d? (yh l 
where 
u flow rate, lb per hr 
K flow coefficient, ratio 
) gas expansion tactor, ratio 


d orifice diameter, in 


y specific weight, pet 
h effective differential head, in. of water at 60 I 


subscript 1 refers to upstream section of orifice run 


The constant, 359.0, had been checked using the local value of 


the acceleration of gravity, and the 


specific gravity of water at 
ind was correct to the fourth significant figure 
with the Oto 10 


In a torm suitable tor use 


To put equation (1 


square root charts used on the reeorders and to simplify enleu 
lations for the vield clerks it was converted to two forms: 
For liquid meters 
lb per hr factor VG, 1 2 


u lb per hr factor \ V Ty Ih 4 


where 
G sper ihe gravity of flow ng liquid, ratio 
V molecular weight, ratio 
L differential head reading on O to 10 square-root chart 
1 absolute temperature, deg 
L ibsolute static pressure re riding on 0 to 10 square- 
root chart 
factor combination of fixed variables in equation | ind 


factors 


conversion 


The factor was caleulated pe riodically using average values of 
temperature, pressure, and composition, and a value for flow rate 
that would give a diffe rential pressure equal to one half the range 
If orifice 


new factor was calculated immediately. 


of the manometer size or range tube were changed a 
If average temperature, 
pressure, or composition changed significantly the factor was 
again changed. The orifice plate or range tube was changed in 


s1ze if iverage flow rates change d so as to record at 4 or less on 


the 0 to 10 square-root chart Over this range of flows the factor 


would not change by more than 0.1 per cent except for me- 


Journal of Basic Engineering 


ters with low Reynolds numbers and high beta ratios—an un 


likely combination that was not actually encountered For the 


meters studied there would have been few, if any, occasions when 
this error was greater than + 0.05 per cent 

tecorder charts were replaced every morning at a set time and 
the charts for the previous 24 hr were delivered to yield clerks 
who planimetered them and calculated the flow rates. Charts 
from liquid meters were pl inimetered on standard hand-operated 


planimeters supplied by the manometer manufacturers. Steam 
meters, whose static pressure remained constant, were also 
planimetered on such Instruments For gas meters, where 


static pressure oltten fluctuated, an integrating planimeter Was 
used which produced in integrated value of the product of dif- 


ferential times static pressures. Temperature records were 


planimetered on a hand planime ter if necessary but usually they 


were constant enough for each 24-hr 1M riod that the charts could 


be sight read. Stream flows were then calculated using equa- 


tion (2) or (3) and the most recent laboratory results for specific 


gravity or molecular weight. When laboratory results for the 


actual period of measurement became available, the flow rates 
were corrected It is these corrected daily results which are 
studied in this paper 

To achieve accurate measurements of flow for the hydrocarbon 


streams, accurate values for syn eile gravity and molecular weight 


were required Re presentative samples of the flowing streams 
were collected over 48-hr periods, corresponding to two 24-h1 
flow charts, and laboratory analyses permitted calculation of 
specific gravity and molecular weight. Automatic sampling 
ipparatus ¢ lected samples at rates proportional to flow. 


The latest laboratory techniques involving mass spectrometer 


ultraviolet, and infrared absorption were used to obtain accurate 


inaly ses 


Maintenance of Metering Installations 


To obtain accurate metering the installations had to be 


main- 


tained in the best possible condition. A special group of instru- 


ment mechanics carried out a continuous preventative mainte- 


nance program | ich mechatr ic Was responsible lor i certain 


group of mete rs and it was he who change 1 the charts every day, 


thus seeing that each meter was functioning. Three times a week 


each meter was shut off and checked for zero reading Small 


drain pots on the meter lead lines were drained every day if nec 


essary to prevent collection of any sediment or separate phase 


On a regular 6-month schedule every manometer was taken out of 
service, overhauled, and reealibrated, using an accurate water col- 


umn (or a precise mercury column for the 200, 300, and 400-in. 


range tubes Orifice plates and meter runs were inspected and 


cleaned every vear if p wssible but often these vearly inspections 


were omitted unless past history indicated that they were 


necessary. 
Besides this scheduled preventative maintenance program a 
mparison of the 


When 


the system was set up it was hoped that results from the two ori- 


second mamtenance program was based ona ct 


two flow measurements obtained from each installation, 


fices would not differ by more than 1.0 per cent when totaled for a 
month. To achieve this the instrument mechanics were kept in- 
formed by the yield clerks of any daily differences. Graphs were 


made showing these differences and whenever they were greater 
than 1.0 per cent extra maintenance was carried out to find and 
correct the trouble. Usually the cause was quickly detected and 
the fault corrected but sometimes prolonged efforts failed to find 
any fault and differences of several per cent would continue for 
When no 


definite evidence was available to show which orifice was at fault 


several weeks and then suddenly correct themselves 


the accounting group continued to use the average value of flow 
and such data are included in this study 
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Estimation of Errors in Flow Metering 


In estimating the errors in metering over an extended period of 
time, as is done here, a distinction must be made between those 
errors which are systematic for any particular installation and 
those which are random. Only those systematic errors which 
apply equally to both orifices need be considered. Systematic 
errors which apply to only one orifice and show up as a significant 
difference will eventually be tracked down by the maintenance 
group and eliminated. 

The errors in flow coefficients and gas-expansion factors are sys- 
tematic when considered for any set of two similar orifices. For 
the range of Reynolds numbers and beta ratios considered in this 
study the tolerance for the flow coefficient is +0.5 per cent as 
quoted in the ASME Committee report. For the range of beta 
ratios and acoustie ratios considered in this study the tolerance for 
the gas-expansion factor is + 0.02 to +0.15 per cent. Errors in 
the orifice diameters will also be considered as systematic since a 
significant error in one orifice or errors of opposite sign in the two 
orifices would cause systematic differences in flow which would 
eventually be noticed. Careful measurement of orifices with a 
micrometer shows that with even the smallest orifices used the tol- 
erance was not greater than + 0.1 percent. Another systematic 
error is that due to the thermal expansion of the orifice plate 
when heated to operating temperature. A correction was made 
for this expansion using the orifice-area multipliers published in 
“Flow Measurement—1949.”* A tolerance of + 0.05 per cent 
is quoted for these multipliers and, since the same multiplier is 
used for both orifices, the error will be systematic. These sepa- 
rate errors can be combined into one value by the usual statisti- 
cal technique of multiplying each tolerance by the power to which 
it appears in the flow equation and then taking the square root of 
the sum of such tolerances squared. This gives a value of + 0.54 
per cent for liquid meters and + 0.56 per cent for gas and steam 
meters—values which for all practical purposes can be rounded off 
to + 0,55 per cent and used for either type of stream. 

The effect of all random errors will show up in differences be- 
tween each set of dual meters but can also be estimated by a pro- 
cedure similar to that used for the systematic errors. The 


* ASME Power Test Code 19.5-4, “Flow Measurement—1949,” 


differential head is re¢ofded by manometers which have been 
calibrated to + 0.05 per cent but the recorder chart must be 
planimetered. “Flow Measurement With Orifice Meters” 
st(agests that careful planimetering has a tolerance of +0.5 per 
cent. Static pressure recorders are calibrated to +0.5 per cent 
in the operating range but these charts too must be planimetered. 
Temperature is usually recorded within +0.3 per cent but is 
also planimetered. Specific gravity of liquid streams was cal- 
culated from laboratory analyses and published correlations. 
For gas streams the molecular weights and compressibility 
factors were also calculated from analyses and various correla- 
tions. Using the tolerances quoted in ‘Flow Measurement With 
Orifice Meters’ as a guide and carefully examining our methods, 
the tolerance for specific gravity was estimated as +0.2 per cent, 
that for molecular weight as +0.1 per cent, and for gas com- 
pressibility +0.1 per cent. Combining all these separate errors 
gives a tolerance based on random errors of +0.54 per cent for 
liquid streams and +0.68 per cent for gas or steam flows. These 
estimates of tolerance are based upon ideal metering conditions, 
clean steady flows, good sampling and analyses, and careful 
planimetering and calculations of flow rates. 


Statistical Evaluation of Actual Metering 


The daily values of flow from each meter were tabulated as a 
regular part of the yield clerks’ work and monthly reports were 
issued showing total flow through each meter and the difference 
between each pair of meters as a percentage of average flow. 
These results covered 95 per cent of all days that the meters were 
in service—the remaining 5 per cent of the days being those dur- 
ing which one of the meters was out of service because of main- 
tenance, because a recorder pen failed to ink properly, or because 
of some other such problem. These monthly per cent difference 
figures were then statistically analyzed to determine the mean 
and standard deviation of the difference between the average 
flow and either of the two actual metered values. Multiplying 
the standard deviation by 2 gives a tolerance which includes all 
the random errors. Combining with this the estimated tolerance 
for the systematic errors gives an estimate for the over-all 
tolerance of the metering. These values for all twenty-one 

















ASME 1949. streams are shown in Table 2 based on an average of 56 monthly 
Table 2 Monthly and yearly results 
Monthly Results Yearly Results 
Tolerance Tolerance Tolerance Tolerance 
Mean Diff. Std. Dev. of Random of Total of Random of Total 
of Flows of Diff. Errors Errors Errors Errors 
Stream % } 
A 0.10 0.50 1.00 1.14 0.58 0.80 
B 0.16 0.48 0.96 1.11 0. 28 0.62 
C 0.18 0.62 1.24 1.36 0.60 0.81 
D 0.09 0.47 0.94 1.09 0.20 0.59 
E 0.06 0.28 0.56 0.78 0.16 0.57 
F 0.18 0.86 1.72 1.81 0.22 0.59 
G 0.27 0.74 1.48 1.58 0.60 0.81 
| 0,02 0.36 0.72 0.91 0.32 0.64 . 
I 0.01 0.39 0.78 0.95 0.40 0.68 
J 0.10 0.39 0.78 0.95 0.34 0.65 
i 0,03 0.42 0.84 1,00 0,44 0.70 
L 0,06 0.43 0.86 1.02 0.22 0.59 
he 0.06 0.40 0.80 0.97 0.60 0.81 
N 0.34 0.83 1.66 1.75 1,04 1.18 
1?) 0.20 0.69 1.38 1.49 0.66 0.86 
P 0.20 0.59 1.18 1.30 0.92 1.07 
wy 0.30 0.74 1.48 1.58 0.72 0.91 
v 0.10 0.51 1,02 1.16 0.26 0.61 
8 0.04 0.63 1.26 1.38 0.46 0.72 
T 0.20 0.18 0.36 0.66 0.12 0.56 
U 0.18 0.27 0.54 0.77 0.20 0.59 
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Table 3 Comparison of daily, monthly, and yearly results 


Tolerance (random errors), 
———"—_ per oont———— — 
Daily Monthly Yearly 
1.34 0.96 0.28 

0.56 0.16 
0.86 0.22 
0.80 0.60 
0.36 0.12 


Tolerance (total errors), 
Cay, 
Daily Monthly Yearly 
1.45 1.11 0.62 
1.39 0.78 0.5 
2.21 1.02 0.5 
1.27 0.97 0. 


Stream 


1.19 


totals for each stream. To show how measurement over longer 
periods of time reduces further the error, similar figures based on 
the five yearly totals are also shown. 

The method of calculating tolerance from the percentage 
difference between the meters may be questioned since a different 
value may be obtained if the variance of the actual flows and the 
average flow are compared to obtain standard deviation in units 
of flow and this is then converted to a percentage figure. The 
method actually used is correct if all errors are directly propor- 
tional to flow rate while the method using variance of flow rates 
is correct if errors are independent of flow rate. Actually, some 
errors are proportional to flow and some are not, so neither 
method is truly correct. A comparison of the two methods for a 
one-month set of daily flows showed little difference in results; 
standard deviation was +0.28 per cent for the percentage differ- 
ence method and -+0.31 per cent for the variance-of-flow-rate 
method. Because it was believed that most of the errors were, 
to some extent, proportional to flow and because the yield clerks 
had already reduced the data to the percentage form, the method 
used was chosen. 

As a further step in evaluating the data, daily results for five 
sets of meters were analyzed for a 12-month period, January to 
December, 1958. Two of these meters were measuring gas flows 
and three were measuring liquid flows. All of these streams were 
ones which the monthly figures in Table 2 showed were not sub- 
ject to large errors. One stream however, liquid stream L, was 
chosen because its flow varied quite widely from hour to hour 
and the flow charts were difficult to planimeter accurately. 
The results for the random-error tolerance and over-all tolerance 
of these daily flows are shown in Table 3 along with the corre- 
sponding monthly and yearly figures extracted from Table 2. 


Discussion of Results 


The figures shown in Table 2 represent the principal result of 
this study. They indicate that, even when great care is taken, 
monthly flows calculated from dual-orifice metering in industrial 
plants are not likely to have a tolerance of less than +1.0 per cent. 
On the other hand, if care is taken, the tolerance will seldom be 
greater than +1.5 per cent. As would be expected, clean, non- 
corrosive streams with steady flow rates and constant composition 
gave the best results. Stream E (commercial-grade ethylene), 
streams H, I, J, and K (steam), and streams T and U (commercial- 
grade butadiene) had the lowest tolerances. Although streams 
F and G were also steam these flows were frequently shut off for 
several days and the dual meters would often not agree for several 
days after flow started again. Small pipe sizes (streams N, O, R, 
S, and U) did not give as good results as the average except in the 
case of the very steady flow of stream U (high-purity butadiene). 
Widely fluctuating flows also reduced accuracy. Gas streams C 
and D were of identical composition but stream D had a steady 
flow rate while stream C had a flow rate that fluctuated widely 
and seldom recorded near the middle of the chart. Streams Q 
and R were also of identical composition but stream Q varied in 
flow rate while stream R was usually steady. 
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The data in Table 3 show the effect that totaling the flows had 
on tolerance. This also shows whether or not the random errors 
were truly random. When the daily flow rates were totaled to 
give a monthly flow rate, many of the random errors should have 
canceled out. If all the errors were truly random from day to 
day, the monthly “random-error’”’ tolerance should statistically 
have been about one fifth as great as the daily tolerances. If all 
the errors were systematic the total of daily differences would 
have equaled the monthly difference and the tolerances would have 
been equal, namely, zero. Similarly, the yearly tolerance 
should have been one third to one quarter as great as the monthly 
figures if the errors were truly random. The figures in Table 3 
show that the true situation fell somewhere in between the two 
extremes. Monthly tolerances were about half as great as daily 
tolerances, showing that some of the errors were systematic for 
the month. The yearly figures, however, for streams B, E, L, 
and T were about one third of the monthly tolerances, showing 
that most errors were not systematic for more than one month. 
For stream M the difference between daily, monthly, and yearly 
figures was much smaller than would have been predicted if the 
errors were random. This can be explained. The stream was a 
catalytic-cracker liquid coming from a refinery and periodically 
some catalyst dust was carried with it and collected at the orifices. 
This would usually affect the upstream orifice more than the 
If the 
difference between the two orifices was not greater than 1.0 per 
cent several months would often elapse before the situation was 
corrected. Thus the error would be systematic for several 
months. If this occurred one or more times each year and al- 
ways affected the upstream orifice more than the downstream 
one the error would also be systematic on a yearly basis. 

A further check on the accuracy of dual meters is available 


downstream orifice and thus cause a systematic error. 


the material balance around one of the processing units where dual 
metering was used for all the main feed and production streams. 
In this unit four of the five feed streams were metered with dual- 
orifice installations, while eleven of the twelve product streams 
were similarly metered. Twenty-six monthly material balances 
over the period July, 1957, to December, 1959, showed an 
average over-all recovery of 99.6 per cent with a tolerance for this 
figure of + 1.4 per cent. This is as good as might be expected 
statistically if the tolerance for metering all streams was + 1.0 
to 1.5 per cent. The 0.4 per cent loss would be considered a 
normal processing loss for this type of unit. 

Considering the stream A which is metered in an installation 
with short pipe runs and straightening vanes, the tolerances 
listed in Table 2 do not show any significant difference from the 
other installations with long straight pipe runs. 


Conclusions 


Using the methods described in this paper, measurement of 
industrial process streams by means of thin-plate orifice meters 
wil! yield results which have a tolerance of +1.0 to 1.5 per cent 
on a monthly basis and generally less than +1.0 per cent on a 
yearly basis. On a yearly basis the main limitation on accuracy 
appears to be the tolerance in the flow coefficients. 
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DISCUSSION 
Roland 0. Cox: 


This paper represents a valuable contribution to the subject of 
orifice metering. The long period covered by the data, the several 
types of fluids measured, and the close tolerance achieved in field 
practice give further confidence in the orifice metering method. 
The paper is well organized and the information is presented in a 
precise and easily read form. Two minor questions arose in my 
reading, however 


| The last sentence in the first full paragraph at the top of 
p. 301 reads ‘‘None of the manometers had restricting valves in 
the mercury lines to provide damping action, yet very few flow 
records had any broad ‘painted’ lines which would have been 
evidence of pulsating flow or pressure.’ Pulses in flow streams 
caused by reciprocating pumps are usually so rapid that mercury 
manometers cannot respond quickly enough to record the pulses, 
and a smooth record is no guarantee that pulsating flow does not 
exist. “‘Painted’’ lines indicate a rhythmic variation in flow rate 
sometimes called “surging” flow to differentiate from pulsating 


flow. The author does not make clear whether or not any pumps 


* Lone Star Gas Company, Dallas, Texas. Assoc. Mem. ASME. 
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are involved in the flow system which might cause a pulsating 

flow through a metering oritice that would not be evident in the 

chart record. 
» 


2 The first paragraph under “Maintenance of Metering In- 


stallations’’ contains the statement ‘‘Three times a week each 


meter was shut off and checked for zero reading.’ It is not clear 
whether or not the pressure was taken off the meter when “shut 
off.”’ 


while under operating pressure, since release of the pressure 


It is customary to check the zero position on gas meters 


changes the zero position slightly on mercury manometers. 


Author’s Closure 


In answer to Mr. Cox’s first question, ‘‘surging’’ flow rather 


than “pulsating’’ flow was intended. No reciprocating pumps 
were used for any of these streams. Some reciprocating com- 
pressors were used with two of the gas streams, but heat ex- 
changers, knockout drums, and packed diethanolamine absorp- 
tion towers separated them from the meters and damped out any 
true pulsation. 

In answer to question two, the meters were always checked 
The term “shut off’ 


under full operating pressure. was intended 


to mean that the differential pressure was shut off 
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Gas-Tracer Method of Steady and 
Pulsating-Flow Measurement 


A method 1s described of measuring the bulk mass-flow rate in steady and pulsating air 
streams with the aid of a suttable tracer gas such as carbon dioxide The method briefly 
involves controlled injection of the tracer into the main flow, mixing of the two flow media, 
and analysts of the mixture to determine the concentration of the tracer. The main flow 
is derived from the injection flow rate and from the concentration of the tracer in the 
sample mixture. An inexpensive infrared analyzer was constructed for determining 
mass concentrations of carbon dioxide in air ranging from '/> to 3 per cent. Results 
obtained by the gas-tracer method in both steady and pulsating streams were compared 
with those obtained by other methods of mass-flow measurement 


J. F. KEMP 


Principal Research Officer, National 
Mechanical Engineering Research Institute, 
South African Council for Scientific and 
Industrial Research, Pretoria, South Africa 


A few possible prac- 


tical applications of the measuring technique are discussed. 


1 Introduction 


A. rHOUGH instruments and techniques for the meas- 
urement of mass-flow rates in steady air streams have been de- 
veloped to a high general standard of accuracy, situations are still 
encountered in practice where intricate boundaries, lack of space 
or the presence of flow obstructions introduce complications which 
may lead to poor accuracy of measurement 

In the case of pulsating streams, where the bulk mass-flow rate 
is subject to periodic fluctuations, the accurate determination of 
the flow rate poses an even more formidable problem [1, 2].' | A 
large proportion of the work on pulsating-flow measurement has 
been devoted to a study of the errors involved when steady-flow 
devices, such as orifice and venturi meters, pitot-static tubes, and 
Although this work has been es- 
sential, it constitutes a somewhat negative approach to the prob- 


vane anemometers are used 
lem, as it does not appear likely that any of the foregoing devices 
can be adapted successfully to measure in flows where severe 
pulsations occur. 

A second approach to the metering problem has been to devise 
methods of reducing the pulsations to a level where steady-flow 
instruments may be used without serious error. In many in- 
stances, however, a lack of space or the requirement of low pres- 
sure losses precludes the installation of surge tanks or throttling 
devices. 

Notable strides have been made to adapt the hot-wire ane- 


mometer to the measurement of unsteady flow [3 


, and this type 
of instrument will no doubt continue to play an important role in 


The 


a stage, however, 


basic studies of turbulent and pulsating flows hot-wire 
anemometer has not yet been developed to 
where it can measure the mean mass-flow rate in a pipe except by 
the cumbersome process of velocity traversing. 

It has only been in recent years that a fully positive approach 
to the measurement of pulsating flow has been introduced by the 
development of such devices as the “true-mass flowmeter’’ [4 
and the momentum-type meter [5, 6 

The metering of liquid flow rates by utilization of chemical 
tracers has received attention from time to time. Research in this 
direction has been revived recently, and the so-called ‘‘salt-dilu 
tion technique” has been improved considerably by Spencer and 


co-workers [7]. The gas-tracer method described in this paper is 


! Numbers in brackets designate References at end of paper. 

Contributed by the Fluid Meters Research Committee and pre- 
sented at the Winter Annual Meeting, New York, N. Y., November 
27-—December 2, 1960, of Toe American Socrety OF MECHANICAL 
ENGINEERS. Manuscript received at ASME Headquarters, March 
14, 1960. Paper No. 60—WA-142 
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based on the same general principles of operation, and has been 
developed primarily with a view to determining mean mass-flow 
rates in pulsating flow, or in those steady-flow cases where the 


usual techniques cannot be applied with accuracy or convenience. 


2 General Principles of Gas-Tracer Method 


The method involves the injection of harmless quantities of a 


suitable tracer gas at a known, constant rate into the main gas 


stream, mixing of the two media, and finally sampling and 
analysis of the mixture in order to determine the mass concen- 
tration of the tracer. 

If a representative sample, equivalent to one associated with 
complete lateral and longitudinal mixing of the two media, can be 
obtained, the mean mass-flow rate G of the main gas stream is 
easily calculated by applying the law of mass conservation to the 


tracer, and is given by 


where 
injection mass-flow rate of tracer 
mass concentration of tracer in main stream before 
jection 


mass concentration of tracer in sample 


It is assumed that the main gas in its natural state already con- 
tains small quantities of the gas selected as tracer, but that the 
tracer, as injected, is pure and uncontaminated by other gases 

The injection, mixing, and sampling processes deserve special 
attention 

A convenient method of injecting the tracer is to use a con- 
vergent nozzle, operated at a constant upstream (or injection) 
pressure well above the critical value which yields sonic speed in 
the throat. 


tion flow rate 


Such a nozzle is simple to calibrate in terms of injec- 
, and has the advantage, as far as pulsating flow is 
affected by 


fluctuations in the main flow, provided that sonic conditions are 


concerned, that the injection rate is not pressure 


maintained in the throat at all times 

The requirements for the mixing and sampling processes are 
closely related. Complete mixing can be obtained in both steady 
and pulsating flow if a sufficiently long mixing length is provided. 
As a result of the momentum exchange that takes place between 
the main and boundary-layer flows, the tracer will be dispersed 
both laterally and longitudinally in the duct. (It should be borne 
in mind that, in pulsating flow, the concentration of the tracer 
immediately downstream of the injection station varies not only 
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from point to point across a section of the duct, but also from 
point to point in the flow direction.) If such complete mixing can 
be obtained, the sample can be extracted by means of a single 
probe, or through a hole in the wall of the duct. Also, the 
sampling rate need not be constant. 

In many applications it would not be practicable, however, to 
use an unrestricted section of adequate length to ensure complete 
mixing. It then becomes necessary to expedite the mixing proc- 
ess by artificial means. 

In order to promote lateral dispersion of the tracer, symmetric, 
multipoint injection normal to the flow direction can be applied 
in a system where all injection points are fed by a single sonically 
operated nozzle. In conjunction with this injection system, mul- 
tipoint sampling can be effected by means of a sampling rake, 
whose probes are located to serve zones of equal area across a 
section of the duct. The rake should be designed in such a man- 
ner that all its probes have the same extraction flow rate for a 
given applied suction. Such a system will yield a representative 
sample in the case of steady flow. This would also be true for 
pulsating flow if it were possible to extract the sample at a con- 
stant rate even though the longitudinal dispersion of the tracer 
may be incomplete. But whereas a sonically operated nozzle 
permits a constant injection rate irrespective of pressure fluctua- 
tions in the main flow, the same technique cannot be applied to 
ensure a constant sampling rate, since the pressure upstream of 
the nozzle has to be constant for the purpose. 

Fortunately, however, the condition is frequently encountered 
in practice where the pressure fluctuations are small in relation to 
ambient atmospheric pressure, even though the velocity fluctua- 
tions may be quite severe. This condition obtains, for instance, 
in a low-resistance pipe attached to the suction side of an air 
compressor or an internal-combustion engine. By applying a 
suction which is high in comparison with the pressure fluctuations, 
a nearly constant sampling rate can be achieved in these systems. 

Finally, those instances where the pressure fluctuations are 
severe, have to be considered. A representative sample can now 
be obtained only if longitudinal dispersion of the tracer can be 
promoted. For this purpose, a system of spoilers or baffle plates 
ean be incorporated in the mixing section to retard alternate re- 
gions of the main flow. The high resistance to flow of such a 
mixing section may not necessarily be a disadvantage, since the 
condition of severe pressure fluctuations often implies a high re- 
sistance in the flow system itself. Should a high additional re- 
sistance be undesirable, a possible solution may be to utilize an 
unrestricted mixing length in conjunction with several sampling 
rakes distributed along the flow direction. 

The pulsating-flow studies of the present project did not cover 
conditions where the pressure fluctuations were sufficiently in- 
tense to warrant the inclusion of spoilers or a collection of sam- 
pling stations. 


3 Selection of Tracer 


The selection of the tracer is governed by the requirements 
that it should be inexpensive, nontoxic, and harmless to the 
materials of the flow system. It should lend itself readily to ac- 
curate analysis when present in low concentrations, so that the 
quantities injected may be kept reasonably low. Thus the flow 
itself will not be affected to any marked degree, nor the properties 
of the flow medium as far as its subsequent usage is concerned. 
For accuracy of analysis, it will be advantageous if the main flow 
medium does not contain the tracer gas as one of its natural 
constituents. If the tracer gas should be present in the main 
flow medium, the natural concentration should be low and 
constant. 

With air as the main flow medium, several gases such as hydro- 
gen, ozone, fluorine, nitrous oxide, carbon monoxide, and car- 
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bon dioxide were considered for use as tracers. Of these, carbon 
dioxide appeared to fulfill most of the requirements stipulated. 
One of its main attractions was that an appreciable amount of in- 
formation was available on its detection and measurement when 
present in low concentrations in air. The natural concentration 
of this gas in air is low—approximately 0.02 per cent—and the 
value is fairly constant. 

The various methods of CO, analysis which have been de- 
veloped range from simple manometric techniques [8] to more 
elaborate ones utilizing the principles of photometry [9], chroma- 
tography [10], heat conductivity [10], acoustics [11], and the 
absorption of infrared radiation [12-20]. Since World War II 
infrared techniques have made notable strides, and today several 
infrared gas analyzers are available commercially. Some of these 
have been adapted for continuous recording and for automatic- 
control purposes [20]. 

In the present investigation an inexpensive infrared analyzer 
was constructed for the measurement of CO, concentrations in 
air. In view of limited time available for carrying out the 
project, simplicity of construction was one of the primary con- 
siderations in the design of the apparatus which will be described 
briefly in the following section. 


4 Infrared Gas Analyzer 

The analyzer was a simplified version of the so-called negative- 
filter type originally developed by Schmick [15, 21], and was de- 
signed for mass concentrations of CO, in air ranging from '/2; to 3 
per cent. The operation of the analyzer was based on the absorp- 
tion of infrared radiation by CO., notably over a band of wave 
lengths in the region of 4.3 microns [22]. 

The sample cell of the analyzer was designed to have an opti- 
mum length with regard to power absorbed in the 4.3-micron 
band for specific changes of CO, concentration in the region of 1 
per cent. 

Special attention was devoted to the problem of scavenging the 
sample cell without sacrificing too much of a given sample, while 
at the same time preventing excessive contamination from the 
previous sample. For this purpose a system was developed in 
which a “floating piston’’ provided the scavenging action [23]. 

A commercially available Globar unit [24], whose element was 
operated at a surface temperature of 820 K, was selected as 
infrared heat source. In all, six BS 37 A infrared transmitting 
windows, each 1 mm thick, were incorporated in the system. The 
over-all transmittance of the windows amounted to about 66 per 
cent at a wave length of 4.3 microns. 

A pair of matched, wire-grid-type radiation detectors of high 
sensitivity was developed for the analyzer. The sensing element 
of each detector consisted of a 2-ft length of 4-micron-thick 
tungsten wire wound on a rectangular glass and wire frame */s 
in. X */,in. Each grid had a resistance of 4500 ohms and formed 
the opposite arms of a Wheatstone bridge. Using a spot gal- 
vanometer of sensitivity 1.17 mm/microvolt in the bridge, a de- 
flection of 1 mm of the spot corresponded to a mean temperature 
difference between the two grids of 1.13 « 107° deg C. 

With this sensitivity there was no need for any further amplifi- 
cation of the bridge signal, by means of a “chopper-amplifier’’ 
system for example [24]. At the lowest value of CO, concentration 
(‘/: per cent), a galvanometer deflection of about 10 mm was 
obtained. 

The analyzer was operated according to a null method, where 
ambient air was first drawn into the sample cell, the detector 
bridge zeroed, and the sample mixture finally introduced. In 
this way it was possible to compensate to a large extent for varia- 
tions in humidity and in the natural CO, content of the air. 
Also, the analyzer was thus able to indicate directly, and to a 
good approximation, the increase in CO, concentrations above its 
natural level in air; i.e., the term c,; — co in equation (1). 


Transactions of the ASME 












RUBBER BALOON 


(STOPPER 


RR (2- LITRE REACTION 


FLASK) 
N CB Niwierce 
SUPPORT) 
o) SCHEMATIC LAY- OUT OF APPARATUS 
\ 
gl 
Zia z 
« ols mr 
) MANOMETER Sle «\5 iz 
wW &la a ° 
9 z\ Ab 
z\€ < a4 
ols giz Sioa 
<i> st ww) 
& bu 












































4 A 
[/ J re 
, 2 
| 
Cc 





(b) LAY-OUT OF TAPS ON STOPPER am 


Fig. 1 


Apporatus for preparing known concentrations of CO, in air 


The analyzer was calibrated carefully in the range of concen- 
trations between '/, and about 3 per cent. Standard CO,-air 
sample mixtures were prepared according to a manometric 
method in which CO, was introduced to a constant volume of air, 
the increase in pressure being a measure of the mass of CO, in- 
jected. 

The apparatus used for preparing the sample mixtures is il- 
lustrated in Fig. 1. A 2-liter pyrex reaction flask R, having a 
short, flared neck, provided the constant-volume reservoir. The 
rubber stopper § carried a thermometer and an array of taps. 
Taps A and B were connected to the sample cell of the analyzer 
and to a differential manometer, respectively, while D and E 
were connected to a CO, cylinder and a hand pump. 

A round toy balloon B, was suspended between the stopper 
and neck of the flask, and could be inflated to fill out the entire 
space inside the flask. The air pressure in the flask was usually 
increased to about 40 cm wg above atmospheric before injecting 
the CQOx. 

A second balloon B; served as bellows to obtain a homogeneous 
CO,-air mixture before admitting the sample to the analyzer. 

The mass concentration c’ of CO, in the sample (as measured 
against the natural concentration as datum) was derived by com- 
bining the equation of state with Dal]tan’s law of partial pressures 
in gas mixtures and is given by 
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1 
1 + = (1 + 0.659c¢’ (2) 
H ~ Ts ) 
where 
H = absolute pressure in balloon before CO, is injected 
h = rise in pressure as a result of CO, injection 
T> = absolute temperature in balloon before CO, injection 


T; absolute temperature in balloon after CO, injection 
(The constant 0.659 represents the ratio of the molecular weights 
of air and CO,). 


The calibration curve is shown in Fig. 2, where the deflection 
of the detector bridge galvanometer is plotted against CO, con- 
centrations as measured against the natural concentration as 
datum. Values of concentration have been corrected to uniform 
ambient conditions which were selected arbitrarily as 68 F and 
760 mm Hg. 
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Fig. 2 Final calibration curve of CO, analyzer 


The accuracy of the analyzer in its design range amounted to 
about 2'/2 per cent when based on standard deviation as criterion. 
A major source of error was found to be the presence of vapor in 
the sensitizer cells [21] of the analyzer, where a cement depending 
on evaporation for hardening was used to fit the infrared windows 
in position. Experimental evidence indicated that the vapor in- 
terfered with the absorption bands of CO:, and it was found necea- 
sary to ventilate the sensitizer cells before each analysis. 

A second source of error was due to the detrimental effects of 
natural-convection currents set up in the detector housing by 
excess heat from the source and by the heating effect of the de- 
tector grids. The convection currents caused excessive zero drift 
on the galvanometer and made it necessary to allow long warm- 
ing-up periods before the analyzer could start operating. A 
possible cure would have been to operate the detectors in vacuo 
[24]. 
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Lack of time prevented the construction of an improved ana- 
lyzer in which the various shortcomings of the first prototype 
could have been eliminated It was felt that with the suggested 
improvements it should be possible to increase the accuracy to 
within 1 per cent. 


5 Flow-Test Rig and Accessories 
\ simple test rig was constructed for investigating the gas- 
tracer method of flow measurement in steady and pulsating air 


streams. The assembly is presented in Fig. 3(a), where major 


dimensions are shown. The rig consisted of a uniform, circular 
duct with flared inlet, a total-head traversing station, an injection 
station, a mixing section, and a sampling station 

The pitot traversing station was located 1'/, duct diameters 
downstream of the inlet, and the mixing section, as measured from 
had a length equal to 10 duet 


In this section provision was made for incorporating 


injection to sampling stations, 
diameters 
i total of 8 mixing baffles at a uniform spacing of 1 duct diameter. 
Successive baffles were displaced 90 deg in angular posit ion on the 


duct Ww ill 




















rhe sampling rake, illustrated in Fic. 3(¢), consisted of a '/,-in- 
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Fig. 3 Test rig for low measurements 
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11) brass tube which served as manifold to six l-mm stee! probes 


each | in. long. The probes were located in pairs to cover the 
flow xcross three concentric zones of equal area Overt 
tion of the duet 


dividual probes, as compared with that of the brass tube, en- 


i CTOSS SCC- 


The high internal resistance to flow of in- 


sured the same flow rate through each probe while the sample was 
being extracted. 

The sample was collected in the rubber balloon B, of the ap- 
ndard CO,- 
The 


sampling rake was connected to tap D and the four perspex nip- 


paratus which had previously been used to prepare st 
air mixtures for the calibration of the analyzer, Fig. 1. 
ples on flask R were all connected to a common tub« By apply- 
inflated 
\fter collect- 
ing a sample in this manner, the second balloon By was iain Ap- 


ing suction to the end of this tube, the balloon could be 


to fill out the space inside the flask in about 30 see 


plied to promote thorough mixing of CO, and air in the sample 

The construction of the injector Is depicted i Fig. 3(b 
Apart from admitting the tracer to the main flow, the injector 
ilso served as a means of controlling the rate of injection and of 
promoting lateral dispersion of the tracer in the flow 

CO, from a cylinder was transmitted via a pressure regulator 
through the hollow stem of the injector, passed through a con- 
i flow 


verging nozzle, and was injected radially into the mai 


through eight 0.1-in-diam holes. The holes were arranged at 90 


deg spacing on a !/,-in-ID copper tube, which was bent to the 
shape of a horseshoe. The horseshoe diy ided the cross section of 
the duct into two zones of « qual area, each of whicl is served 
by four radial holes. 

The pressure upstream of the injector Was maintained at 38.7 


in Hg head above atmospheric pressure, this being approx! 


mately 25 per cent in excess of the critical pressure for CO, that 
leads to sonic conditions in the throat of the conv rging nozzle 
Since the injé ction flow rate also depended on the te mperature of 
the gas upstream of the nozzle, provision was made to measure 
this temperature by meas of a copper-constantan thermocouple, 
located on the center line of the Injector stem in. from the 
nozzle entry 

The nozzle was designed to have a nominal throat 
0.060 In. 


diameter of 
according to the well-known one-dimensional formula 


for isentropic flow: 


> g 
J + ” 2 | l 2 3) 
Po! RT (_ + I 
Y 
where 
f throat area 
q mass-flow rate through nozzk 
Pp injection pressure absolute 
¥y specific-heat ratio (1.304 for CO 
n atomic number (44.0 for CO) 
R universal gas constant (49,700 ft-lb/slug deg | 
7 absolute gas temperature at nozzle entry 


The injector was subsequently calibrated to determine the 
actual flow rate under normal operating conditions. A gasometer 
having a capacity of 11 cu ft was used for the calibration. The 


flow rate as predicted by the nozzle formula agreed to within 


about 8 per cent with the experimental value. This agreement 
indicated that the nozzle formula could be applied as correction 
formula to calculate the flow rate gin cases where the te mpera 
ture 7 and the injection pressure po differed from their values 
during calibration. 


For this purpose the value of throat area f in equation (3) was 


adjusted to comply with the actual test flow rate. The mean 
value of f calculated from five test flow rates amounted to 2.198 


10~® sq ft (corresponding to a throat diameter of 0.0635 in.) 
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With numerical values substituted into equation (3), the formula 


tor injector flow rate reduced to 
30.7(b + 38.7 
1g } 
V 7 


with g in slugs/sec, 6 the barometric pressure in in. mercury, and 
7 the gas temperature at the nozzle entry in deg F abs. 

As a final preparatory test before investigating the gas-tracer 
te chnique , the flow test rig was calibrated in steady flow, using a 
The object of the 
enable mass-flow rates of air in the 4.86-in- 


10-hp centrifugal fan to provide the suction. 
calibration was to 
diam test duct to be determined by measuring the inlet static- 
pressure drop A method involving se parate traverses of total 
head losses and of static head, as suggested in reference [25], was 
followed in order to determine the nondimensional calibration 
factor F defined by the equation 


| 
a I ( ; pl? (5) 


where 
P inlet static-pressure drop 
p uir density 
l mean flow speed in duet 
Factor F is strictly function of the flow Rey nolds number R 


but since the variations with Reynolds number were not drastic in 
the test range, a calibration curve of F versus the inlet-pressure 
drop was found to be sufficiently accurate, and more convenient 
to use than an F 


shown in Fig. 4, 


versus R-curve [25 Che calibration curve is 
where the inlet-pressure drop is presented in 


terms of mm alcohol head (/ 








120 ¢ 
1" 
° 
° 
F 
ee 
' 3 4 S 
3, (hs 
Fig. 4 Calibration curve for duct inlet 
By measuring A, on a differential manometer, the value of the 
main mass-flow rate G could be derived from the formula 
2Why 
G | 6 
I 
Where 
1 cross-sectional area of duct 
NW specil veight of manometer liquid 
p ir density (ealeulated from observations of ambient 


emperature and pressure 
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6 Steady-Flow Measurements 


In the steady flow tests, values of mass-flow rates as deter 
mined by the gas-tracer method were compared with those ob- 
tained by simultaneous measurement of the static pressure drop 
at the calibrated inlet of the 1.86-in-diam test duct 

A pre liminary set of thirteen test readings taken with all 8 


baffles installed in the mixing section Fig. 3(a), and subseque ntly 
baffles had not 


vccuracy of the 


with all the baffles removed, indicated that the 


contributed to am improvement in the gius- 


tracer method The standard deviations for the two sets of 
sults were in close agreement with each other, and with the ac- 
it that stage 


curacy of the infrared analyzer about 5 per cent 


Certain modifications were then carried out on the analyzer, 


which increased the accuracy of the apparatus to about 2'/s per 
cent (see Section 4 

The steady-flow tests were repeated with unrestricted mixing 
section, sets of ten measurements each of the mass-flow rat« 
being performed at nominal concentration of COs. of ,l, and 2 


per cent The results are summarized in Table 1 





Table 1 
Pest 
no ec’ <* 100 / ax 10° G’ x 10° Gx 10 P 
l 0.581 52.4 9 14 15.64 15.57 +U0.9o 
2 0.553 52.5 9.13 16.44 15.56 +54 
} 0.590 52.5 9.13 15.40 15.56 1.0 
} 0. 566 52.5 9.15 16.06 15.56 +3.2 
) 0 OUS 9 15 15.17 15.55 2.4 
in) 0.555 15 16.35 15.55 +51 
7 0 551 9.12 16.45 15.57 +5.6 
s 0 553 9 11 16.38 15.65 +4.7 
a) 0.506 0 09 15.14 15.47 -2.0 
10 0.578 4 O8 15.62 15.58 +0.3 
11 1.177 9.12 7.66 7.62 0.5 
12 1.136 9.11 7.93 7.63 3.9 
13 1.150 9.12 7.84 7.62 —2.8 
14 1.242 0.12 4.26 7.62 —4 8 
15 1.177 9.12 7.65 7.62 +0.4 
16 1.124 9.12 8.02 7.63 +5.0 
17 1.167 9.15 7.75 7.64 +1.4 
IS 1.154 9 15 7.84 7.64 +26 
ig 1.125 9.15 8.04 7.64 +5.1 
20 1.157 9.14 7.81 7.65 +2.1 
21 2.19 9.09 4.07 4.11 —1.0 
22 2.03 9.17 $1.42 1.21 +5.0 
23 2.06 9.15 1.36 4.11 +6.0 
24 2.08 9.15 ‘.3 1.15 +4.4 
25 2.19 9.14 1.07 1.12 1.1 
26 2.12 9.14 1.21 1.08 +3.2 
27 2.32 9.14 3. 86 1.05 1.7 
28 2.12 9.12 $.22 1.05 1.2 
29 2.19 12 1 ON 1 04 1.0 
30 2.10 9.12 +. 26) 1.03 6.2 
NOTATION: 
Cc = mass concentration of CQO, corrected for ambient tem- 


perature and pressure 


1’ = mean flow speed in test duct, fps 
g=u jection flow rate of tracer, slugs /se« 
G mass-flow rate of air in test duct according to gas-tracet 
method, slugs /sec 
G mass-flow rate of al according to static-pressure drop it 
ealibrated inlet, slugs /se¢ 
é percentage error in G’, assuming G to be correct 


Pable 


5 and 6 per cent were 


1 it is evident that maximum 
When 


based on standard deviation, the errors amounted to 3.6, 3.3, and 


From the values of € in the 
errors of between encountered 
1.1 per cent, respectively, at the three nominal values of COQ:-con 


centration of i/,, I, ind 2 per cent soth maximum errors and 
stand ird deviations were slightly higher than those that had been 
the deter 


as standard of 
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encountered in the calibration of the analyzer 


since 


mination of the mass-flow rate G (which served 
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comparison) was e#!so subject to error, the differences were not 
significant. 

It was therefore concluded that the accuracy of the gas-tracer 
method in the steady-flow tests was in accordance with the ac- 
curacy of the analyzer. Within this accuracy, the multipoint- 
injection and sampling systems used in conjunction with the un- 
restricted mixing length of 10 duct diameters, yielded satisfactory 
results. 


7] Pulsating-Flow Measurements 


The experimental setup for the pulsating-flow measurements is 
presented schematically in Fig. 5. The 4.86-in-diam test duct 
was connected to the suction side of a two-stage compressor unit, 
which had a nominal delivery of 90 cu ft of free air per minute at 
a speed of 300 rpm. On the delivery side a cylindrical settling 
tank, 2 ft 6 in. diam and 6 ft long, had been installed to damp 
the fluctuations and permit the use of a BS orifice with D and 
D/2 tappings for measuring the flow rate. This orifice served as 
a standard of comparison for the gas-tracer method. As part of 
the installation, there was also a small tank of 1 ft diam and 2 ft 
length on the suction side. This was too small to cause an ap- 
preciable amount of damping in the test duct. By measuring the 
static-pressure drop at the calibrated inlet, and by subsequently 
also incorporating a “‘test’’ orifice in the duct itself, the quality 
of the flow was shown to be such that both these steady-flow 
measuring devices were subject to appreciable errors. 

Details of the “standard”’ orifice installation on the delivery 
side of the compressor were: Pipe diameter = 2.50 in.; orifice 
diameter = 1.375 in. The pipe was made of smooth, extruded 
brass, and the installation conformed to all specifications of the 
British Standard Code BS 1042: 1943. 

A set of ten measurements was performed at the normal com- 
pressor speed of 300 rpm, and two further sets of six and four 
measurements were obtained at speeds of about 220 and 460 
rpm, respectively. The results are summarized in Table 2. 

The standard deviations 6, and 6; calculated from errors €; and 
€; are as follows: 


O> CYLINDER 
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Fig. 5 Apparatus for pulsating-flow tests 


Tests 1 to 10: 6, = 2.1 per cent, 6: = 59.4 per cent 
Tests 11 to 16: 6, = 2.7 per cent, 6; = 34.8 per cent 
Tests 17 to 20: 6, = 4.0, per cent, 6. = 78.6 per cent 


The standard deviation based on errors € for all twenty test 
results of the gas-tracer method amounts to 2.9 per cent. This 
is in good agreement with the accuracy of the infrared analyzer. 

The large errors made by employing the static-pressure drop 
at the calibrated inlet may be taken as an indication of the highly 
pulsative nature of the flow in the 4.86-in-diam test duct. 

To conclude the tests, a 2-in-diam BS orifice with D and D/2 
tappings was installed in the test duct, the position being indi- 
cated in Fig. 3(a). Errors made with this device were generally 
lower than those obtained for the calibrated inlet, but were again 
appreciably higher than those obtained by the gas-tracer method. 
The maximum error recorded was 24 per cent at a compressor 
speed of 220 rpm, 


Table 2 
Test 
no. c’ X 100 l gxX10®° Gx 10' G,x 108 G, x 10 € & 
l 2.26 21.1 9.20 3.98 3.98 6.34 0.0 + 59.3 
2 2.30 21.1 9.17 3.95 3.89 6.30 —1.5 +59.5 
3 2.27 21.3 9.17 3.97 3.95 6.37 —0.5 +60.4 
4 2.15 21.4 9.21 3.99 4.18 6.32 +4.8 +58.4 
5 2.25 21.0 9.18 3.98 3.99 6.29 +0.3 +58.1 
6 2.40 21.0 9.16 3.99 3.72 6.28 —4.3 +57.4 
P 7 2.35 21.4 9.16 3.97 3.81 6.37 —4.0 +60.4 
s 2.24 21.4 9.16 3.97 4.00 6.37 +0.8 +60.4 
9 2.2 21.2 9.20 4.01 4.02 6.38 +0.3 +59.1 
10 2.23 21.4 9.18 3.99 4.03 6.42 +1.0 +60.9 
11 3.06 13.28 9.16 2.92 2.90 3.96 —0.7 +35.6 
12 3.02 13.31 9.15 2.92 2.94 3.96 +0.7 +35.6 
13 3.12 13.32 9.19 2.99 2.86 4.00 +4.3 +33 .8 
14 3.01 13.16 9.17 2.91 2.96 3.94 +1.7 +35.4 
15 3.18 12.97 9.15 2.89 2.79 3.85 —3.5 +33 .2 
16 2.95 13.30 9.14 2.92 3.01 3.95 +3.1 +35.2 
17 1.45 35.6 9.18 6.02 6.24 10.68 +3.7 +77.4 
18 1.44 35.8 9.14 5.95 6.25 10.63 +5.0 +78.7 
19 1.49 35.9 9.13 5.94 6.00 10.63 +1.0 +79.0 
20 1.45 35.7 9.19 5.98 6.27 10.75 +4.9 +79.8 


NoraTIon: 


’ 


c’ = mass concentration of CO, corrected for ambient temperature and pressure 
U = mean flow speed in test duct, fps 
g = injection flow rate of tracer, slugs/sec 
G, = mean-mass-flow rate of air according to BS orifice, slugs/sec 
G, = mean-mass-flow rate of air according to gas-tracer method, slugs/sec 
G, = mean-mass-flow rate of air according to static-pressure drop at calibrated inlet, 
slugs/sec 
©, €@& = percentage errors in G, and G;, assuming G, to be correct 
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8 Gas-Tracer Technique: Conclusions and Discussion of 
Possible Applications 


Although the investigations described were limited in extent, 
the results indicate that the gas-tracer technique has definite 
practical possibilities. 

Within the scope of the steady and pulsating-flow tests per- 
formed, the main source of error can clearly be attributed to the 
inaccuracy of the infrared analyzer. As this apparatus was of ex- 
tremely simple construction, and as it had been developed as a 
first prototype without previous experience, it should be possible 
to improve the accuracy to well within 1 per cent for CO, con- 
centrations in the region of 1 per cent. 

It also should be stressed that there is a wide selection of infra- 
red gas analyzers available commercially, which have a much 
superior performance to that of the prototype used with regard 
to range, sensitivity, and accuracy. Apart from infrared tech- 
niques, there are also several other methods of gas analysis which 
may be considered for possible application to the gas-tracer 
method. Recent developments in acoustic analyzers [11] are 
worth following up. 

The range of the analyzer need not be very wide for applica- 
tion to the gas-tracer technique. In the present investigation the 
range extended from 3 to '/2 per cent in terms of CO,-concentra- 
tion; i.e., in the ratio of 6 to 1, and only a single injector nozzle 
was employed. It would be a simple task, however, to design 
and calibrate a series of nozzles of different sizes, each to yield a 
flow rate of, say, 5 times larger than that of the next smaller 
Thus a set of three nozzles designed in this manner 
would cover an over-all range of flow rates up to 150: 1 when used 
in conjunction with an analyzer having itself a 6:1 range. 

A few possible applications of the gas-tracer technique in 
steady flow would be to measure flow rates: 


nozzle. 


(a) In ventilation ducts, where the presence of obstructions 
such as flow regulators, corner vanes, bends, and louvers makes 
the application of conventional measuring devices difficult or im- 
possible. 

(b) In ducts, pipes, or tunnels having an irregular or compli- 
cated cross-sectional shape which may require a great many point 
readings in order to assess the flow from velocity traverses. 

A special application would be to determine ventilation flow 
rates in downcast mineshafts where the internal structure for 
supporting the guide rails of conveyances is normally composed 
of identical “sets’’ of beams at regular spacing. This promotes 
high turbulence and very pronounced wakes which make the per- 
formance of accurate velocity traverses impossible. The highly 
turbulent nature of the flow in mineshafts and tunnels should 
lead to excellent dispersion of the tracer. In view of the large 
quantities of air involved (up to about 20,000 cfs for a 30-ft shaft), 
it would be necessary, however, to operate at low concentrations, 
otherwise the consumption of the tracer may become prohibi- 
tively high. 

Possible applications of the gas-tracer method in pulsating 
flow would be to measure flow rates in compressor installations, 
internal-combustion engines, and resonating combustion cham- 
bers. If the measurements can be performed on the suction side, 
as in the compressor tests described in Section 7, an unrestricted 
mixing section having a low resistance to flow can be employed. 
In cases where the pressure pulsations are high in relation to the 
suction applied during extraction of the sample, it may be neces- 
sary to incorporate mixing baffles between the injection and sam- 
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pling stations. Further research is required to establish the mix- 
ing requirements for this application. 
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This section consists of contributions of 750 words or less (about 2'%2 double-spaced typewritten pages, including fig- 


ures). 
cation. 


Oil Flow in a Full Journal Bearing 
DONALD F. HAYS! 


An analysis was made of the oil flows occurring in a full 
journal bearing with a continuous oil film. The flow rate into 
the bearing was determined at the section of greatest clearance 
ind the rate of outflow was determined at the section of least 

The rate of side flow or leakage rate was determined 
by considering the flow across the boundary of the positive pres- 
a only and ts the flow resulting from the hydrodynamic 
It does not include the effects of any 8 pe- 


mechanism 





clearance 


é are 
re i? rod , 
j € gradtents 


ific ol fee 1 


Nomenclature 
B nondimensional series coefficients 
( radial clearance, L 
D bearing diameter, L 
L bearing length, L 
\ speed, rpm 
a) flow rate, L?/T 
R radius, L 
i surtace velocity, L/T 
i bearing load, F 
\ \ co-ordinate axes 
Ww 
oad per unit length, F/L 
L 
coefficient of frietion 


1 thickness, L 
pressure, F/L? 
ow rate per unit 


width, L?/] 


nsformed 


q r co-ordinate axes 
é eccentricity ratio 
ww ngular velocit 1/T 
lu viscosity, FT /L 
Introduction 
IN THE DESIGN of journal bearings, it is important that in- 
tion be available as to the flow rates occurring with a spe- 
eif bearing geometry (of special importance is the side flow 
or ge from the bearing since it is this flow that carries away 
I the heat that is generated by the viscous shearing of the 
i \ vy rate that is too small may result in an increase in 
temperature, a corresponding drop in the lubricant viscosit 
! lecreased load carrying capacity for the bearing. This 


a minimum film 
Too 


4 in oil flow, although d ssipating the generated heat, may 


decreas d load ( ipacity would bn reflected in 


thickness less than that established as a design criterion 


i ite ! need for a revision in some of the geometric param 
eters of the bearing 

I previous paper |1|, the variational technique was applied 
te f journal bearing and at a later date design curves were 
made tilable [2 These papers did not consider the oil flow 

I ea Laboratories, General Motors ¢ orporation, Warren, 

M 

Contributed by the Lubrication Division. Manuscript received 
at ASME Headquarters, July 14, 1960. 
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rates occurring in a full journal bearing This present material 


is an extension of the previously reported material 
It should be remembered that the curves on leakage that are 


presented do not reflect the effects of oil feed ns, such as 


holes or grooves, and should therefore be used o1 iS an ap- 


proximation to the side flow to be expected In al specific in- 


stallation. These leakage rates are based only upon the hydro- 


dynamic pressure gradients in the positive pressurt 


region 


Analysis 
The rate of flow per unit width is given by th lowing ex 


pression, 


—h? dp — Uh 
q + 1) 
I2u On; 2 
By using the transformations and expressions of [1], the com- 
ponents of Equation (1) take the following form: 
Op l (2 y : | 3. 5. 
ox ar” \c he by pha oP 1,2,3 
K ‘ 
} Col € ; 
oP R \? 
re) Re R c K - 
h Rr ( l —_ -¢ 5 


The flow rate across the section of maximun is found 


by integrating across the bearing length and in 1 mensional 


form this becomes 


(in n( L/D —i1i+e'es 
cen 0 | ie ude? “| 


In a similar manner, the outflow is fo ind by inte cross 


the bearing length where the clearance is a mir In non 


dimensional form, 


(out ri L/D -(l-—e = 
2 2, (-! 
CRN oO | 3 
) 
€ | 7 
The side flow rate is determined as the differ tween 
Equations (6) and (7 
@ side Q In out 
’ ; ; . 
( R2N ( R?N ( R \ 

The ippropriate conversion tactor has beet ! ded in the 
flow variable so that speed in rpm will yield a flow isured 
bv in Ser 
Results 

Equations 6 7), and (8) were solved using ligit com 
puter tor a range of L/D ratios and eecentricit rat = The 
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Fig. 2 Side flow rate versus load variable 
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Fig. 1 Side flow rate versus eccentricity ratio 0 
rate of side flow or leakage rate is shown in Fig. 1 for various 
L/D ratios These vary linearl) vith eccentricity ratio up to eee 
L/D of approximately 1.5 where the curve falls off slightly BSF ai 
Since it is more convenient to have the side flow rate plotted 4 ae a 
wainst the load variable rather than the eccentricity ratio. this oF 
3 
has been done as shown in Fig. 2 Phe dashed portions of the eects 
a1 
curves are extrapolated values I} rate of flow across the see- 12 4 rt iA 
tion of greatest film thickness is shown in Fig. 3 for various L/D 7 l / att pea 
] ] c " Pdi - 
ratios At small values of L/D the . Var near! with Ss x x 
eccentricity ratio, increasing wit! increasing lue of € At al Poet 
in L/D of about 0.8, these curves begin to show a definite curva 19 ot i } eae 
Y 
ture and at an L/D of about 1.5 there is a decreasing rate of flow 08 Pad i bal " 
at eccentricity ratios above 0.3 As the L/D to approa hes = Pa ae 
| : , aie pat 
infinity, the rate of flow shows a decreasing for el % cae zie Te 
tricity ratios hese curves Ithough of lesser por nee than ” | i a 1 
ae ie ar 
those indicating side leakage, have been inc led so as to con 0.05 ae 
plete the total flow pattern o r y } Ing ot 
| “4 i | j ar 
yo on 
0.03 j H a aan 1008 
Example a ene 
pr an a 
In reference 2 +} by y | | hie rx ' dissit ; d j er H j + Lp 
} ee ee saat 
viscous shear wert vind ! yw ! owing 1 peomaiessaberrrt——ten | 
formation was owl 
R 1.0 ine} \ L000 rp v 2 10 ® Reyns 
L/D OS ( OOOL 1 } j O.0001 inch ECCENTR ‘ é 
TI , : 1 4] Fig. 3 Flow rate across maximum film section versus eccentricity ratio 
1 results mdi ten iv ol tl ‘ i ri ( >be O42. the 
total load sustained to be 4 Il tl coett n 7 triction as 
it 
0.004, and the power require 0.032 hp Q 0.055 
To find the side flow or leakage rat enter Fig. 2 at a value ongng 
of the load variable of 0.42 and the inter tion of the L/D . 
rhe approximate temperature rise through tl iring can be 
curve of 6.3 the following value is found : 
found by the following formula which is based on the assumption 
0 that all of the heat generated within the bearing is lissipated by 
0.055 the oil flowing out of the bearing The specific heat of the oil 
(RR? 
. is assumed to be 0.42 Btu deg F and the specific gravity is 
a O.001 10 LOOO WOLO5S taken as 0.86 
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WRN 
At = 8.628 x 10-*——~ deg F (9) 


Thus 


(0.004 )(504 )(1.0)( 1000) 
0.055 


At = 8.628 X 10-4 


At = 31.6 deg F 


This is a reasonable temperature rise and therefore the oil 
flow may be considered to be adequate. 


Discussion 


It is instructive to compare the oil flow rates of this analysis 
of a 360-deg film with those given by other investigators. Al- 
though the work of Raimondi and Boyd [3] was based upon 
boundary conditions different from those of the present paper, 
the flow rates from the two methods were in agreement, differing 
by approximately 1.0 to 5.0 per cent for L/D ratios of 1.0 and 
0.5 and covering the tabulated range of eccentricity ratios. 
Agreement was also found in a comparison with the numerical 
analysis of Jakobsson and Floberg [4]. In a paper by Pinkus 
[5] there appears a tabulation of flow coefficients for 360 degree 
journal bearings which show adequate correlation (0.1 to 2.0 
per cent) with the present flow rates. Close agreement (2 to 4 
per cent) is also to be found in the book by Wilcock and Booser 
[6 Although quantities of experimental data exist on oil flow, 
it is difficult to make a comparison to theoretical flows since the 
experimental data include both the effect of some type of oil 
feed mechanism and film separation, neither of which are in- 
cluded in this simplified analysis. Using the work of Clayton 
|7] with a circumferential oil groove, the predicted theoretical 
flow rates were of the order of the experimental data but the 
theoretical values were difficult to ascertain with any preciseness 
due to the interpolation required between the L/D curves. On 
other selected experimental data [8], the theoretical flows were 
in fair to poor agreement (3 to 70 per cent) according to which 
data set was being considered. There may have been some diffi- 
culty in determining the operating geometries in the test work, 
slight errors being introduced which could lead to large changes 
in flow quantities. Also, film rupture might occur. Thus, it is 
seen that the theoretical flow rates are in close agreement with 
those of other analyses of complete film bearings; whereas, the 
agreement is not as close as would be desired in the case of ex- 
perimental data. 


Caution 


As has been stated previously, these curves do not take into 
account the oil feed mechanism, such as oil grooves or holes. 
A hole or groove on the unloaded side of the bearing would cause 
flow through the large clearance space and since this flow quan- 
tity is not included in the present curves, the use of the curves 
may result in flow rates which are somewhat low. Care must 
also be exercised in the use of the extrapolated curves as shown 
by the dashed lines. 
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Potential Flow Analysis of Axial Compressor Cascade 
Aerodynamics 





J. POLASEK' 


IN HIS PAPER Mellor [1]? derives a method for the potential 
flow analysis of cascades of slightly cambered airfoils. If re- 
stricted to slightly cambered airfoils, a very similar yet perhaps 
somewhat more general method than in [1] may be obtained from 
our contribution [2] to the mathematical treatment of the flow 
past cascades of thin large-cambered airfoils. It may be shown 
that by using the Fourier expansion (Eq. (30) in reference [1)}) 
not only for the strength of the vorticity distribution y but also 
for the strength of the source distribution g, and for the slope of 
the camber distribution y(2), i.e., 


— cos 0 


a 
q a on, + cos € + OB l 


- +4 7, B,, sin nO 
m sin 0 Pm 1 


dy, 
— = Yo +2 Y,, cos nO, (2) 
7 } _ cos n 


n=1 


1) 
J 


sin O 


the system (39) of reference [1] may then be rearranged as 


follows: 


» 1 
ao — 2Y:b, — 2Y2 ( 3 bop + is) 


sin a, Y 
. me 
a, — Vi(bo + ba) + 3 Yoh = = } 
a, — Vib; — ¥; (n + = bn) = “0 
3 
a; — Vibe — Yoh = ) 
ay - Yabo = Y. 
a = } n>5 
(3) 

where 


N N 
SS > » AnQni - y ® Baba — Bobor, 


n=O n=(0 
N N 

be = > Anbar — >> Bagar + Bogus 
n=0 n=0 


The values of the factors g,, and b,, depend only on the 
solidity c/s and on the stagger angle X and have definitively been 
computed and tabulated (Tables 1, 2). 

The system (3) comprises linear nonhomogeneous equations 
for unknown factors A, with predominating members in the 

1 Statni Vyzkumny Ustav Tepelné Techniky, Prague, Vokovice, 
Czechoslovakia. 
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c | 
A /s Yoo a In 920 Ya on Jo fu 91 He Ke 7s 
1/2 | 1,095 | -0,003 | -1,097 | 0,095 | 0,002 | © 0,001 | =1,003 | 0,003 | © 0 1,000 
V/s | 1,177 | -0,008 | -1,185 | 0,179 | 0,002 | 0 0,003 | =1,009 | 0,009 | -0,002 | 0 -1,001 
o | 1° | 1,317 | -0,025 | -1,342 | 0,322 | 0,005 | 0,001 | 0,009 | -1,008 | 0,026 | -0,006 | 0 “1,004 
| 1,541 | -0,063 | -1,604 | 0,550 | 0,010 | 0,004 | 0,023 | -1,076 | 0,067 | <0,010 | 0 1,016 
2 | 1,681 | -0,140 | -2,021 | 0,892 | 0,011 | 0,009 | 0,050 | -1,178 | 0,149 | -0,008 | 0,003 | «1,051 
12 11,055 | 0,001 | -1,054 | 0,055 | 0 0 0 -0,999 | -0,o01 | 0 0 “1,000 
> | We} iu2 | 0,002 | -1,210 | 0,112 | 0 0 0,001 | -0,997 | -0,002 | 0 0 | ~0,999 
30 1 ~ | 1,221 | -0,001 | -1,223 | 0,225 | 0,003 | -0,o01 | 0 -0,998 | 0 | -0,002 | 0 | ~0,997 
f | 1,411 | ~0,021 | -1,471 | 0,422 | 0,012 | 0 0,007 | -1,016 | 0,021 | -0,014 | -0,001 | -0,992 
2 | 1,703 | -0,076 | -1,779 | 0,727 | 0,024 | 0,008 | 0,028 | 1,081 | 0,084 | ~0,026 | -0,002 | -0,998 
172 | 0,955 | 0,002 | -0,953 | -0,046 1-0,001 | oO 0,001 | -0,998 | -0,002 | Oo 0 =1, 000 
> | re | %929 | 0,013 | -0,916 | ~0,076 |-0,005 | 0,0m | -0,004 | ~0,988 | -0,012 | 0,006 | o «1,001 
60 1” | 0,944 | 0,056 | -0,889 | -0,075 |-0,019 | -0,002 | -0,019 | -0,944 | -0,058 | 0,020 | 0,002 | -1,003 
(2 | 1,053 | 0,210 | -0,943 | 0,051 |-0,002 | -0,025 | -0,045 | -0,848 | -0,134 | 0,004 | 0,002 | -0,959 
2 | 1,214 | 0,105 | -1,110 | 0,274 | 0,060 | -0,013 | -0,039 | -0,796 | -0,118 | ~0,08e | -0,027 | -0,849 
Jor* 1-Feo ; Jrh tO meh odd, w~>O | 
i 
Table 2 
C/ e ‘ 
A /s bey Bu by b dey be, bn ba," by, us a | & 
0° 0 ) 0 0 0 0 0 7) 0 0 ° | 0 
172 | 0,08 | -0,003 | -0,084 | 0,082 | 0,001 | 0 0,001 | © 0,003 | 0 ) 0 
| MPF | %148 | 0,010 | -0,157 | 0,151 | 0,003 | 0 0,003 | o 0,010 | -0,002 | o 0 
30°| 1° | 0,251 | -0,030 | -0,281 | 0,258 | 0,007 | 0,002 | 0,010 | 0,002 | 0,09 | -0,008 | 0 ~0,003 
(2 | 0,397 | ~0,072 | -0,469 | 0,407 | 0,010 | 0,006 | 0,026 | 0,009 | 0,079 |-0,010 | 0 0,019 
2 | 0,594 | -0,142 | -0,736 | 0,596 | 0,002 | 0,012 | 0,051 | 0,028 | 0,153 | 0,004 | 0,005 | -0/060 
172 [0,097 | 0,003 | -0,054 | 0,096 |-0,001 7 Oo 0,001 | 0 0,003 | 0 0 ro 
5 | Mra | %206 | 0,008 | -0,198 | 0,20 |-0,002 | -0,001 | -0,003 | -0,0m | -0,008 | 0,002 | 0 | 0,002 
60° | 1° | 0,413 | 0,001 | -0,412 | 0,422 | 0,010 | -0,006 | -0,00@ | -0,006 | 0,007 | ~0,008 | 0,001 | 0,012 
(2 | 0,682 | -0,084 | -0,766 | 0,732 | 0,050 | 0,002 | 0,029 | -0,016 | 0,086 | -0,062 | -0,011 | 0,040 
2 1,022 ~0,223 | -1,245 1,069 | 0,047 | 0,047 | 0,090 | 0,026 | +0,270 | -0,050 | -0,004 | -0,022 
= 
be, « <n 4g =0 mek odd m>O i. 
































main diagonal; it may be 
iterated approximations 


solved fairly easily by the method of 
As a rule one approximation—or two 


at most—should prove sufficient. When calculating any kind of 
cascade of airfoils no numerical integrations will thus be required 
although they are imperative in the method as used in reference 
[1]; apart from being always rather time-consuming these in- 
tegrations are a frequent source of numerical errors as will be 
readily appreciated by comparing the values of the g factors in 
Table 1 with those tabulated in Table 3 of reference [1]. 

The values of factors g,, and b,, have been determined by 
analytical method [3] based upon a concept analogical to that 
used in reference [4]. As the factors g,, and b,, represent both 
real and imaginary parts of a complex function of the complex 
variable z = In c/s + iA it is possible to establish simple and very 
accurate interpolation formulas [5] for the computation of fac- 
tors g,, and b,, for other c/s and A than those indicated in Tables 


1 and 2. 
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The Influence of Elevated Temperature on the 
Strength of Expanded Tube Joints 


1. FINNIE! 





THE expanded tube joint is a common and important me thod 
of construction. In principle, the tube is placed in a hole, drilled 
in a plate (tube sheet, boiler drum, header), and expanded by a 
special tool. The tube, and usually also the plate, is plastically 
deformed by the expander. On removing the expander the tube 
is held tightly in the plate by residual elastic stresses. These 
elastic stresses must be sufficient to maintain a leakproof joint 
and to carry the axial loads imposed on the joint by temperature 
and pressure. In many cases a number of circumferential grooves 
are cut in the tube seat prior to expanding. Tube metal flows 
into these grooves during expanding and provides a positive 
interlocking between tube and sheet. Grooving improves the 
strength of the joint in the axial direction and may enhance its 
leak resistance 

Many papers have been written on the various applied and 
theoretical aspects of tube expanding. For example, the stress 
distribution in expanded joints has been estimated analytically 
[1]? and measured experimentally [2]. In addition, the relaxa- 
tion of the residual elastic stress at elevated temperature, due 


to creep, has been estimated [3]. Purely mechanical considera- 
1 Shell Development Company, Emeryville, Calif. Assoc. Mem 
ASME. 
2? Numbers in brackets designate References at end of paper. 
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s of this nature have led to statements in the enginecring greatly increases the strength of the joint, provided that the ini- 
ure that the strength of an expanded tube joint at suf- tial surfaces were cleaned and reasonably smooth For example, 
ntlv elevated temperature would be limited by creep, e.g., mild steel joints, or 5 Cr, 0.5 Mo steel joints show two to three- 
reference |4 On the other hand, there are metallurgical fold increases in strength after heating to 1000 deg F for several 
factors which argue against such a conclusion. The highly de hours. In many cases the strengthening of the joint after heat- 
formed material, large interfacial pressure, and intimate contact treatment is so pronounced that failure oceurs in the body of 
the joint provide suitable conditions for recrystallization and the tube rather than in the joint. 
onsequent solid phase welding. Pressure welds, with shear This effect appears to have practical significance In addition, 
strengths of 30,000 to 40,000 psi, can be produced in cold worked it may have some value in research since the expanded tube 
SAE 1020 steel sheet at temperatures of just over 800 deg F [5]. joint is a very simple method of producing a high calculable con- 
During the short time required for pressure welding at this tem- tact pressure between two surfaces 
perature, the interfacial pressures in a steel tube joint will relax 


lue to creep Hence, if tube and tube sheet are References 


: 1 J. N. Goodier and G. J. Schoessow ‘he g Power and 
might be expected alter heating to above the reerystal- Hydraulic Tightness of Expand 1 Tube Joint ’ TRAN ASALE, vol 


the i metal, clean and relatively smooth, an increase in 


ization temperature 65, 1943, p. 489 
these considerations a number of */,-in. diameter 16- 2 J. M. Alexander and H. Ford, “Exper 
expanded with conventional workshop equip- the Process of Expanding Boiler Tubes 
vol. 171, 1957, p. 351 
3 E. A. Davis, “Relaxation of Stress ir 
of Ideal Material,’’ Trans. ASME, vol 


diameter disks of similar material. No grooves 

in the tube sheet. The strength of the expanded joint 
evaluated by pulling the tube out of the disk or by applying 
ssure, inside a « apped tube, until the tube blew out of the disk 


4 A. Nadai, Theory of the Expandi g of Boil 
i Tube Joints Through Rolling,” Trans. ASME, v 
Bott types of tests show verv clearly that heating to a high 5 J. M 


Parks, ‘‘Recrystallization Welding 
emperature, prior to testing at ambient temperature, vol. 32, 1953, p. 2098. 
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